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Abstract

Abstract

The issue of accurately predicting the effective behavior of composite materials has taken the
attention of many researchers in the last few decades and continues to be in the forefront of
material research. Micromechanics have proven to be very powerful in analyzing and predicting
the effective behavior of composite materials. In the frame of this thesis, various
micromechanical models have been elaborated in order to investigate the effective behavior of
different kinds of smart composites such as: piezoelectric, piezomagnetic, magnetoelectroelastic,
viscoelectroelastic, viscomagnetoelectroelastic as well as shape memory alloys.

The effective properties of multi-phase magnetoelectroelastic composites have been investigated
using different micromechanical models. An N-phase Incremental Self Consistent model is
developed to circumvent the limitation of the Self Consistent predictions. The Self Consistent
shows limitation for the prediction of some coupling coefficients. Also, the prediction of the Self
Consistent model is very limited when the void inclusions are considered. The modeling is based
on the solution of integral equations. The effective N-phase magnetoelectroelastic moduli are
expressed as a function of magnetoelectroelastic concentration tensors based on the considered
micromechanical models. The effective properties are obtained for various types, shapes and
volume fractions of inclusions and compared with the existing results. Note that the effective
properties of magnetoelectroelastic composites might be greatly affected by the presence of an
interphase between the matrix and inclusions. To take this effect into account, accurately, a
micromechanical modeling is developed to investigate the effective properties of
magnetoelectroelastic composite with multi-coated inclusions and functionally graded
interphases. The modeling is based on the solution of the integral equations that take into account
the multi-coated and functionally graded effects and on the magnetoelectroelastic interfacial
operators that allow expressing the generalized strain jump through the interphase. Taking into
account the multi-coated and functionally graded effects in the modeling help in the design of
new smart composites with higher coupling coefficients.

Piezoelectric and magnetoelectroelastic composites that contain a polymer phase show a
significant time dependent behavior and particularly at elevated temperature. A micromechanical
modeling is developed to investigate the viscoelectroelastic and viscomagnetoelectroelastic

behaviors of heterogeneous piezoelectric and magnetoelectroelastic composite materials. The
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modeling is based on generalizing the correspondence principle of linear viscoelasticity to the
case of viscoelectroelasticity and viscomagnetoelectroelasticity. The viscoelastic correspondence
principle is combined with Mori-Tanaka micromechanical model. The effective properties are
predicted in the frequency and time domains based on Carson and Laplace transforms.

To investigate the nonlinear behavior of smart composites, the shape memory alloys are
considered. The effective transformation behavior of this kind of composites is investigated
based on the Mori-Tanaka model that takes the coating effects around the inclusions combined
with the constitutive equations describing the transformation behavior of shape memory alloy
materials. The obtained results are compared with one predicted based on the classical Mori-
Tanaka model that does not consider the effect of the coating layer around the inclusion and also
with the obtained ones based on the finite element method. It is shown that the developed model
captures the effective transformation behavior better than the one that is based on the classical
Mori-Tanaka model. As the obtained results do not agree well with the ones predicted based on
the finite element method the developed methodological approaches need more refinement for

this kind of nonlinear materials

Keywords: Smart composites, visco-piezoelectric, visco-magnetoelectroelastic, Shape memory
alloy, micromechanics. Coating, interfacial operators, functionally graded, Mori-Tanaka, Self

Consistent,
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Chapter 1

1. General introduction

Smart Composite materials such as piezoelectric, piezomagnetic, magnetoelectroelastic,
magnetostrictif and shape memory alloy composites etc. have attracted the attention of several
researchers due to their application in many industrial fields such automotive, aerospace,
biomedical and civil engineering. Their appealing factor is represented by the possibility to
obtain tailored properties for specific applications and to overcome classical limitations of the
natural existing ones in term of flexibility, durability and reliability etc. For example, the
adoption of light and flexible non-piezoelectric polymers in combination with piezoelectric
ceramics in a multiphase construction leads to a more robust device, capable of conforming to
complex surface shapes. These smart composites take the advantages of each phase and have
better physical properties.

The development that has been doing in smart composite materials that exhibits coupling effects
aims to reach smart composite with optimized coupling coefficients for sensing, actuation,
electrical energy harvesting, conversion and storage etc. Figure 1.1 presents the possible

coupling between the mechanical, electrical, magnetic and thermal fields.
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Figure 1.1: Diagram of different coupling effects that a smart composite might exhibit.

The complexity of composites (figure 1.2) at the micro level greatly complicates the analysis of

the behavior of these composites, which is indispensable to design them. Composite materials



are examined as heterogeneous materials and the developments done in this area are due to the

development of the used methods.
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Figure 1.2: Composite materials.

Composite materials with coated reinforcements have taken the attention of many researchers.
The effective properties of a composite are highly affected by the characteristics and the
geometry of the interphase between the constituents. Consequently, studying the influence of a
coating layer on composites may be valuable to better understand the transmission of
mechanical, electrical and magnetic fields throughout the inclusion toward the matrix for the
sake of the improvement of the strength and/or magnetoelectric (ME) effect. The increase of the
strength may be obtained for example via the introduction of a stiff interphase of defined
thickness as demonstrated by [1] for elastic composites. The ME enhancement is more tricky as
it implies coupled mechanical, electrical and magnetic properties. The introduction of an active
interphase allows comprehending the transmission of the different fields from the core towards
the matrix. Micromechanical studies of composites with coating layers.

Analyzing and describing the behavior of composite materials could be done through different
approaches. Phenomenological approach [2] is one way of characterizing composite materials

which is based on experimental test. In many cases, it is not possible to realize experimental test



for all kinds of reinforcement shapes and types due to the volume and the cost of the required
tests.

Another approach which is developed since many decades is the micromechanical approach. It
describes the composites from its microstructure and local behavior. First simple models were
developed by Voigt [3], Reuss [4] and Hill [5]. Then based on Eshelby [6] inclusion problem
which allows showing the importance of the concentration stress phenomena, many
micromechanical models were developed. Micromechanical models based on the Eshelby’s
inclusion problem take into account much more details about the microstructure which leads to
accurate prediction of the effective behavior of composite materials. Micromechanical studies of
composites with coating layers have aroused great interest among many researchers in recent
years. Different models have been developed to predict the effect of the interphase layer on the
effective properties of composites materials. Based on the integral equation and on the interfacial
operators cherkaoui et al. [7, 8, 9] developed a coated inclusion problem to predict the effective
properties of elastic and thermoelastic composites consisting of ellipsoidal coated inclusion
embedded in matrix. [10, 11] extended the modeling to investigate the piezoelectric and
thermopiezoelectric behavior of piezoelectric heterogeneous materials.

Micromechanical models predict the behavior of composite materials in terms of volume
fraction, shape, orientation of reinforcements. Also, the effect between the matrix and
reinforcements cloud be taken into account in the modeling. Another benefit of the
micromechanical modeling includes the ability of taking into account the failure that might exist
in composites in micro level such as matrix cracking, fiber matrix debonding and damage. All
that makes micromechanical modeling as a powerful tool in analyzing and predicting the

effective behavior of composite materials.
1.1 Considered smart composites

In the frame of this thesis a wide multifunctional heterogeneous materials are considered. The
main aim is to develop mathematical models that allow predicting new composite materials with
improved coupling effects. An overview of the considered multifunctional materials is presented

here.



1.1.1 Piezoelectric composites

Piezoelectric composites present an electroelastic (piezoelectric) coupled effect. Piezoelectric
materials have the property of converting mechanical energy into electrical energy (direct
piezoelectric effect) and vice versa (converse piezoelectric effect). Piezoelectric composites were
originally developed for underwater hydrophone applications in the low-frequency range, but
have also been extended to such other applications as ultrasonic transducers for acoustic imaging
and medical applications [12]. Piezoelectric ceramics are being investigated for use as sensor or

actuator elements in smart structures.

1.1.2 Piezomagnetic composites

Piezomagnetic composites have magnetoelastic (piezomagnetic) coupled effect. They have the
property of converting mechanical energy into magnetic energy (direct piezomagnetic effect) and
vice versa (converse piezomagnetic effect). These materials have a wide range of applications

such as magneto-mechanical transducers, magnetic sensors and ultrasonic generator [13].

1.1.3 Magnetoelectroelastic composites

Composite materials consisting of piezoelectric phase and piezomagnetic phase are called
magnetoelectroelastic composites. These kinds of composites present electroelastic,
magnetoelastic (piezomagnetic) and magnetoelectric coupled effects. The magnetoelectric
coupled effect is the most important effect exhibited by these composites and it may be absent in
all the phases and created only by the interaction between the piezoelectric and piezomagnetic
phase. The magnetoelectric effect gives to these composites the ability to convert an electrical
energy to magnetic one and vice versa. One example of applications of such materials is

magnetoelectric sensors in optoelectronics and microwave electronics.
1.1.4 Viscopiezoelectric composites

Viscoelectroelastic composites [14] are composites consisting of piezoelectric and viscoelastic
phases. At elevated temperature heterogeneous piezoelectric composites consisting of
piezoelectric inclusions and polymer matrix show a time dependent behavior. At normal
temperature polymers materials have an elastic behavior but at elevated temperature they show a
significant viscoelastic behavior. The physical and mechanical properties of viscoelastic
materials change with time and temperature. The addition of a polymer or any viscoelastic phase



to piezoelectric composites affects their behavior. Viscoelectroelastic composites show a

dissipative behavior which could be used to eliminate vibration and noise.

1.1.5 Viscomagnetoelectroelastic composites

Viscomagnetoelectroelastic composites are composites consisting with piezoelectric,
piezomagnetic and viscoelastic phases. Piezoelectric and piezomagnetic ceramics are brittle
materials. The addition of a polymer matrix to composites containing piezoelectric and
piezomagnetic inclusions provides them ductility and protect them from damage. But at elevated
temperature the polymer matrix shows a significant viscoelastic behavior that affects the whole
behavior of the composites. The electromagnetic, electroelastic and magnetoelastic coupling
behaviors of viscoelectroelastic composites change with time and temperature.
Viscoelectroelastic composites have a dissipative behavior which could be in industrial
applications such as the elimination of noise and vibration and structures.

1.1.6 Shape memory alloy composites

Among the smart composite materials, the shape memory alloy (SMA) composites. They
represent one of the most interesting materials, more and more adopted in structural engineering.
SMAs composites are capable to recover their original shape (or to develop large reaction forces
when they have their recovery restricted) through the imposition of a temperature and/or a stress
field, due to phase transformations that the material undergoes. SMAs present several particular
thermomechanical behaviors. The main phenomena related to these alloys are pseudoelasticity,
shape memory effect, which may be one-way (SME) or two-way (TWSME), and phase
transformation due to temperature variation. Due to their unique properties, SMAs have attracted
great interest in various fields of applications ranging from aerospace [15] and naval [16] to

surgical instruments [17].
1.2 Piezoelectricity

The phenomenon of piezoelectricity was discovered by Jacques and Pierre Curie brothers in
1880 [18]. They discovered that some crystals when compressed in certain directions show
positive and negative charges on some portions of the surface. These charges are proportional to

the pressure and disappear when it ceases. Materials that exhibit piezoelectricity have the ability



to develop an electric charge when a mechanical stress is applied which is the direct effect. They
have a converse effect by developing a strain when an electrical field is applied. Thus,
Piezoelectricity is the linear interaction between mechanical and electrical system. Figure 1.3
shows the use of piezoelectric sensors and actuators to control the vibration of a laminated beam.

. Sensor layer
/ e,

Controller

Actuator layer

Figure 1.3: Laminated beam with piezoelectric sensors and actuators

The direct piezoelectric effect, the development of an electric charge by the application of a
mechanical stress, was described as (Nye, 1957)[19].
P =djo; (1.1)

where P is the electric polarization (charge per unit area), d;, is the piezoelectric coupling

tensor, and o, is the applied mechanical stress tensor. The converse effect, the development of

a mechanical strain by the application of an electric field to the piezoelectric, is described by
& = dijk E, (1.2)

where &; is the produced strain and by applying the electric field E,. In both cases, the

piezoelectric coefficients d;, are numerically identical.

It should be noted that the piezoelectric effect is strongly linked to the crystal symmetry. A
crystal having sufficiently low symmetry produces electric polarization under the influence of
external mechanical force. Polycrystalline materials in which the crystal axes of the grains are
randomly oriented exhibit no piezoelectric effect. Piezoelectric polycrystalline ceramics were
discovered in the 1940s, soon followed by the development of the poling process in which the
randomly oriented crystal axes are suitably aligned by the application of a strong electric field at
elevated temperatures. After that discovery, researchers continued to develop better and more

stable materials. Lead zirconate titanate (PZT) was first introduced in 1954 and has become the
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most widely used piezoceramic. Today piezoelectric ceramics, or piezoceramics, are used more
widely than piezoelectric crystals.

Mechanical stress o,, and electric field E, are coupled within a piezoelectric solid medium.
Constitutive equations for a piezoelectric material can be written as [20]

EI

" (1.3)
D, =dy o4 + K,

&j = SijuOu —d
where o, &, E, and D are the stress tensor, strain tensor, electric filed and the electric
displacement vector, respectively. s, d and x are the elastic compliance tensor, piezoelectric
tensor and the dielectric tensor, respectively.

An alternate expression of the constitutive behavior could be given, such as

Oij = Cijuéu — & E,

(1.4)
D =ey&q + i E

where the piezoelectric tensor e is related to the piezoelectric tensor d through the elastic tensor

¢ by the following relationship

€k = dinnConnik (1.5)
1.3 Ferroelectricity

Ferroelectricity was discovered in 1920 in Rochelle salt by Valasek [21]. Ferroelectric materials
are materials that exhibit, over some range of temperature, a spontaneous electric polarization
that can be reversed or reoriented by application of an electric field. Ferroelectric materials
undergo a structural phase transition from a paraelectric phase to a ferroelectric phase upon
cooling through the Curie temperature, T.. Above T, temperature, the crystal has a
centrosymmetric structure and has no spontaneous polarization. Bellow T, the crystal exhibits
ferroelectricity and has a structure resulting from the change in the symmetry of the unit cell.
When an external field is applied in a direction opposite to the polarization, the polarization can
be reoriented in the direction of the electric field. This process is reversible and is called
polarization switching. When the polarization is parallel to an applied electric field, the
switching is done. However, it is not necessary that the polarization is exactly reoriented along

the electric field direction.



The polarization-electric field hysteresis loop obtained in this way is an important characteristic
of a ferroelectric. Figure 1.4 shows a typical hysteresis loop [22] from which the values of the

remnant polarization and coercive electric field can be determined.
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Figure 1.4: Polarization-electric field hysteresis loop measured in a ferroelectric material. Py is

the remnant polarization and E_ is the coercive electric field.

The net polarization of an initially unpolarized ferroelectric material is small. When an electric
field is applied, there is a linear relationship between switchable polarization and the applied
electric field. In this case, there is no polarization switching. As the electric field increases,
however, domains in which the direction of spontaneous polarization is opposite to electric field
begin to switch to a more energetically favorable direction. The switching process continues until
all of the domains are aligned in the electric field direction. When the field returns to zero, the
polarization does not return back to the initial value. The amount of switchable polarization after
removal of an electric field is called the remnant polarization, Pr. The strength of the electric
field to switch the opposite polarization domain is called the coercive electric field, Ec. This
process can be repeated. Ferroelectric materials behave strongly nonlinear when they are under
high electromechanical loads. The nonlinearity is mainly coming from domain switching which

is the change of direction of the spontaneous polarization at the microstructure level.
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1.4 Piezomagnetism

Piezomagnetism is the linear magnetomechanical effect analogous to the linear
electromechanical effect. The first experimental observation of piezomagnetism was made in
1960, in the fluorides of cobalt and manganese [23]. Materials that exhibit a piezomagnetic
effect have the ability to develop a magnetic field by applying physical stress or strain (direct
effect), or a physical deformation by applying a magnetic field (converse effect). Thus,
piezomagnetism is an interaction between the magnetic and mechanical system.

The direct piezomagnetic effect is described by [19].

H, =—Ay8) (1.6)

where Ay, is a third range piezomagnetic tensor.

The piezomagnetism phenomenon is related to the crystal symmetry and it is shown only by the
absence of certain symmetry in a crystal structure. Mechanical stress o and magnetic field H
are coupled within a piezomagnetic solid medium. Constitutive equations for a piezomagnetic
material can be written as [24]

HI

B =h,&, + 1, H,

Oij = Cijuéu — h

ij lij

1.7
where o, &, H, and B are the stress tensor, strain tensor, magnetic field and the magnetic

induction, respectively. ¢, h and u are the elastic stiffness tensor, piezomagnetic tensor and the

permeability magnetic tensor, respectively.
1.5 Magnetoelectric effects

The magnetoelectric (ME) effect is the generalization of electric polarization by a magnetic field
and vice versa. This fascinating phenomenon was experimentally observed in 1960 by Astrov
[25] and predicted by Landau and Lifshitz [26]. It is discovered that a sample of Cr,O3 shows a
magnetoelectric effect. Magnetoelectric materials have the ability to convert an electrical energy
into a magnetic one and vice versa. These properties make them very useful for sensors

transducers, storage devices and medical imaging etc.



Figure 1.5: Application of magnetoelectric materials for sensors, transducers, storage devices

and medical imaging.

The effects can be linear or/and non-linear with respect to the external fields. In general, this

effect depends on temperature. The effect can be expressed in the following form [26]

P :;(fj’Ej +aH; (1.8)
M. :ZiTHj +a;E;

where P is the electric polarization, M the magnetization; E and H are the electric and magnetic
field; a, ™ and x™ are the linear magnetoelectric moduli, dielectric and magnetic susceptibility

moduli. Materials exhibiting the ME effect can be classified into two classes: single phase and
composites. The ME effect exhibited by single phase materials is too weak to be practicable
however magnetoelectroelastic composites consisting of a piezoelectric phase and a
piezomagnetic phase show significant ME output qualified for potential applications.

Generally speaking the ME effect presented by composite materials is the results of the
interaction between the piezoelectric phase and the piezomagnetic phase. Within a
magnetoelectroelastic materials mechanic stress, electric field and magnetic field are coupled.
The constitutive equation of a linear magnetoelectroelastic material is given by [27]

|in|

D, =¢84 +&,E +,H, (1.9
B =h,e, +¢,E +14H,

Oij = Ciju € — G E —h
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where the elastic strain g, , electric fields E,, and magnetic fields H, are independent variables

related to stresses oy, electric displacements D, and magnetic inductions B;. The tensorscy,,

&, Ny, . K, and g, are the elastic, piezoelectric, piezomagnetic, magnetoelectric, dielectric

and magnetic permeability constants respectively.
1.6 Ferromagnetism

Historically, the term ferromagnet was used for any material that could exhibit spontaneous
magnetization: a net magnetic moment in the absence of an external magnetic field. Magnetic
materials respond differently at applied magnetic field. Many properties of ferromagnetic
materials are analogous to ferroelectric but with corresponding magnetic parameters. A
ferromagnetic material undergoes phase transition from a high-temperature phase above T, that
does not have a macroscopic magnetic moment (paramagnetic phase) to a low-temperature phase
below T, that has spontaneous magnetization even when external magnetic field is switched off.
Ferromagnets tend to concentrate magnetic flux density, they have spontaneous magnetization,
which leads to their widespread usage in applications such as, transformer cores, permanent
magnets, and electromagnets. The magnetization of ferromagnetic materials is a nonlinear
process. Ferromagnetics are thus known as nonlinear media. A typical hysteresis loop is shown
in Figure 1.6.

Figure 1.6: Hysteresis loop for ferromagnets [28].
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The ferromagnet starts in an unmagnetized state and upon increased magnetic field magnetic
induction rises to the saturation induction, Bs. When the field is reduced to zero, the induction
decreases to By, known as remnant field. The reverse field, H, required to reduce the induction
to zero is called the coercivity.

The characteristic of hysteresis loop determines the suitability of ferromagnetic materials for
particular application. For example, more square-shaped hysteresis loop, with two stable
magnetization states, is suitable for magnetic data storage, while a small hysteresis loop that is
easily cycled between states is suitable for transformer core.

1.7 Shape memory alloys

The key characteristic of all SMAs is the occurrence of a martensitic phase transformation. The
martensitic transformation is a shear dominant diffusionless solid-state phase transformation
occurring by nucleation and growth of the martensitic phase from a parent austenitic phase
(Olson and Cohen, 1982)[29]. When an SMA undergoes a martensitic phase transformation, it
transforms from its high-symmetry, usually cubic, austenitic phase to a low-symmetry
martensitic phase, such as the monoclinic variants of the martensitic phase in a NiTi SMA. The
martensitic transformation possesses well-defined characteristics that distinguish it among other
solid state transformations.

SMA s exhibit the following macroscopic phenomena not present in traditional materials.

Shape memory effect (SME) (figure 1.7) [30]: SMAs is loaded below austenitic start
temperature, A%, while still in the austenitic phase to full transformation to the detwinned
martensitic state and then unloaded fully retaining the transformation strain.

Pseudoelasticity (figure 1.8) [30]: SMAs is loaded above austenitic finish temperature, A%, to
full transformation to the detwinned martensitic state and then unloaded fully transforming back
to the austenitic state, while recovering all the transformation strain exhibiting hysteresis.

The shape memory effect is used for actuation while the pseudoelasticity is used for applications

such as vibration isolation and damping.
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Figurel.7: Schematic representation of the thermodynamical loading path demonstrating the

shape memory effect in SMAs.
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Figurel.8: Schematic of a thermomechanical loading path demonstrating pseudoelastic behavior
of SMAs.
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The medical applications of SMAs are shown in figure 1.9 [31].

Figure 1.9: Laparoscopy tools. The actions of grippers, scissors, tongs and other mechanisms are
performed by SMA.

1.8 Viscoelastic behaviors

As the viscoelastic behavior effect will be coupled to multifunctional effects of piezo and
magneto composites, the viscoelastic behaviors will be reviewed here.

Some properties of viscoelastic materials are creep, relaxation, absorb energy etc. These
properties make of them very used in different industrial applications. Among the applications is
the use for passive control. Also the addition of viscoelastic materials to piezoelectric and
magnetoelectroelastic materials will provide them beside of their actuation and sensing effect
with a damping effect.

Responses of viscoelastic materials depend not only of the current loading, but also histories of
loadings. Creep and relaxation are examples of viscoelastic responses. Creep is the increase in
the deformation of materials under a constant stress. Relaxation is when a material is subject to a
constant strain, the stress continuously decreases with time.

This section presents the concept of linear viscoelastic materials. There are many common

models to describe the behavior of linear viscoelastic materials such as the Maxwell, Kelvin-
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Voigt (KV) and Standard Linear Solid (SLS) models etc. The spring-dashpot mechanical analogs

are commonly used to describe behaviors of the above viscoelastic models.

Maxwell model

The mechanical analogy of Maxwell model is shows in figure 1.10. It is a spring and a dashpot

arranged in series. Ey is the spring constant and m is dashpot constant.

E() n

—aw—{F—

Maxwell

Figure 1.10: Maxwell model.

The differential equation that describe the behavior of this model is given by [32]

dg(t)_ 1 da(t) 1

When a constant strain is applied, the solution to (1.10) leads the expression of the relaxation
modulus E(t), one can write

E(t)=Ee 7 =Ege " (1.11)
where 7. is the relaxation time defined as 7, = -

When a constant stress is applied, the solution to (1.10) leads to the expression of the creep

compliance J(t), one can write

) %“*%) (1.12)

Kelvin VVoigt model

The mechanical analogy of the (KV) model is shown in figure 1.11. It has a spring and a dashpot

arranged in parallel.
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Figure 1.11: Kelvin Voigt model.
The governing equation of Kelvin Voigt model is given by [26]

o (1) = Ee (1) 47 220 (L13)

dt
Applying a constant strain, the relaxation modulus E(t) is obtained
E(t)=7n5(t) + E, (1.14)
where &(t) is Dirac function.
Applying a constant stress, the creep compliance J(t) is obtained
B
(1.15)

10 =Ei(1—e 'y

Standard Linear Solid
The mechanical analogy of (SLS) is shown in figure 1.12. It combines a spring and a Maxwell

model in parallel or a spring and (KV) model and series.

E:

Figure 1.12: Standard Linear Solid model.

The governing equation of the Standard Linear model is given by [32]

ot),1do(t) & B, de(t)
. +EO . g(t)+(l+EO) it (1.16)
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Applying a constant strain leads to the expression of the relaxation modulus E(t), one can write

t

E(t)=E,e * +E (1.17)

Applying a constant stress leads to the expression of the creep compliance J(t), one can write

A
M=t g

e ELE ) (1.18)

E, . .
where 7, = = % s the creep time.
0

The Boltzman superposition integral [33]

The above expressions of the creep and relaxation modulus are valid under a constant stress and
a constant strain. For general loading condition, the constitutive equations for linear viscoelastic
materials can be derived based on the Boltzman superposition theory.

For an arbitrary stress input as illustrated in figure 1.13, the superposition principle is used by

considering the arbitrary input as multiple step inputs applied at different times.

xR
§ Loadin
w
oo
%)
3 v
5 Resultant deformation

Figure 1.13: Creep behavior of an ideal viscoelastic solid.

The total strain at time t is given by

et)=Acd(t-t)+Ac,I(t—t,)+........ +Ac J(t-t)=D Ac I(t-t,) (1.19)
k=1

where J(t—1,) is the creep compliance function and Ao is the instantaneous stress jump.

Dividing and multiplying (1.19) by At, =t,, —t,, one can write
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A‘t’k At, (1.20)

k

et) = ZJ (t—7,
When At, approaches zero then (1.20) could be rewritten as follow

e(t) = j J(t- r)—dr (1.21)
Using similar procedure, the expression of o (t) is obtained. One can write

o(t) = j E(t- r)—dr (1.22)

where E(t—7) is the relaxation function.

The constitutive equation of linear viscoelastic materials is determined by equation (1.21) and
(1.22). Equations (1.21) and (1.22) seen simple but they are difficult to be used. To simplify their
utilization they are expressed in the frequency domain by using the Laplace transform.

Using the Laplace transform to (1.22) leads to the following expression

o(w) =E(w)e(w) (1.23)
where E(w) = E (o) +iE (o) is the complex modulus. E (w)and E (w) are respectively the real
part and imaginary parts of the complex moduli and i = J-1.

Using (1.23), one can solve the viscoelastic problem as a special case of the elastic one where the

elastic moduli are complex and frequency dependent.
1.9 Extended time dependent constitutive equations

In this section, the Boltzman integral equation (1.22) is extended to the case of linear
piezoelectric and magnetoelectroelastic materials.

The time dependent constitutive equations for viscoelectroelastic materials are given as follow
[14].

G'J(t):jcijk'(t T)dgH(T)de.elij(t‘T)dEl(T)dr
4 dr
f IO (1.24)
D) :jem (t‘f)dgél(r)d7+.[x"(t_
0 4 0

Using the condensed notation (Fakri et al. (2003)), equations (1.24) could be written in a

condensed form where
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s, ()= j Eope (8 —T)%dr (1.25)
0 T

Cij (t) (J,K=123)
&; (1) (J=123K=4)
€ (1) J=4K=123)
—r (1) (J=4K=4)

where E,, (t) = Is the time dependent viscoelectroelastic

relaxation tensor and

S _Jem M=123) oy (3=12.3)
Mn _En (M:4) iJ Di (J:4)

are the generalized strain and stress.
Using the Laplace transform to (1.25) leads to the following expression in the frequency domain

L, (@) =Eyq (@) (@) (1.26)
where
E, (@) =E" (@) +IE",, () IS the complex viscoelectroelastic moduli.

E'y(w)and E", (w)are respectively the real part and imaginary part of the complex

viscoelectroelastic moduli and i=+/-1.
For viscomagnetoelectroelastic materials, the time constitutive equation is given as follow:

dH,(z)

T

dr

o,(t)= cukl(t-r)dg(;'(f)df+jem(t-r)dE{;(T)dehm(t-r)
T T

0 0

K, dr+|ey (1.27)

dE (D), | dH, (7)
t-7)—"= t- d
(-0~ J (t-0)=

aE (D), | dH, (7)
t-7)—=dr+ |, t- d
(t-r)= ~dr !u..( 0=y
The time dependent constitutive equations (1.24) and (1.27) will be used to predict the effective
properties of heterogeneous viscoelectroelastic and viscomagnetoelectroelastic composites based

on various micromechanical modelings.
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1.10 Review of some micromechanical modelings

The prediction of mechanical behavior of composite materials requires sophisticated modeling
tools. Micromechanical modeling offers the opportunity to model materials on a microstructural
level. Micromechanical models provide the overall behavior of the composite materials from
known properties of the individual constituents. Some basic features are common to any

micromechanical modeling approach:

A. The geometric definition of a representative volume element (RVE) which possesses the
essential characteristics of the microstructure.

B. The constitutive description of the mechanical behavior of each phase and the interaction
between them.

C. A homogenization procedure based on the RVE to derive the macroscopic material behavior.

The study of micromechanics has been an active research area for many decades and continues
to be the forefront of analysis of composite materials. Excellent reviews of micromechanics
could be found in the open literature in Hashin [34], Nemat-Nasser and Hori [35], Milton [36],
Christensen [37], and Mura [38]. A small review of some micromechanical models is presented

in the following subsections.
1.10.1 Analytical models
1.10.1.1 Simple models
1.10.1.1.1 Voigt approximation

The first model and the simplest one was introduced by Voigt. According to Voigt the effective
stiffness of the composite is obtained based on the assumption that the strain is uniform
throughout the composite. Based on this assumption, the effective stiffness is derived in terms of

volume fractions and stiffnesses of its constituents.

Ci?EI = fICiEIId) + fy, CijkI(M) (1.28)
where fiand f,, are the volume fraction of the inclusion and matrix, respectively; C{and C{’

are the elastic stiffness constants of the inclusion and matrix, respectively.
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1.10.1.1.2 Reuss approximation

Another very simplistic model is the one proposed by Reuss. According to Reuss the effective
compliance of the composite is derived based on the assumption that the stress is uniform
throughout out the composite. Based on this assumption the effective compliance is obtained in
terms of volume fractions and compliances of its constituents, One can write.

Si?gl = flsiglld) + fy SijkI(M) (1.29)

where f and f,, are the volume fraction of the inclusion and matrix, respectively; Sg, i

are the elastic compliance constants of the inclusion and matrix, respectively.
It was shown by Hill that Reuss and Voigt approximation bound the actual effective moduli. The

Voigt approximation provides the upper bound and the Reuss approximation provides the lower.
1.10.1.2 Micromechanical models based on the solution of integral equations

The micromechanical models presented here are based on the solution of the integral equation
which is first derived by [39].

1.10.1.2.1 Local equations of elasticity and the integral equation

The constitutive equations of elastic materials is given by
oy =Ciuéy (1.30)

1)
where o is the stress, ¢ is the strain and c is the elastic stiffness tensor.

The following gradient equation is used.

1
€ :E(um +Uy ) (1.31)
The equilibrium equation in the absence of the body force is written as follow
0y =0 (1.32)
Using the compatibility equation and the symmetry of the elastic stiffness tensor one can write
i = Cijal, (1.33)
Replacing (1.33) into (1.32) the following partial differential equation is obtained
(Cijkluk,l),j =0 (1.34)

A homogeneous fictitious media, called “reference media” which has the elastic moduliCJ,, , is

considered. The expression of the local elastic moduli is given by:
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Cyj (r) = Cjjy +5Cy (1) (1.35)
where “’r’’ is the position vector in the media considered and o6Cis the deviation part.
Introducing (1.35) into (1.34) leads to partial differential system
CiiaUie; (N +(5Cy (N, (r)) ; =0 (1.36)
Now, the elastic Green tensor denoted by G(r —r), of the reference medium corresponding to

the response at the position r due to unit force applied at r’. This tensor verifies the following

partial differential equation.
Ci(j)kIka,lj (r)+é}m5(r_r‘) =0 (1.37)
The displacement could be expressed as follow

u, (r) = j U, (r)8,, S(r—r)dv’ (1.38)

From equation (1.37) and using the fact that G, , = lead to the following integral equation

|m|

U (r) = j CyGim - (r =1 U (r)dV " (1.39)

One can see that
Glm J| (G|m] ) _Gim’j,uk,r (140)
Using (1.40) and the Stock’s theorem, (1.39) becomes

u,(r)= IC.JH im. - (F =1 U, (r)n’, dS'+Ici?k|Gim(f—l")uk,,.(r')n'j 4s”

(1.41)
- .[Ci(j)leim (r=ru.; (rHdv’

The first integral represents the elastic displacement field in a homogeneous solid with geometry

and boundary condition similar to the considered solid. This elastic displacement field is denoted
byu®(r).
The second integral represents the static boundary condition and could be written as follow

u,(r) = J.Ci(j)kIGim(r_rl)uk-l'(rl)n'i ds’= IGim(l’—l’ Joyh';dS'= .[G'm(r ~r)Tids’ (142)

Only the displacement boundary conditions are considered, so the second integral equals zero.
Finally, using (1.36), (1.41) becomes

U (r)=uy + IGim (r=r)(0C;, (ru,,.(r)) ;dv' (1.43)
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Or:
Up (r) =up + IGim (r=r)(6Cy,.(r)&,.(r)) ;dv’ (1.44)

Substituting (1.44) into (1.31) leads to the following integral equation
1 1) r L) 1) 1
En() =&y + IE (Ginn(r=1)+G,; 1 (r =1 )(SC;.(r e (r") ;. AV (1.49)
\Y

As before, we can decompose the integral, and moreover, if we assume that it vanishes at the

boundary, one can find
l ) r r r 1
Enmn (1) = gr?m _IE (Gim,nj' (r—ri)+ Gni,mj‘(r -r ))5Cijk|'(r )Eq-(r)dv (1.46)
\
Taking into account the fact that G, =-G,,,. and considering
1 ¥ )
1_‘mnij :_E(Gim,nj(r_r )_'_Gni,mj(r_r )) (147)
One can get the following integral equation
Enn (1) = &g _J'rmnijé‘cijkl (r)g, (rHdv’ (1.48)
\

1.10.1.2.2 Solution of the integral equation

The integral equation is solved based on the work of Eshelby [6]. Consider an infinite media

with elastic moduli Ci?kl which contains a single inclusion “I”” of volume V' and elastic moduli

V"assumed to be constant inside the volumeV'. The inhomogeneity can be simulated by an

“equivalent inclusion”. Based on these assumption one can write
oCy = (Ci;kl _Ci(j)kl)gl (r)= ACi}klgl (r) (1.49)

where 8'(r)is the characteristic function of V' (&' (r)equals 1 inside the volume V' and 0

outside ofV'). The introduction of (1.49) into (1.48) and averaging (1.48) over the volume
V'lead to

1 L) ) L) 1
& =5 =1 o J, oo (T =T IACLE' (P )iy (1) "V (1.50)
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The exact solution of this equation is difficult to be obtained, an approximation is made by

replacing &, (r') by its average value &, as follows:

]

gr:1n = gr(r)m _\%Ivu o L i (r—r I)AC'I'klgklldV av (1.51)

(1.51) could be reformulated in the following form

| =& —\%T " .ACi}k, £y (1.52)

mnij

&

mn

where T =I 'I T (r—=rdV'dV represents the interaction tensor which depends on the
VIV
properties of the infinite medium and the shape of the inclusion that the infinite medium

contains.

1.10.1.2.3 The extended approach

The above developed equations could be extended to other kinds of materials such piezoelectric
materials, magnetoelectroelastic materials etc. [40, 41] extended the modeling to the case of

piezoelectric and thermopiezoelectric materials by using extended fields. The localization

equation [41] that gives the relationship between the average generalized strain field Z, in the

inclusion with the generalized strain field in the infinite medium Z°is given as follow

2ty =2~ G T A b Zh (159

Z is the generalized strain field given by

Emn (M =123

Zyn = (1.54)
—E, (M =4)

in which ¢ is the elastic strain tensor and E is the electric field.

E is the electroelastic moduli given by
Cijmn etnij

Eiwn = (1.55)

i Kin
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in which cis the elastic tensor, e the piezoelectric tensor and the dielectric tensor.

Finally T" is the condensed notation of the four electroelastic tensors given by

T = [, [ T (r=rdv 'dv (1.56)
where Iy, (r—r’)=-G, ;with i,I =1,2,3and J,K=12,34

The explicit expression of G, , is given by Fakri et al. (2003) [40]

—E(ijvn(r—r‘)+GM(r— ry) forJandK =123

2
_%(G4k,li (r-r)+G, (r-r)) forJ=4andK =123
~Gj(r=r) forJ =1,2,3and K =4
Gy (r—r forJ =4and K =4

The tensor T" will be used to derive some models for effective properties of the composite.

1.10.1.2.4 Dilute Model

Dilute approximation is the next simplistic micromechanics approximation after VVoigt and Reuss
approximations. The key assumption made in dilute approximation model is based on the idea
that a single inclusion embedded in infinite medium in one RVE. The particles are supposed to
be very far apart from each other so the interaction between particles could be ignored. For an
ellipsoidal particle, this solution has been obtained by [42, 43]. The effective elastic moduli for

two-phase elastic composites with ellipsoidal inclusion are given by

Ci?EI :Ci;\l/ld + , (Ciion —Cimn) : Amia C™) (1.57)

ijmn "~ “ijmn
where A" is the concentration tensor that relates the local strain tensor in the inclusion with the
applied strain on the composite. The Dilute concentration tensor is derived from (1.52) by
replacing C° by the elastic moduli of the matrix C" and &° by the applied strain on the
composite £ . One can write the relationship that relates the average strain in the inclusions with
the applied strain on the composite through the Dilute concentration tensor as follow

gi; = Aljjkill &y (1.58)
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; 1 ) ] )
Where A> =(|k,mn+\7T”ijk,AC'ijmn)‘1, AC'iJ.mn :CIijmn_CMijmn and T" is the interaction
tensor.

1.10.1.2.5 Self Consistent model

The Self Consistent method is based on the work of Eshelby [6]. It was originally put forward in
[44] in the study of the conductivity of composite materials. The application of the method to the
mechanical behavior of polycrystalline and matrix based composites followed [45, 46, 47]. It
was extended to the case of multi-site in [48]. [49] generalized the Self Consistent method to
study the elastoplastic behavior of composite materials. The essential assumption employed is
the consideration of a single inclusion embedded within an effective matrix having the effective
elastic moduli of the composites, and thus the interactions of the inclusions are accounted for. It
should be noted that the Self Consistent method gives an implicit expression of the effective
moduli which is computed iteratively. The Self Consistent method has its limitation for
composites with high volume fraction of inclusion and high modulus contrast between the
constituents [50]. Also it fails to give correct estimation of composites with void inclusions [51].
The effective elastic moduli for two-phase elastic composites with ellipsoidal inclusion are given
by

Cia =Cija + T Cipm — Cijin) : A C™) (1.59)

ijmn
where A* is the concentration tensor that relates the local strain tensor in the inclusion with the
applied strain on the composite. The Self Consistent concentration tensor is derived from (1.52)
by replacing C° by the effective elastic moduli C* and &° by the applied strain on the
composite £ . One can write the relationship that relates the average strain in the inclusions with

the applied strain on the composite through the Self Consistent concentration tensor as follow

& = ;% (1.60)

]

+ - " AC )" and AC iy =C' c

V'
The Self Consistent model gives an implicit equation of the effective moduli that comes from the

Sc —
where nkl — (Iklmn ijmn ijmn ijmn

fact that A> depends on the effective moduli C*" . The effective moduli are predicted iteratively.
To initialize the iterative process the initial value of the effective moduli is obtained from the

Voigt model by
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CSE, = f,Ci}kI + f,, Cijk,“" (1.61)
The concentration tensor is initialized by the identity tensor
A% = | (1.62)
If these conditions are respected, the iterative algorithm will converge to the effective moduli

C®". In the numerical applications one sees that there are some cases where there is no

convergence. To stop the process, a stopping criterion is defined as follow

n+l
Cijkl

n+1
CijkI

where C" represents the approximation of the effective moduli at the nth step and & the

n
Cijkl

| <5 (1.63)

maximum admitted deviation.
1.10.1.2.6 Mori-Tanaka model

The Mori-Tanaka model was originally developed by [52]. Since then, the method has been
successfully applied to many problems in the mechanics and physics of composite materials. The
method was initially linked with Eshelby’s [6] equivalent inclusion method and a review of
many applications in this context is given in [53]. [54] re-examined the underlying assumptions
of the method and reformulated it in a direct approach. The method has also received
considerable attention from a theoretical standpoint by [55, 56, 57, 58] and has been shown to be
on strong theoretical footing for the elastic behavior of two-phase composite media.

The main assumption of this method is the consideration of a single inclusion embedded in an
infinite matrix subjected to the uniform average matrix strain. This method provides an explicit
formulation for the calculation of effective properties of composites. Also, it allows one to
perform homogenization analysis at minimum computational cost. The effective elastic moduli

for two-phase elastic composites with ellipsoidal inclusion is given by
Cit =Cia + 1 (Cjun —Cina) - Ama (C™) (1.64)

ijmn

where AM" is the concentration tensor that relates the local strain tensor in the inclusion with the

applied strain on the composite. The Self Consistent concentration tensor is derived from (1.50)
by replacing C° by the elastic moduli of the matrix C" and £° by the average strain in the
matrix e" . Then using the flowing relationship

g=f"" 1 £l (1.65)
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One can write the relationship that relates the average strain in the inclusion &' with the applied

strain on the composite & through the Mori-Tanaka concentration tensor as follow

&

=AY, (1.66)

f

where MnTkl = (L +V_N||T”ijklACIijmn)_l and ACliimn :CIU"‘" _CMijm”

1.10.1.3 Hashin-Shtrikman type variational bounds

Paul was the first to use the variational bounding techniques of linear elasticity to examine the
bounds on the moduli of the multiphase materials. Paul [59] obtained the bounds for alloyed
materials based on the principle of minimum potential and complementary energy.

Hashin [60] and Hashin Shtrikman [61] attempted to tighten the Paul’s bounds to obtain more
useful estimates of moduli for isotropic heterogeneous materials.

According to Hashin [60], the bounds for the effective elastic moduli are derived by assuming
that the particles are spherical and that the action of whole heterogeneous material on any one
inclusion is transmitted through a spherical shell, which lies wholly in the matrix. Hashin and
Shtrikman [61] further extended their work by involving the elastic polarization tensor, to the
derivation of upper and lower bounds for the effective elastic moduli of quasi-isotropic and
quasi-homogeneous multiphase materials of arbitrary phase geometry. When the ratios between
the different phase moduli are not too large the bounds derived are close enough to provide a

good estimate for the elastic moduli. For the particulate two phase isotropic materials these

bounds, lower (K,) and upper (K, ) can be written as

. f,

Ki =K+ — ~ (1.67)
K,-K, 3K, +4G,

. f,
G =Gk 26T, (1.68)
+

G,-G,  5G,(3K, +4G,)

K, =K, + f (1.69)

1 31,

+
K,—K, 3K,+4G,
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. f,
L 6(K,+2G)f,
G,-G, 5G,(3K,+4G,)

(1.70)

where K; >K.; G, >G/; f + f, =1, Kand G are the bulk and shear moduli.

The shear and bulk modulus are related the Young modulus ( E) and to Poisson’s ratio (v ) by
the following relationship
E E

; G=
3(1-2v) 2(1+v)

and they are related to Lame’s parameter ( A) by

K — All+v) . G = Al-2v)
3v 2v

1.10.2 Numerical methods

The effective properties of composites can be approximately obtained by numerically solving the
governing equations over RVE associated with appropriate boundary conditions. Numerous
numerical methods have been employed for resolving the micro fields, such as early finite
difference methods, boundary element methods, and finite element methods (FEM). There are
many micromechanics models that deal actually with the composites with the assumption of
periodic microstructures. The reinforcements are arranged in rectangular, square, hexagonal
array, or some other pattern of array. The smallest element is taken as RVE with periodic
boundary conditions. Different RVE undergoes identical deformation when the composite
medium is subjected to uniform far field loading. These approaches include fast Fourier
transforms [62], discrete Fourier transforms [63], the transformation field analysis [64], method
of cells (MOC) developed by Aboudi [65, 66, 67, 68], and RVE-based finite element methods

[69]. Bellow, assumptions and geometry of the method of cells are presented.
1.10.2.1 The method of cells

The method of the unit cell is based upon the approximation that a composite could can by
approximated by a periodic array. In using this periodicity, it is possible to analyze a single
representative volume element of the continuum rather than the whole continuum. The

representative volume element is then used as the building block from which the continuum is
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constructed, as shown in figure 1.14 a. The representative volume element must meet two
criteria. First, the element must include enough information to correctly represent the continuum.
Secondly, the element must be structurally to the composite. These conditions are met by the cell
structure in figure 1.14 b [67]. The microstructure of the composite is modeled by within each
representative volume element, attempting to better represent the interaction between the matrix
and fiber. The matrix is represented by a number of elements inside of each volume cell while
the reinforcing material is allotted a single element. For the continuous fiber case pursued here,
the matrix is assigned three elements in the cell. The coordinate system is set up so that the fibers

are assumed to extend into the global x1 direction.

fibers

(a) 3
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(b)

Figure 1.14: Geometry and unit cell for the method of cells (a) Composite arranged as a

periodic array of fibers (b) Unit cell for the method of cells.

The periodic array can then be seen in the x,, X3 plan with a cross sectional view of the element
shown in figure 1.14 b. Following the Aboudi’s notation for numbering the element, the fiber
element is designated by f=1 and y=1. The reaming element (3, y) = (1, 2), (2, 1) and (2, 2) are
matrix elements. The length of one side of the element is assumed to be hi+h, where h; is the
width of the fiber. Since the fiber is transversely isotropic (isotropic in hy, hs plane), the cross

sectional area of the fiber is thenh’. The remaining length can be calculated based on the fiber

volume fraction of the composite. As show in figure 1.14 b local coordinate systems are defined
for each element, the origin of each centered in the element. These local coordinates are
designated by x/and X/.

Using the local coordinate system, the displacements within each element are interpolated
linearly from the center. It is possible to use a linear displacement since it is the average
properties of the composite that are being calculated. Following Aboudi’s notation, the

displacement interpolations inside each element is written:
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ui(ﬂy) :Wi(ﬂy)"'izﬁﬂ(ﬂy) +Y§/l//i('87) (1.71)
where i=1,2,3 and w"”is the displacement of the center of the element. As the displacement
interpolation is linear, #“”and " represent the constants coefficients of the linear

dependence on the subcell coordinates.

Based on this displacement interpolation, the strain are then calculated as

]

{ gigﬁy)} _ % [ Ul 45y (1.72)

where 0 represents partial differentiation with respect to the coordinate noted in the subscript
and i, j =1,2,3. The strain tensor is ordered here as

fe} =t o o 260 257 2547 w73
The stress could be calculated as follow

(o) =c (e} (174)

where [ C{? |is the stiffness matrix.
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1.11 Overview of the dissertation

This dissertation focuses on investigating the effective behaviors and the effects of
multifunctional materials such as magnetoelectroelastic composites, piezoelectroelastic
composites as well as the non-linear transformation behavior of SMA composite materials.
Different micromechanical models are developed and adapted in order to predict the effective

behavior of these multifunctional composites.

In chapter 2, the effective behavior of two-phase and three-phase magnetoelectroelastic
composites has been investigated by using different micromechanical models such as
Incremental Self Consistent, Self Consistent, Mori-Tanaka and Dilute. The Self Consistent
model underestimate the prediction of the effective properties of composite materials at high
volume fraction of inclusion and for composites with void inclusions the prediction is limited
for very low void concentrations. The aim of this chapter is to develop an N-phase Incremental
Self Consistent model for magnetoelectroelastic materials to correct the anomalies showed by the
Classical Self Consistent model. The Incremental Self Consistent model showed its efficiency
for the prediction of the effective behavior at high volume fraction of inclusion as well as for
composites with void inclusions. N-phase Mori-Tanaka and Dilute models have been developed
and a comparison between the predictions of different micromechanical models has been done.
The mathematical modeling is based on the magnetoelectroelastic Green’s tensors that lead to
the integral equation. The solution of the integral equation, obtained based on the Eshelby
assumptions, leads to localization equation. Using the localization equation and based on
different micromechanical approximation the concentration tenors for each micromechanical
model are derived. Then using the homogenization process the expression of the effective
behavior of magnetoelectroelastic composites is obtained. Numerical results have been presented
for two-phase composites and three-phase composites with and without void by emphasizing the
effect of shape and concentration inclusions [70, 71, 72].

This chapter is journal article entitled “Modeling of effective properties of multi-phase

magnetoelectroelastic  heterogeneous materials”, published in the international journal

Computers, Materials & Continua, (2011).
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In chapter 3, the effective properties of magnetoelectroelastic composites with multicoated
inclusions and functionally graded interphase are investigated based on different
micromechanical models. The modeling is developed in the general case of anisotropic
composites with non homothetic multi-coated ellipsoidal inclusions and functionally graded
interphases. The integral equation taking into account the continuously varying interphase
properties as well as the multi-functional coating effects is introduced based on the Green’s
tensors and interfacial operators. Magnetoelectroelastic composites with functionally graded
interphases are analyzed and the effective properties are derived. Based on the Mori-Tanaka, Self
Consistent and Incremental Self Consistent models the numerically predicted effective properties
of magnetoelectroelastic composites are presented with respect to the volume fractions, shapes of
the multi-coated inclusions and the thickness of the coatings [73, 74, 75, 76, 77, 78].

This chapter is a journal article entitled “Micromechanical modeling of magnetoelectroelastic
composite materials with multi-coated inclusions and functionally graded interphases”, published

in the International Journal Intelligent Materials Systems and Structures, (2013).

In chapter 4, a micromechanical modeling is developed to predict the time dependent effective
properties of viscoelectroelastic composites. The convolution model is adopted and various
relaxation tensors can be considered. Time dependent and frequency dependent constitutive
electroelastic equations are used. Two kinds of composites were considered: Two-phase
viscoelectroelastic composites and multi-coated viscoelectroelastic composites. Using the
correspondence principle of linear viscoelectroelasticity, the Mori-Tanaka micromechanical
mean field approach is extended to the Carson domain. Based on the integral equation and on
viscoelectroelastic interfacial operators the concentration tensors for viscoelectroelastic
composites are derived. Various viscoelectroelastic models can be used. The effective properties
are derived in the Carson domain and then are inverted numerically to the time domain by using
the inverse of Laplace transform. The effective properties are then obtained in frequency and
time domains. The effect of shape and volume fraction of reinforcements as well as the thickness
of the coating is shown on the effective.

This chapter is a journal article entitled ‘“Viscoelectroelastic effective properties of
heterogeneous and multi-coated piezoelectric materials”, submitted to the International Journal
Solid and Structures, (2013).
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In chapter 5, the methodological approach developed in chapter 4 is generalized to predict the
effective viscomagnetoelectroelastic behavior of magnetoelectroelastic composites. Two kinds of
composites were considered: Three-phase viscomagnetoelectroelastic composites consisting of a
polymer matrix and piezoelectric and piezomagnetic inclusions and a three-phase composites
consisting of piezoelectric inclusions surrounded by piezomagnetic inclusion embedded in a
polymer matrix. Generalizing the correspondence principle of linear viscoelectroelasticity to the
case of magnetoelectroelastic composites, the Mori-Tanaka micromechanical model is extended
to Carson domain. Based on the integral equation and on viscoelectroelastic interfacial operators
the concentration tensors for viscomagnetoelectroelastic composites are resulted. The effective
properties are derived in the Carson domain and then inverted numerically to the time domain by
using the inverse of the Laplace transform. The effective properties are presented in frequency
and time domain [79].

Chapter 5 is a journal article entitled “Viscomagnetoelectroelastic effective properties of
heterogeneous and multi-coated magnetoelectroelastic materials”, will be submitted to an

international journal.

Chapter 6 aims to develop a micromechanical modeling to investigate the nonlinear effective
properties of shape memory alloy (SMA) composite materials. The SMA composite considered
here is consisting of elastic inclusions embedded in an SMA matrix. The difficulty of modeling
these kinds of composites is that SMA matrix undergoes a phase transformation after loading.
The SMA matrix in the beginning is austenite and then after loading this matrix undergoes a
phase transformation which leads to the apparition of the martensitic phase. After sufficient
loading the matrix becomes fully martensitic. To take into account the effect of the apparition of
the austenitic phase on the inclusion and then on the composites behavior the Mori-Tanaka
multi-coated micromechanical model is used. The effective transformation behavior of the SMA
composites is predicted by combining the Mori-Tanaka multi-coated micromechanical model

with the constitutive equations of SMA materials [80].

Finally, Chapter 7 summarizes the important findings of the thesis. Concluding remarks and

recommendations for future work are presented.
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In the scope of the thesis the following articles are published:

e Bakkali, A.; Azrar, L.; Fakri, N. (2011): Modeling of effective properties of multiphase
magnetoelectroelastic heterogeneous materials” Journal Computers, Materials & Continua,
Vol. 23, N°3, pp 201-231.

e Bakkali, A.; Azrar, L.; Aljinaidi, A. A. (2012): Multi-coated magnetoelectroelastic
composites with functionally graded interphases. MATEC Web of Conferences, Vol. 1,
09001.

e Bakkali, A.; Azrar, L.; Aljinaidi, A. A. (2013): Micromechanical modeling of
magnetoelectroelastic composite materials with multi-coated inclusions and functionally
graded interphases. Journal of Intelligent Materials Systems and Structures, Vol. 24, pp
1754-17609.

e Bakkali, A.; Azrar, L.; Aljinaidi, A. (2013): Effective properties of heterogeneous
magnetoelectroelastic materials with multi-Coated inclusions. Key Engineering Materials,
Vol. 550, pp 25-32.

e Azrar, L.; Bakkali, A.; Aljinaidi, A. A. (2013): Viscoelectroelastic effective properties of
heterogeneous and multi-coated piezoelectric materials. Submitted to the International

Journal of Solids and Structures.
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Chapter 2

2. Modeling of effective properties of multi-phase

magnetoelectroelastic heterogeneous materials

Abstract

In this paper an N-phase Incremental Self Consistent model is developed for
magnetoelectroelastic composites as well as the N-phase Mori-Tanaka and classical Self
Consistent. Our aim here is to circumvent the limitation of the Self Consistent predictions for
some coupling effective properties at certain inclusion volume fractions. The anomalies of the
SC estimates are more drastic when the void inclusions are considered. The mathematical
modeling is based on the heterogeneous inclusion problem of Eshelby which leads to an
expression for the strain-electric-magnetic field related by integral equations. The effective N-
phase magnetoelectroelastic moduli are expressed as a function of magnetoelectroelastic
concentration tensors based on the considered micromechanical models. The effective properties
are obtained for various types, shapes and volume fractions of inclusions and compared with the

existing results.
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2.1 Introduction

The concept of new multifunctional materials constitutes now a scientific challenge especially
for smart composites which include magnetoelectroelastic composites. Efforts are currently
under way to develop materials that have superior properties to those currently existing. This has
resulted in the development of composite materials that exhibit remarkable properties, which are
created by the interaction between the constituent phases. There are many advantages to using
composite materials more than traditional materials, such as the possibility of weight or volume
reduction in a structure while maintaining a comparable or improved performance level.
Composite materials consisting of a piezoelectric phase and a piezomagnetic phase show a
remarkably large magnetoelectric coefficients and large coupling coefficients between elastic,
electric and magnetic fields, which do not exist in either constituent. The magnetoelectric
coupling in the composite is created through the interaction between the piezoelectric and the
piezomagnetic phases. The product property of composites offers great opportunities to design
new materials that are capable of responding in a desired way to the internal or environment
changes, which may not be achieved by traditional materials. The coupling effects in
magnetoelectroelastic composites materials have many uses in many engineering fields such
aeronautics, automotives and medical imagery. The double coupling effects in piezoelectric
materials and the triple ones in magnetoelectroelastic are very useful for sensors and actuators.
The effective properties of piezoelectric composites materials have been investigated by many
researchers. Dunn and Wienecke (1996, 1997) have given the closed-form expressions for the
infinite-body Green’s functions for a transversally isotropic piezoelectric medium and the four
Eshelby tensors for spheroid inclusions in transversally isotropic solids. Dunn and Taya (1993)
predicted the effective properties using the Dilute, Self Consistent, Mori-Tanaka, and
Differential micromechanical models. Fakri, Azrar and El Bakkali (2003) predicted the behavior
of piezoelectric composite materials and presented the numerical results for the effective
electroelastic properties in term of phase properties, orientation angles, volume fraction and
shapes of inclusions. Odegard (2004) proposed a new modeling approach to predict the bulk
electromechanical properties of piezoelectric composites and compared the obtained results with
those obtained by the Mori-Tanaka approach and the finite element method. Li (2004) applied

the Self Consistent approach to predict the effective pyroelectric and thermal expansion
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coefficients of ferroelectric ceramics taking into account the texture change due to domain
switching during poling.

For magnetoelectroelastic  composites, Li and Dunn (1998) investigated the
magnetoelectroelastic coupling effects using the mean field Mori-Tanaka method and presented
numerical results for fibrous and laminated composites. Wu and Huang (2000) investigated the
magnetoelectric coupling effect in a fibrous composites with piezoelectric and piezomagnetic
phases. Based on the eigenstrain formulation and Mori-Tanaka approach, the
magnetoelectroelastic Eshelby tensors and the effective material properties of the composite are
obtained explicitly. Li (2000) studied the average magnetoelectroelastic field in a multi-inclusion
or inhomogeneities embedded in an infinite matrix. Feng, Fang and Hwang (2004) investigated
the effective properties of composite consisting of piezomagnetic inhomogeneities embedded in
a non-piezomagnetic matrix by using a unified energy method and the Mori-Tanaka and Dilute
approaches. Zhang and Soh (2005) extended the micromechanical Self Consistent, Mori-Tanaka
and Dilute to study the coupled magnetoelectroelastic composite materials. Srinivas and Li
(2005) developed a Self Consistent approach to calculate the macroscopic magnetoelectric
coefficients by emphasizing the effects of shape, volume fraction and orientation distribution of
particles of both phases. Lee, Boyd and Lagoudas (2005) developed a finite element analysis
and micromechanics based averaging of a representative volume element to determine the
effective dielectric, magnetic, mechanical, and coupled-field properties of an elastic matrix
reinforced with piezoelectric and piezomagnetic fibers. A special emphasis on the poling
directions of the piezoelectric and piezomagnetic fibers is done. Srinivas, Li, Zhou and Soh,
(2006) developed a mean field Mori-Tanaka model to calculate the effective
magnetoelectroelastic moduli of matrix-based multiferroic composites by emphasizing the
effects of shape and orientation distribution of second phase particles composites. More recently,
Fakri and Azrar (2010) developed the Incremental Self Consistent method to
thermoelectroelastic materials to predict the electro elastic and thermal response of
piezocomposites with and without voids.

The classical Self Consistent model, which is widely used, overestimates the predictions of some
magnetoelectroelastic composites effective properties for moderate and high concentrations of
reinforcements and diverges for some coefficients. For magnetoelectroelastic composites with

void inclusions the predictions are limited for very low void concentrations and are erroneous for
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volume fraction greater than 10%. The aim of this paper is on one hand to develop an N-phase
Incremental Self Consistent model for magnetoelectroelastic materials. On the other hand to
present an accurate model based on the Self Consistent procedure for N-phases coupled materials
In this work, a micromechanical modeling is used to predict the behavior of multi-phase
magnetoelectroelastic composites. The nine interaction tensors which are used to predict the
effective moduli of multi-phase magnetoelectroelastic composites based on various micro
mechanical approaches such Self Consistent, Mori-Tanaka, Dilute and Incremental Self
Consistent schemes are derived. Numerical results are obtained for various shapes of inclusions
and compared with the existing ones. A mathematical modeling based on the Incremental Self
Consistent model is developed for multi-phase magnetoelectroelastic composites. It is clearly
demonstrate in this work that the Incremental Self Consistent model gives more accurate results
than the classical Self Consistent model.

2.2 Basic equations

Let us consider the linear magnetoelectroelastic effect, where the magnetic, electric and elastic
fields are coupled through the following constitutive equations:

Oij = Cijuéu — & E, _hlij H,

D, =e,&, +&,E +,H, (2.1)
B, =hy&, + o, E + 14 H,

where the elastic strain g, electric fields E,, and magnetic fields H, are independent variables

related to stresses o

;i » electric displacements D, and magnetic inductions B, . The tensorscy, ,

&, hy, oy, x,and g, are the elastic, piezoelectric, piezomagnetic, magnetoelectric, dielectric

and magnetic permeability constants respectively. Let us note
=e.and h. =h

that ¢, = Cjiy = Cijwe = Cjinc» & = & ;i = hyi- In the constitutive equations we use - E; and -
H, rather thanE ,and H, as they will permit the construction of a symmetric matrix of

constitutive moduli. The following gradient expressions are used:
l e m
Sy = E(Um +u,)  E=-¢ H, =-o, (2.2)

whereu, ,¢° , @™ are the elastic displacements, electric and magnetic potentials, respectively.
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The equilibrium equations, in the absence of body forces, electric charge and electric current
densities, are as follows:

c;; =0 D, =0 B, =0 (2.3)
In order to make easy the manipulation of these equations, the condensed notations are used.
These notations are identical to those using the conventional subscripts except that the lower case
subscripts assume the range of 1-3, while the capital subscripts take the range of 1-5, and the
repeated capital subscripts are summed over 1-5. With these notations, the generalized strain

field denoted by Z,,, can be expressed as

£, (M =1,2,3)
Zyn =4~E, (M =4) (2.4)
_Hn (M :5)

Note that Z,,, can be derived from the generalized potential field U,, given by

u, (M =1,2,3)
Uy =19 (M =4) (2.5)
o" (M =5)
Similarly, the generalized stress field 2, is given by
ot (J=12,3)
ZiJ =D (J=4) (2.6)
B, (J =9)
The magnetoelectroelastic constants can then be represented as follows:
Ciimn (J,M =12,3)
. (J=12,3;M =4)
hy; (J=12,3;M =5)
E,, —8m (J=4M =12,3) 2.7)
- (J=5M =123
K, (J=4;M =14)
—a, (J =4;M =50rJ =5;M = 4)
—t (J=5M =5)

The symmetry of E,,,, can be obtained from those of ¢ h: , &

in

ijmn » enij v Thij o ;. and 2 By using

these shorthand notations, egs. (2.1) can be rewritten as a single equation as follows:
2 = Byl (2.8-3)
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Note thatz,, ,U,,, 2, and E,,, are not tensors, and they can be conveniently expressed in

matrix form as follows :

Cijmn etnij htnij

EiJMn =| Cm  TKin g, (28'b)
himn —G, Hin

ZMn = UM,n (28-C)

The magnetoelectroelastic coefficients can then be represented by the (12x12) matrix E.
Similarly, Z is a (12x1) vector. Thus, in order to express the equilibrium equations, each
individual tensor must be transformed by the well known law of tensor transformations. The
resulting tensors can then be reunified into the form of Eqgs.(2.4) to (2.7). Substituting Egs. (2.2)
into Egs.(2.1) and considering matrix symmetry, one obtains:

2 =EmwnYun (2.9)
Introducing Equation (2.9) in the equilibrium equation (2.3), the following partial differential

equation is obtained:

(EiJMnUM,n),i =0 (2.10)

2.3 Integral equation formulation

Let us consider a homogeneous fictitious media called “reference media” which has the
magnetoelectroelastic moduli EJ,,. The expression of the local magnetoelectroelastic moduli is
given as follow:

Ewn (1) = Ei(JJMn + OB (1) (2.11)
where “r’> is the position vector in the media considered and OE is the deviation part. The
introduction of this expression into (2.10) leads to

EvnYn i (1) + (O (DU (1)) =0 (2.12)
Now, let us introduce the magnetoelectroelastic Green’s tensors, denoted by G,,, (r—r"), of the

reference media corresponding to the response at the position r due to a unit point force or

charge at r'. These tensors satisfy the following partial differential equation:
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EdwnGucin(F=1)+ 83 S(r=r’)=0 (2.13)

This partial differential equation, satisfied by the magnetoelectroelastic Green’s tensors,
condensed nine partial differential equations. Based on (2.13), and after some mathematical
manipulations and the consideration of the boundary condition, the expression of the local

generalized field Up(r) is derived:

U (r)=UR(r)+

) K. . : , (2.14)
[, G (= YGE i (r Uy, (), AV

Using the fact that Z,, =U, | and considering the condition that the local generalized strain field

vanishes at the boundaries the expression of the local generalized strain field can be written as:

Z(r)=2Zg(r)-

, . . . (2.15)
T (1 =1 YO E gy (1) Zy (r )V
where Iy, (r—r')=-G, ,;(r—r") isacondensed notation of nine tensors.

This equation is an integral formulation of the generalized strain fieldZ,,(r). To solve this

equation the equivalent inclusion approach will be used.

2.4 Averaged field

Consider an infinite media with magnetoelectroelastic moduli EJ,, which contains a single
inclusion *’I” of volume V' and magnetoelectroelastic moduli E., ~assumed to be constant

inside the volume V' . The inhomogeneity can be simulated by an “equivalent inclusion”. Based
on these assumptions, as done by Eshelby (1957) in the elastic case and by Deeg (1980) in the

electroelastic case, one obtains

SEian = (Eiwn = Eun)0' (1)

Oor SE , =AE.,,0' (1) (2.16)
where @' (r)is the characteristic function of V' (&' (r)equals 1 inside the volume V' and 0
outside of V'). Based on Eq. (2.15), the average generalized strain field Z,, in the considered

inclusion is given by the following expression:

1 T T T 1
Z||<| = Z|(<)| _\TIV' .[v Co (r=r )AEiIJMnaI (r)Zy,(rHav'dv (2.17)
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The exact solution of the above integral equation is difficult to be obtained. An approximation is

then made by replacing Z,, (r) by its average value Z,, in the considered inclusion as follows:
2l =Zi = ] T (=1 DAy Zh 0V "0V (2.18)

This equation can be reformulated in the following form:

Ziy =2~ o T AE b Z 2.19)

where T}, =IV| Ivl [y (r—rdv'dV represents the condensed notation of the nine interaction

tensors. These tensors are computed numerically for various shapes of inclusions using the
Gaussian quadrature integration for the considered inclusion shape.
2.4.1 Spherical inclusion

€ 9

A spherical inclusion with radius “q” is considered. In spherical system attached at the

inclusion, the vector gbecomes
d,=0%, P=123 (2.20)

sin &cosp
where  y=4sindsing
cosé

q, 0 and o are the spherical coordinates of the vector g defined in the following domains: gq<[0,
+oo[, 0 €[0, w] and ¢ €][0, 2x].
Application of the Fourier transform to Eq. (2.13) leads to the following expression

Ei(.)JMnGJK (9).8 = S (2.21)
The introduction of the equation (2.20) into (2.21) leads to the algebraic problem

Efn 2o i (@7G (0)) = Sy 2.22)
Let us introduce a matrix M defined by

My = EqunZnZi (2.23-3)
The inverse of M is given by

M =0°G, (0) (2.23-h)
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The explicit expression of the matrix M is given by

M :{A ° } (2.23-c)
B" C

Expressions of matrices A, B and C are derived for piezoelectric and piezomagnetic media which

belong to crystallographic classes of tetragonal symmetry. With spherical coordinate, these

matrices are expressed as:

[\ 2 2 2
CuX +C% +CisXs (G +Cee) X, (Cy 55 )%, (e4185) XX, (hy, +he)xx,
2 2 2
A= (G, +Cqe) XX, CisXy +C%; +CyXg (Cg )X, B=| (Bt5)%% (i, +Pis)X g
2 2 2 2 2 2 2 2 2
(Ciy 55 )%, (Coa + Cuu )X, Cs Xy +Cyy Xy +Cagks €y 85X, Xy o) +NXy +NpXs

i 2 2 2 2 2 2
Ky X + KKy + Kagks 0 X + 0y + Xy

2 2 2 2 2 2
| QX T 0Ky +QgXs [y X+ Ly Xy + X

C:

where x, =sinédcose , X, =sin@sing, and x, = cosé

The expression of T, in spherical coordinates system is then given by:
a3 T ) 2z 5 2z N
TiJIII(I ZFJ.SIHQ[J. (Zi)ﬁquJKd(o"' I ZiZKqZGM)d(D ]d9 K=123
0 0 0
a3 T ) 27 N
T = [sin080 [ (4.10°6,.)do (2.24)
0 0
a3 T ) 27 N
TiJ“5| :gj.sm‘gdej. (ZiZIqZGJS)d(D
0 0

2.4.2 Ellipsoidal inclusion

An ellipsoidal inclusion with a, b, and ¢ as half axes is considered. The used ellipsoidal

coordinates are expressed in the principal system of the inclusion:

R =r Q1:q1
= a = b
R= RZ:BrZ and Q= QZZQ%
a c
R3:Er3 Q3=5q3

The matrix relationship between Q and E] is as follows:
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G = ¢|tQt (2.25)

1
With @ = |o
(0]

Colp0
nlp 00O

The expression of Q in this coordinate system is then
Q=Qy t=123

The final expressions of T, are similarly given by:

abC T ] 2 N 2 N
T|J||I<| :TJ.S"]H[J‘ ¢|tZt¢iuZquGJKd¢+ _[ ¢Ktlt¢iuZquGJld¢ ]do9 K=123
0 0 0
abc % . i <
To == [sn0d0 [ (4 2,1.Q°6,.)dp (2.26)
0 0
. abct . i e
Ts =?J.Sln9d9_[ (428, 2.Q°Cy5)do
0 0

In this case the matrix M is given by

My = Epadizidur, and MJ_i :QZGJK (a)
The explicit expression of the matrix M in ellipsoidal coordinates can be directly obtained by

replacing X3, X, and X3 in (2.23-c) by:

X, =sindcosy , x, :%sin gsing, X, = 2 coso
C

2.5 Micromechanical models

2.5.1 N-phase Self Consistent approach

The Self Consistent model has been originally developed for estimating macroscopic moduli of
polycrystalline metals (Hershey 1954 [9], Kroner 1958 [10]). The Self Consistent model
continues to be used by a great number of researchers for estimating homogenized moduli of
heterogeneous materials including elastic, elastoplastic, viscoplasitic, piezoelectric materials, etc.
In the one site Self Consistent approach the composite is considered as an inclusion embedded in

a matrix which takes the properties of the whole composites E*". Based on the equivalent

inclusion problem of Eshelby, the expression of the concentration tensor A is given by Dunn

et al [2, 3] and Fakri et al [6] for piezoelectric composites.
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1 _
SCn|<| = (IKIMn +\7T“iJKIAEIiJMn) ' (2-27)

where  AE';, =E'y, —E"
For magnetoelectroelastic composite materials A%, . is the shorthand notation of nine
concentration tensors defined as functions of the tensor T" . This tensor has to be computed first

and the numerical procedure can be found in [6].

For an N-phase medium, the effective magnetoelectroelastic moduli E*", predicted by the Self

Consistent model, is expressed as:

N
E" Kl — z f IEIiJMnASCMnKI (2-28)

1=1

|
where f' =\\//— is the concentration of the inclusions I. If the first phase (N=1) is taken as the

matrix (Symbol *m”), the last expression becomes

N
E A EmiJKI +z f! (EIiJMn - EmiJMn)ASCMnKI (2-29)
1=2

n
Let us recall that » 'A% =1, where I, is the shorthand notation of the four identity
1=1

tensors, E™,,,,, corresponds to the magnetoelectroelastic matrix moduli and E',,, corresponds to

the magnetoelectroelastic inclusions moduli. These formulations permit one to predict the

effective magnetoelectroelastic moduli for the N-phase composites. For a two phase composites,
the expression of E*"_ becomes

Eeﬁ iJKI = Emi.]KI + f I (EIiJMn - EmiJMn)'ASCMnKI (230)
Note that equations (2.28) and (2.30) give coupled and implicit expression of the effective
magnetoelectroelastic moduli of the magnetoelectroelastic material. The concentration tensors

A% are functions of E". This kind of equations is generally solved by iterative methods. A

detailed algorithm for numerical computation is given in [6].
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2.5.2 N-phase Incremental Self Consistent approach

The development of the N-phase Incremental Self Consistent approach for the
magnetoelectroelastic heterogeneous materials is one the main theoretical and numerical results
of this paper. This is due to the fact that the Self Consistent method gives erroneous predictions
of effective coefficients of composites materials at high concentration of reinforcements. An
improvement of SCM, by an incremental way has been developed for piezo composite materials
by Fakri and Azrar [7] for two phases. In this paper, an extension of the ISC scheme to magneto-
electro-elastic effective properties and its development for N-phase magnetoelectroelastic

composites are done.
For N-phase materials, the resulting composite must be characterized by concentrations " f** of

phases (reinforcements) 0< f’ < 1; J=1, N.

J
Af, =f? is considered as partial concentration of the phase J and S is the number of steps. At

the i™ step, the volume fraction of the phase J is f’ =iAf,. The concept of the volume

preservation must be used for computing the finite increment of the total volume fraction of
reinforcements which will be added at the i step. This volume preservation can be expressed by
means of magnetoelectroelastic behaviors of each phase in the following manner:

After (i-1) steps, the magnetoelectroelastic coefficients of composite can be expressed by means

of magnetoelectroelastic coefficients of each phase as

N N
D (i-1)Af,E’ {1—20 ~1)Af, }EM =E€ (2.31)
J=1 J=1

where E’ and EM are the magnetoelectroelastic coefficients of the phase J and the matrix

respectively. E©, , represents the composite magnetoelectroelastic coefficients for the step (i-1).

At the i-th step in the Self Consistent scheme, the next increment of phase J is Af.’. It must be

introduced in an equivalent matrix which has the behavior of the built composite in the last steps.

So, one can write:

N N N N
> AfE’ {1—Zmﬂ }ECH =" iAf,E’ {1—2% }EM (2.32)
J=1 J=1 J=1

J=1

where Af.’ is the increment that must be added at the ith step into the equivalent matrix.
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The substitution of (2.31) into (2.32) leads to the following equation:

N N

Z{Afﬂ {1—%&3 }(i ~1) Af, }EJ + {1—ZN:AfiJ }[1—%0 —1)AfJ}EM =Y iAf E’ {1—%% }EM (2.33)

J=1 J=1
From this equation, the following formulations are derived:

AfiJ +|:1—iAfiJ i|(| —1DAf, =iAf, (2.34)

J=1

[1—JZN=;AfiJ}[1—JZN=;(i—1)Afj}:1—:1 iAf (2.35)

From (2.34) and (2.35) the general expression of the volume fraction Af.’to be injected at the
step ‘i’ into the phase J is given by:
Af, (2.36)

A= —
1-) (i -DAf,
J=1

Expression (2.36) shows that the incremental volume fraction of reinforcements
AfiJ continuously increases as a function of the step number ‘i’. It is important to point out that

the overall properties of the equivalent homogeneous material obtained by this procedure

depends on the number of steps S.

. . N .
E (I)iJKI = EEﬁ(Iil)iJKI +2AfiJ (EliJMn -E* (Iil)iJMn)ASCMnKI (237)

=
with E© =g

Note that the Incremental Self Consistent scheme does not affect the expression of the
concentration tensors A on which the method is based. So, the formulations used in this study
and in the traditional Self Consistent method are the same. The two methods differ only in the
manner of introducing the reinforcements’ concentration. In order to compare the effectiveness
of the presented approach the Mori Tanaka as well as the dilute approach is presented for N-

phase composites.
2.5.3 N-phase Mori-Tanaka Approach

The Mori-Tanaka model has been and continues to be the most widely used approach in the
micro mechanics dilute heterogeneous materials with ellipsoidal inclusions. The Mori-Tanaka
mean field approach takes into account the effect of other inhomogeneities by considering a
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finite concentration of inclusions embedded in an infinite matrix of magnetoelectroelastic moduli

E.qand El,, and gives a straightforward explicit expression of the effective moduli. The

corresponding concentration tensor AY" is then given by the solution for a single inclusion
embedded in an infinite matrix in the same manner as the heterogeneous inclusion problem of
Eshelby.

For N phases, the Mori-Tanaka concentration tensor A" is given as follows:
. N . o
= Ao (F " wn + 2 T Adin) ™ (2.38)
i=1

To apply this to N phase composites, it is necessary to find A™and A" for each phase [2].

Similarly to the Self Consistent approach, the effective behavior of N phase composites can be

obtained by
N

Edk = Edia + 2 T (B i = E"own) At (2.39)
1=2

Note that the matrix phase is explicitly taken into account but only in an average sense.
2.5.4 N-phase Dilute Approach

This approach has an equivalent scheme than the above approaches but does not consider any
interaction between the inhomogeneities. The expression of strain-electro-magnetic fields Z',,
of inclusion can be then derived from that obtained in the Self Consistent approach with the
difference that in this case, the infinite matrix has magnetoelectroelastic moduli E™ as

equivalent behavior. The concentration tensor A™ is given [2]

i 1 _
ADIMnKI = (lamn +\TT”iJKIAEIiJMn) ! (2.40)

where, AE'”Mn = E'iJMn —E™ ., The effective behavior prediction of N phase composites, in this

case, is expressed as
N .
Eeﬁ A EmiJKI +Z f ! (EIiJMn - EmiJMn)ADIIMnKI (2-41)
1=2

The effective magnetoelectroelastic formulations (2.29, 2.37, 2.39 and 2.41) are applicable to a
wide range of inclusion types, shapes and volume fractions. The coupling elastic-electric-

magnetic effective behaviors can be investigated and optimized with respect to the volume
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fraction, shape and type of inclusions which may be elastic, piezoelectric or

magnetoelectroelastic.

2.6 Numerical results

2. 6.1 Two phase composites

The Micromechanical models presented in this paper are used to predict the effective
magnetoelectroelastic coefficients. These models permit to take into account the effect of phase
number and concentrations, shape inclusions, as well as its polling orientation. Before
investigating the three phase composites effective behaviors, the numerical results of the two
phase composites is first considered.

Consider a magnetoelectroelastic composite in which the matrix is piezomagnetic (CoFe,O,4) and
the elliptic inclusions are piezoelectric (BaTiO3) having half axes a, b and c. The global
coordinate system for the matrix is (X1, X2, X3) and the third half axis c is on the polling direction
X3. The material properties of both phases are transversely isotropic with X3 the axis of
symmetry. The magnetoelectroelastic characteristics of the two materials, used in this paper, are
both listed in table 2.1 which are obtained from [20].

Note that in the two considered phases the magnetoelectric effect does not exist neither in the
matrix nor in the inclusion. This coupling effect will be induced in magnetoelectroelastic
composite through the interaction between phases.

Numerical results of effective properties for different inclusions shapes based on the Mori-
Tanaka, Dilute, Self Consistent and Incremental Self Consistent approaches are obtained using
the presented concentration tensors and the obtained numerical results are well compared with

available numerical ones [11, 12, 20].

Figure 2.1 shows the magnetoelectric coefficient os3 for fibrous composite (c/a=1000, b=a) with
respect to the volume fraction predicted by the Mori-Tanaka and Self consistent models. The two
models predict the same results and a3 is maximized at 45% of inclusion concentration. The

same results are already obtained by Zhang and Soh [20].
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Table 2.1: Material properties of BaTiO3/CoFe,04

Cu Cp Cis Css Cus
BaTiO3 166 77 78 162 43
CoFe,0, 286 173 170 269.5 45.3
€15 €31 €33 K11 K33

BaTiO; | 11.5| -44 | 186 | 11.2x10° 12.6x107
CoFe,0, | 0 0 0 0.08x10° | 0.093x10°

his hs, hss M1 H33
BaTiO, 0 0 0 5x10° 10x10°
CoFe,0, | 550 | 580.3 | 699.7 | -590x10° 157x10°®

Units: elastic constant GPa; dielectric constants C?/Nm% magnetic constants Ns%C?
piezoelectric constants C/m?, piezomagnetic constants N/Am; magnetoelectric coefficients
Ns/VC.
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Figure 2.1: Effective electromagnetic modulus ozz for fibrous composite BaTiOs/ CoFe,O4
predicted by Mori-Tanaka and Self Consistent models.

The prediction based on the Incremental Self Consistent method is presented in figure 2.2 at
different steps (2 to 100). The convergence of the procedure is demonstrated for ess with respect
to inclusion volume fraction. It is shown that the Incremental Self Consistent Model improves
the prediction of the Self Consistent model which is usually criticized for its deficiency at high
concentrations of inclusions. It is demonstrated that with 10 steps of increments, this method
gives nearly the same results as with 20, 30, 50, and 100 steps until the concentration 50% of

spherical BaTiOs. For large concentrations, a good convergence is clearly seen with 50 steps, but
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20 steps give very close results. For the numerical predictions in this paper, the Incremental Self

Consistent model with 20 steps of the increment is used.
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Figure 2.2: Effective piezoelectric modulus es; for spherical composite BaTiOs;/ CoFe;O4
predicted by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.
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Figure 2.3: Effective electromagnetic modulus a7 for fibrous composite BaTiOs/ CoFe,O,
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Figure 2.4: Effective magnetic modulus p1; for fibrous composite BaTiOs/ CoFe,04 predicted
by Mori-Tanaka, Dilute, Self Consistent and Incremental Self Consistent models.

In figures 2.3 and 2.4 the electromagnetic coefficient a1 and the permeability coefficient iy, are
presented respectively for fibrous composites (a=b, c/a=1000) based on Incremental Self
Consistent, Self Consistent, Mori-Tanaka and Dilute models. It is clearly shown that the
predictions given by these models are in good agreement for low volume fractions of inclusions.
The figure 3 demonstrates that the Self Consistent model is not able to conduct the predictions
for moderate and higher concentrations and it diverges beyond 40% concentration of inclusions.
This is the main raison why the Incremental Self Consistent is developed here. This figure shows
also that the Incremental Self Consistent model improves the prediction of the classical Self
Consistent one and gives closer results to Mori-Tanaka’s predictions.

Note also that the effective moduli of the composite predicted by the Dilute model does not take
the property of the inclusion when the volume faction is close to 1. This is expected because the

Dilute model is only applicable when the volume fraction of the inclusions is very small.
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Figure 2.5: Effective electromagnetic modulus -ay; for laminated composite BaTiOz/ CoFe,04
predicted by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.

In figure 2.5, the electromagnetic coefficient —oy; IS presented for laminated
magnetoelectroelastic composites (a=b and c¢/a=0.001). In this case the Mori-Tanaka, Self
Consistent and ISC micromechanical models predict the same results. -o; IS maximized at 50%

of inclusions concentration. These results are well compared with those obtained by [11, 12, 21].
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Figure 2.6: Effective piezoelectric modulus ez for ellipsoidal composite (a=b, c/a=10) BaTiOs/
CoFe,0,4 predicted by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.
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The piezoelectric modulus es3 is presented in figure 2.6 for ellipsoidal inclusions. The results

obtained by Self Consistent model and Mori-Tanaka and those obtained by ISC model are

different and particularly in the vicinity of 50%. Experimental results are needed to test the

accuracy of these predictions.
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Figure 2.7: Effective piezoelectric modulus es; for spherical composite BaTiOs/ CoFe;O4
predicted by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.
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Figure 2.8: Effective dielectric modulus « 33 for spherical two- phase composite BaTiOs/
CoFe,0,4 predicted by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.
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In figures 2.7 and 2.8, the piezoelectric modulus e3; and the dielectric modulus 33 are presented
respectively for magnetoelectroelastic spherical composites (a=b=c). Again the Self Consistent
model shows an over estimation especially over 20% volume fraction of inclusions. The ISC
model improves the prediction of the classical Self Consistent model for high volume fraction of

inclusions.
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Figure 2.9: Effective piezomagnetic modulus hs; for fibrous composite CoFe,O4/ Void predicted
by Mori-Tanaka, Self Consistent and Incremental Self Consistent models.

The effective piezomagnetic coefficients hsz is presented in figure 2.9 for CoFe,O4 matrix with
fibrous voids (a=b, c/a=1000). It is clearly shown that the prediction given by the classical Self
Consistent approach is limited for very low void concentration and the model diverges at 12% of
voids inclusions. On the other hand, it is seen that the Incremental Self Consistent approach

improves the prediction of the classical Self Consistent approach and conducted far the

prediction.

2. 6.2 Three phase composites

In this subsection, the numerical results for three-phase composite materials are presented. Two
kinds of three phase composites are investigated. One is consisting of a piezoelectric phase and a
piezomagnetic phase surrounded by a matrix assumed to be Epoxy whose properties are listed in
table 2.2. The other is consisting of piezoelectric phase and void phase surrounded by a

piezomagnetic matrix. These voids are simulated as empty inclusions, which may have several
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forms. Here, Mori-Tanaka, Self Consistent and Incremental Self Consistent micro mechanical
models are used to predict the behavior of the considered three-phase magnetoelectroelastic
composites. Numerical results are presented for various shapes and types of inclusions. In all
presented results, the volume fraction of the matrix is fixed and the volume fractions of
inclusions are varied.

Let us note that the Mori-Tanaka method has been already used by Lee, Boyd and Lagoudas [11]
for three-phase magnetoelectroelastic composites materials. Thus, the numerical results
presented in this section using the Mori-Tanaka method are the same as those of [11].

Table 2.2: Material properties of Epoxy

Cu Cyp, Cs Cu
Epoxy | 5.53 | 2.97 5.53 1.28
€15 | €31 | €33 K11 K33

Epoxy | 0 | 0 | 0 | 0.1x10° | 0.1x107

his | ha | has i1 Hss
Epoxy | 0 | 0 | 0 | 1x10°® 1x10°
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Figure 2.10: Effective electromagnetic modulus asz for fibrous three- phase composite
Epoxy/BaTiOs/ CoFe,O4 predicted by Mori-Tanaka, Self Consistent, and Incremental Self
Consistent models with the volume fraction of the matrix fixed at 40%.
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In figure 2.10, the effective electromagnetic modulus o33 for fibrous three-phase
magnetoelectroelastic composites (a=b; c/a=1000) is presented with respect to piezomagnetic
inclusion by using Mori-Tanaka, Self Consistent and Incremental Self Consistent models. As in
the two phase magnetoelectroelastic composites the convergence of the Incremental Self
Consistent model is demonstrated. It is shown that the Incremental Self Consistent model with

10 steps of increments gives nearly the same results as with 20, 30, and 50 steps.
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Figure 2.11: Effective piezomagnetic modulus hs; for fibrous three- phase composite

Epoxy/BaTiOs/ CoFe,O, predicted by Mori-Tanaka, Self Consistent and Incremental Self

Consistent models with the volume fraction of the matrix fixed at 40%.
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Consistent models with the volume fraction of the matrix fixed at 40%.

In figures 2.11 and 2.12, piezomagnetic coefficients hs3 and hz; are presented respectively for
fibrous three-phase magnetoelectroelastic composite materials. The Incremental Self Consistent
method improves the classical Self consistent method and gives closer results to Mori-Tanaka

predictions.
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In figures 2.13 and 2.14, the effective magnetic coefficient ps; and the electromagnetic
coefficient -ay; are presented respectively for fibrous (a=b; c¢/a=1000) and laminated (a=b;
c/a=0.001) three-phase composite materials. For these coefficients it is shown that the three
micromechanical models predict the same results. Also it is shown that the effective modulus -
ay; takes a maximum value at 30% of the piezomagnetic phase and piezoelectric phase. By
analyzing the numerical results presented above it is shown that the electromagnetic coefficients
obtained in two phase composites are higher than the electromagnetic coefficients obtained in
three-phase composites. This is due to the presence of the elastic matrix in three-phase
composites. Also it can be explained that in two- phase composites there is more interaction
between the piezoelectric phase and piezomagnetic phase than in three-phase composites.

In figures 2.15, 2.16 three dimension numerical results of a three phase composites
Epoxy/BaTiOs/ CoFe,O4 are presented to show the phases effects on the effective behavior of
the composites by using the Incremental Self Consistent approach. Spherical (a=b=c) and fibrous
(a=b; c/a=1000) inclusions are considered respectively in figures 2.15 and 2.16. The predictions
are presented for 50% of the matrix and various concentrations of BaTiOs; and CoFe,O4
inclusions. The variation of the effective magnetoelectric coefficient asz with respect to the two
spherical inclusions concentrations is clearly shown. This coefficient may be maximized with
respect to concentrations of the piezoelectric and piezomagnetic phases. With the epoxy matrix,
when the two phases, piezomagnetic and piezoelectric, do not coexist the magnetoelectric
coupling effects are zeros. For the piezomagnetic effective coefficient hsz its variation is linear
and its maximal value is obtained when the concentration of the piezomagnetic phase CoFe;0y4 is
maximal and vanishes when we have only the piezoelectric phase and the epoxy matrix.

In figure 2.17, the electromagnetic coefficient azs is presented for fibrous (a=b; c/a=1000)
magnetoelectroelastic three-phase composites containing voids (CoFe,04/BaTiOs/Void). This
figure demonstrates clearly that the Self Consistent approach can not estimate the effective
electromagnetic moduli o33 beyond 10% concentration of voids in contrast with the Incremental
Self Consistent approach which can be used until 60% voids concentration. Also it can be seen
that below 10% void concentrations the three micromechanical approaches almost give the same
predictions.

In figures, 2.18 and 2.19 the piezomagnetic coefficient hss and the dielectric coefficient k33 are

presented respectively for fibrous magnetoelectroelastic three-phase composites containing voids
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as the third inclusion by using the Incremental Self Consistent and Mori-Tanaka approaches. It is
seen that the Incremental Self Consistent approach conducted far the prediction until 60% void
concentration. Also for the effective coefficient hsz the Incremental Self Consistent and the Mori-
Tanaka approaches give different prediction and the prediction obtained by the Incremental Self
Consistent approach is lower than that obtained by the Mori-Tanaka approach. On the other hand

the numerical predictions obtained for the effective coefficient k33 are almost the same.
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Figure 2.17: Effective electromagnetic modulus a s3for fibrous three- phase composites CoFe,O4
/BaTiOs/Void predicted by Mori-Tanaka and Incremental Self Consistent models with the
volume fraction of the matrix fixed at 40%.
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3.7 Conclusions

The Incremental Self Consistent, Self Consistent, Mori-Tanaka, and Dilute micromechanical
models are elaborated to predict the effective moduli of multi-phase magnetoelectroelastic
composite materials for different shapes, types and concentration of inclusions. The N-phase
Incremental Self Consistent model is developed for magnetoelectroelastic effective properties.
The expression of the effective behavior of the composite obtained by the micro mechanical
models is written as function of the concentration tensors which are a function of the interaction
tensors. The interaction tensor depends on the constituent properties and shape of ellipsoidal
inclusions.

Numerical results have been presented for two phase composites and three phase composites
with and without void by emphasizing the effect of shape and concentration inclusions. It is
shown that the Self Consistent, Mori-Tanaka, and Dilute approaches lead to the same results for
very low volume fraction of inclusions. However, for moderate and high volume fractions of
inclusions the Self Consistent showed an over estimating especially over 20% inclusion
concentration, and gives erroneous results for some coefficients. This drawback is corrected by
the developed ISC model, which improves the prediction of the Self Consistent model for high
volume fractions of the inclusions. In addition, it has been demonstrated from the above
numerical results obtained for three-phase composites consisting of a piezoelectric phase and a
void phase surrounded by a piezomagnetic matrix that the Incremental Self Consistent approach
can estimate the properties of the composites for moderate volume fraction of voids. This model
has been compared to the Mori-Tanaka one which is extensively used. This model will be next
elaborated for predicting the behavior of disordered aggregates in nonlinear piezoelectric and

magnetoelectroelastic heterogeneous media.
3.8 Perspectives

In this chapter, the effective properties of two-phase and multi-phase magnetoelectroelastic
composites were investigated based on different micromechanical models. Various N-phase
micromechanical models were elaborated to predict the effective N-phase magnetoelectroelastic
moduli for different types, shapes and volume fractions of inclusions. Note that, the effective
properties of the composite might be greatly affected by the presence of an interphase between

the matrix and inclusions. Consequently, to enhance the prediction of the effective properties of
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the composite the type and the structure of the interphase have to be taken into account in the
modeling. In chapter 3, the multi-coated inclusion and functionally graded interphase concepts
will be introduced. The multi-coating and functionally graded interphase effects will be taken
into account by the generalization of the integral equation for N-phase composites and the
introduction of the magnetoelectroelastic interfacial operators. The effective properties will be
predicted with respect to the volume fractions, shapes of inclusions and the thickness of the

coating.
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Chapter 3

3. Micromechanical modeling of magnetoelectroelastic
composite materials with multi-coated inclusions and

functionally graded interphases

Abstract

In this paper micromechanical modelings of magnetoelectroelastic composites with multi-coated
inclusions and functionally graded interphases are elaborated. The integral equation taking into
account the continuously varying interphase properties as well as the multi-functional coating
effects is introduced based on the Green’s tensors and interfacial operators.
Magnetoelectroelastic composites with functionally graded interphases are analyzed and the
effective properties are derived. Based on the Mori-Tanaka, Self Consistent and Incremental Self
Consistent models the numerically predicted effective properties of magnetoelectroelastic
composites are presented with respect to the volume fractions, shapes of the multi-coated
inclusions and the thickness of the coatings. The multi-coating and functionally graded
interphase concepts can be used to optimize the effective properties of multi-functional
composites. This can be used to design new multi-functional composite materials with higher

coupling coefficients.
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3.1 Introduction

Smart composites such piezoelectric, piezomagnetic and magnetoelectroelastic composites have
been increasingly used in recent years due to their applications in actuators, sensors, ultrasonic
imaging and transducers etc. (Konka, Wahab and Lian, 2012; Gururaja et al., 1985). These smart
composites take the advantages of each phase and have better physical properties. For example,
the most interesting behavior of smart composites consisting of piezoelectric and piezomagnetic
constituents is that the magnetoeletric effect, which is only present in composites but absent in
constituent phases, is created by the interaction between the constituent phases. Note that the
overall effective properties of reinforced composite materials may be significantly influenced by
the properties of the interface between the constituents. Therefore, for accurate predictions of the
effective properties of composites, the behavior and structures of interfaces have to be
considered in the modeling and numerical simulation. The local interaction between the matrix
and the inclusion and then the overall performance of the whole composites can be influenced by
the interphase and coating effects. The concept of functionally graded interphase and coated
inclusions has been introduced to obtain composite materials with competent properties.

The effective properties of composite materials consisting of coated inclusions embedded in a
matrix have been investigated by many researchers. Several works have been done to investigate
the influence of the thin coating on the effective properties of coated composites. (Nemat-Nasser
and Hori, 1993; Hori and Nemat-Nasser, 1994) proposed a double inclusion model to predict the
effective behavior of multiphase composites and then applied by (Li, 2000a) to study the average
magnetoelectroelastic field in a multi-inclusion or inhomogeneities embedded in an infinite
matrix. (Cherkaoui et al., 1994, 1995, 1996) studied the effect of the thin coating on the local
fields and on the effective properties of elastic composites and thermoelastic composites based
on the Green’s functions techniques and on the interfacial operators. (Li, 2000b) analyzed the
thermoelastic behavior of composites with functionally graded interphase by the multi-inclusion
model where the explicit expression of the effective thermoelastic moduli and thermoelastic field
of the composites are obtained explicitly. (Vieville, Bonnet and Lipinski, 2006) developed some
theoretical consideration concerning the modeling of effective properties of composite materials
based on inclusion concept. (Dinzart and Sabar, 2009) predicted the effective properties of
piezoelectric composites with thinly coated reinforcements by using the Mori-Tanaka’s mean

field approach. (Koutsawa et al.,, 2010) used a micromechanical model to investigate the
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effective thermo-electro-elastic properties of piezoelectric composites materials containing
multi-coated inhomogeneities as well as a finite element analysis for two phase piezoelectric
composite materials. (Berbenri and cherkaoui, 2010) elaborated a micromechanical approach for
arbitrary multi-coated ellipsoidal elastic inclusions with general eigenstrains.

The aim of this work is to elaborate micromechanical models for accurate prediction of multi-
functional magnetoelectroelastic composites. Two kinds of composites are considered: one with
multi-coated inclusions and the other with functionally graded interphases.
Magnetoelectroelastic composite materials with functionally graded interphases refer to a kind of
magnetoelectroelastic composite materials with continuously varying properties between the
matrix and inclusions. However, magnetoelectroelastic composite materials with multi-coated
inclusions may be seen as a special kind of functionally graded materials with discontinuously
varying properties between the matrix and inclusions. This paper is an extension of the
magnetoelectroelastic modeling recently developed by (Bakkali, Azar and Fakri, 2011) and is
organized as follow. The concept of functionally graded continuously varying interphase
properties is first introduced. The considered topology of multi-coated inclusions as well as the
homogenization process and the localization tensors are derived. The concentration tensors of the
adapted micromechanical models are explicitly given. Numerical results are presented for multi-
functional composites with multi-coated inclusions and functionally graded interphases based on
various micromechanical models. To take account of the defect that may exist in the interphase,
a void layer is considered. Four-phase magnetoelectroelastic composites with various shapes and
types of inclusions and coatings are analyzed. Various graded model parameters and thickness of
the interphase are considered and their effects on the predicted effective properties are

investigated.

3.2 Multi-phase considered topology

3.2.1 Composites with functionally graded continuously varying

interphase properties
Three phase composites in which the interphase between the matrix and the reinforcements
varies continuously are considered. As magnetoelectroelastic composites are considered the three
phases matrix, reinforcement and interphase may be of different properties. A wide variety of

interphase interactions can be considered and each phase may be elastic piezoelectric,
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piezomagnetic or even magnetoelectroelastic. As shown in Figure 3.1, phase 1 is the
reinforcement, phase 3 is the matrix having homogeneous material properties E' and

E® respectively. Phase 2 is the interphase that is assumed to be of spatially varying properties.
The reinforcements are perfectly bounded, aligned and have ellipsoidal shapes with the

dimensions aj, b, ¢; and a,, by, ;. The two ellipsoids are coaxial withi:%: i:y. The
a2 2 C2

volume fraction of the matrix is f,and of the inclusion and interphase are obtained by

f,=0- f3)73 and f,=(1- fs)(1_7/3) .

& E° B

P ITTITT 1]

Interphase
(E2(r)) g Inclusion
(EY
Matrix
(E*)

Figure 3.1: A representative volume element of a composite with functionally graded interphase
between reinforcement 1 and matrix 3. The dimension of the reinforcement and interphase are a,
by, c1 and az, by, ¢ respectively. €2, E? and BP represent the macroscopically applied fields.

For structures with functionally graded materials, many models can be found in the open
literature. But for inclusion problem, as it is our concern here, very few papers were focused on.
The mathematical model, used by (Wacker et al., 1998) to describe the variation properties of

Young’s modulus in the interphase of a fibrous composite, is used here.

The magnetoelectroelastic moduli E?(r) of the interphase is taken as a radial function and its

expression is given by the following relationship:

E*(r)=(aE' - E3)(1_—r)n +E® (3.1)
1-y

with 0<a <1, n=2,3....and r represents the normalized radial distance from the inner surface

of the interphase ranging from y to 1 0<y <r <1. Note that E*(1) = E® and E?(y) =aE". The
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parameter o allows starting the graded effect from the inclusion (a =1), intermediate media

O<a <1 or even from a void coating (o =0). For the sake of clarity, the radial variation of a
material modulus, say the elastic modulus ¢, (r) of the interphase, for o. =1, a =0.5 and various

values of n, is presented in Figure 3.2 for magnetoelectroelastic composites consisting of

piezoelectric inclusions (BaTiO3) and piezomagnetic matrix (CoFe;Qy).

Luasssy

n=2
—+—n=3
——n=4 ||
----- n=5
......... n=10

TeIN

3
-Gy

1
0Ciyqq

uuISHjYU|
X1

0.7 0.75 0.8 0.85 0.9 0.95 1

Radial distance r
Figure 3.2: Variation of the elastic modulusc,, (r) of the functionally graded interphase, with
fixed thickness (y=0.5), in terms of normalized radial distance r and various values of n and a.

As shown in Figure 3.2, the variation of the elastic modulus of the functionally graded interphase

starts with the elastic modulus ac;,,, where c;,,, is the elastic modulus of the inclusion and ends

with the elastic modulus of the matrixc’,,, .

The averaged magnetoelectroelastic moduli E?are given by:

<E?>= 1 TTT E*(r)dxdydz = 3
1-5°

2
g”(azbzcz —ahc)abe

jrzEz(r)dr (3.2)

After integration, one obtains:
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<E? -
1+y°+y n+1 n+2 n+3

The micromechanical modeling, developed bellow, will be applied to predict the effective
properties of the composite described in this section, with E®replaced by < E? >. It has to be
noted that two limiting cases can also be considered. The first one is when y approaches zero and
then phase one disappears. The second one is when yapproaches 1 and then there is no

interphase between the matrix and the inclusion.
3.2.2 Multi-Coated composites

For magnetoelectroelastic composites with multi-coated inclusions the matrix, inclusion and
coatings may be elastic, piezoelectric, piezomagnetic or magnetoelectroelastic. The topology of
the considered multi-coated inclusion problem, drawn in Figure 3.3, is described by an inclusion
of a volume V; with magnetoelectroelastic moduli E* surrounded by (n-1) thin coatings of other
materials whose behaviors are described by their respective magnetoelectroelastic moduli E' and

their volumes V, with ie{2,3,....n}. The multi-coated inclusion is embedded in a homogenous

media called the matrix whose behavior is described by the magnetoelectroelastic moduli E™ and
the interphases are assumed perfectly bonded.

The used micromechanical modeling are based on two steps: (i) localization step, which gives
the relationship between the microscopic field and macroscopic field through the localization
tensors and (ii) homogenization step, which employs averaging techniques to estimates the
effective properties of the composites. The derivation of the concentration tensors is based on the
integral equation and the interfacial operators accounting for coatings effects.

e E° B°

REEREEE

Coating
Coating L (c'e',h K ')
(c"e",h",x", u") Inclusion
(cte' h, «*, 1)
Matrix Coating

M M WM M M
(c™,e” ,h", ", u) (Cz,ez,hz”(z”uz)
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Figure 3.3: Topology of the multi-coated inclusion. £°, E° and B represent the macroscopically
applied fields.

3.3 Micromechanical modeling

3.3.1 Constitutive behavior and notations

The linear magnetoelectroelastic effect is considered, where the magnetic, electric and elastic
fields are coupled through the following constitutive equations:
Oy = Cijklgkl _elij E| -h H|
D, =e&q + & E + o H, (3.4)
B, =hy&q + oy B + 4 H,

Iij

in which the elastic strain ¢, , electric fields E, and magnetic fields H, are independent variables

related to stresses o

;i » electric displacements D, and magnetic inductions B;. The tensorscy,,

&, hy, ay, & and g are the elastic, piezoelectric, piezomagnetic, magnetoelectric, dielectric

and magnetic permeability constants respectively. In the constitutive equations we use - E, and -
H, rather thanE ,and H, as they will permit the construction of a symmetric matrix of

constitutive moduli.
Using the condensed notations (Bakkali, Azrar and Fakri, 2011), the field variables take the

following forms:

e (M=1273) o, (1=129
Zy,=4-E, (M =4) Y,=1D (J=4) (3.5)
-H, (M =5) B, (J=5)

The magnetoelectroelastic constants can then be represented as follows:

Gy (J,M =1,2,3)

e (J=12,3M =4)

hyy (3 =1,2,3M =5)

- (J=4M =1,2,3) (3.6)

h. (3 =5M =1,2,3)

k(I =4M=4)

-, (J=4;M =50rJ =5M =4)

4,  (I=5M=5)
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With these notations the constitutive equations can be written as:
2 = Ewnlwmn (3.7)
The equilibrium equations, in the absence of body force, electric charge and electric current
densities, are given by:

g, =0 D, =0 B, =0 (3.8)

Using the above condensed notations, the equilibrium equations are written as follow:

24 =0 (3.9)
Based on the symmetry of the tensors c, e, h, x, i, « the following equilibrium partial differential
equation is obtained:

(EiUg,); =0 (3.10)

3.3.2 Localizations and homogenization

V is considered as the representative volume of the composite. The average generalized strain

field Z and generalized stress field X are related to the local generalized strain field Z(r) and

the local generalized stress field Z(r) by the following average relationships.

z, =t j Z,.,(r)dv (3.11-a)
Kl V ; Kl '

T, =[5, (v (3.11-b)
I V v I

For an n phases’ composite material, the volume average of the local generalized strain Z(r) and

generalized stress X(r) are given by:

Ly = Z fiZx (3.12-3)
i1

T =2 fiZi (3.12-b)
i1
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where the index ‘i> denotes the ith phase and f,is its corresponding volume fraction. Z'and
>'are considered to be uniform in each phase. Additionally, the overall constitutive behavior of
the composite and of phase p of the composite can be written as follow:

2 = Eiifr;zm (3.13-3)

>P —EP 77 (3.13-b)

1JKI

in which E® is the effective magnetoelectroelastic moduli of the composites.

In order to make the transition between the local scale (phases) and the global scale (composite)

the concentration tensors are used and the localization relationships are given as follow:
Z}?I = AtEIMnZMn (314'3-)
25 = BigannM (314'b)

where Aand B are the fourth order concentration tensors that take into account the properties
and the volume fraction of each phase as well as the shape of the multi-coated inclusion.
Substituting (3.14) into (3.12) one gets:

Z Fo A = Tiawn (3.15-8)
p=1
Z priS)nM = IiJnM (315_b)
p=1

where | is the shorthand notation of the identity tensors.
On the other hand, by substituting (3.14) into (3.13), the following concentration tensor B is

obtained:

BP

1ImK

_EP AT (ES ) (3.16)

iINI ISv mKSv

The substitution of (3.13-b) into (3.12) and the consideration of equations (3.13) and (3.14), lead
to the following expression of the effective moduli:
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Elfliva Zf EkLIJ jSv (317'8-)

Elflf_va )_l z f (EnMSv anL (3 17_b)

3.3.3 Derivation of the concentration tensors

A homogeneous fictitious media, called “reference media” which has the magnetoelectroelastic

moduli ES,,, , is considered. The expression of the local magnetoelectroelastic moduli is given by:

|JMn (r) E|JMn + §EiJMn (r) (3 18)

where ’r’’ is the position vector in the media considered and OEis the deviation part. The

introduction of this expression into (3.10) leads to
ESMn M,ni(r)+(5EiJMn(r)UM,n(r)),i =0 (319)
Using the Green’s function technique, this partial differential equation is transformed into an

integral equation linking the local generalized strain field Z,,(r) with the tensor Z°, .

Zyg () =Z3 () = | Ty (r =1 )SE gy (1) Zyyo (r )V * (3.20)
where V is the volume of the infinite medium, T" is the magnetoelectroelastic modified Green’s

tensor of the reference medium E° whose components are related to those of the

magnetoelectroelastic Green’s tensor and given by (Bakkali, Azrar and Fakri, 2011):
Ly (r=r)==Gy (r—r’) (3.22)
For the multicoated considered problem, represented in figure 3.3, the deviation part is expressed

by:

o ZAE,gm)ek(r) ; ke{0,1,2,..n} (3.22)

where 6%(r) is the characteristic function of the phase k, occupying the volume V, , expressed

by:

6(r) = {1 " rev (3.23)
- ifrev’ '

(k/0) _ =k 0
and AEjyn” = B — Eiwn
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Substituting (3.22) into (3.20) and using the property (3.23), one gets:

Z (1) =28 (r) - kZ;‘ jvk T (r=r)AESOZ, (r)dV (3.24)
Using the fact that when k=0, AE{/® =0 leads to

24() =200~ 2], T ~PIAES 0 (1)OV" (325)

Let us denote by V, the total volume of the composite inclusion, which consists of an inclusion

surrounded by (n-1) coatings and f, is the volume fraction of the phase k. Then one has:

V=2V, (3.26)
k=1
The average local generalized strain field can be written as:
Zyo(r) =D Z33,60"(r) (3.27)
k=1
The substituting (3.27) into (3.25) leads to
Zy(N =28 =D [, T (r=r)AESDZY dV* (3.28)
k=1 "k
Averaging the generalized local field over the composite inclusion, one gets:
n 1 , ,
Z =232 [, ], e (=P IAESDZ}V "av (3.29)

This equation can be reformulated in the following form:

1 n
Z|I<| = Z|3| __Z-EJIEAEi(Jﬁg)Z:An (3-30)
V| k=1
in which T :”Fm(r—r')dv av represents the condensed notation of nine
ViV

magnetoelectroelastic interaction tensors.

n

Using the fact that Z,, :Zx—kz,'i, leads to:

k=1 V)

-V 1
> o G+ Tk (EDAEGD)ZY, = Z4 (3:31)
k=1 1 k
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where 1,,,, IS the shorthand notation of the fourth order and the second order identity

1/2(8,,,01, + O1sOim) (K,M =1,2,3)
0 (K=12,3;M =4)
0 (K=12,3;M =5)
0 (K=4;M =1,2,3)
tensors: | qun = 0 (K =5:M =1,2,3) (3.32)
O (K=4;M =4)
0 (K=4;M =50rK =5;M =4)
O (K =5;M =5)

Denoting by a* the local concentration tensor relating the average generalized strain in each

coating with the average generalized strain in the inclusion, one can put:
Zl\k/In = a'li\</InKlleI Wlth ai/InKI = IMnKI (333)

Based on equations (3.31) and (3.33) the following relationship is obtained:

-1

5 f 1

Zl\k/In = all\(/Ian |:Z (f_k (I KIPv + \TTL;II;I (EO)AEngSO))a;st):| ZI(zl (334)
k=1 | k

The expression of the concentration tensor is then given by:

-1

. f 1

Ko =S| 30 T )| 639
k=1 | k

To complete the localization step, the local concentration tensor a* must be expressed. It can be
determined if the boundary conditions are taken into account through the interface in the
composite inclusions. Note that the interfacial operators introduced by (Hill, 1983) constitute an
efficient mathematical tool to determine the stress and the strain jump through an interface
between two dissimilar materials. These operators are derived by writing the equations for the
continuity of displacement and tension across the material interface (hypothesis of perfect
interface). These interfacial operators are used by (Cherkaoui et al., 1994, 1995, 1996) for elastic
composites with multi-coated inclusions.

A generalized case, of two solids whose magnetoelectroelastic moduli are noted E* and

E*"'separated by an interface with a unit normal N, directed from phase k to phase k+1, is

considered. The generalized strain jump (Z**—Z*) across the material interface is given as

follow (see appendix 3.A for detail):
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Zy (1) = Zyy (r) = By (B N)(Ejfes — B ) Zg (1) (3.36)
where Pl is the magnetoelectroelastic interfacial operators of the phase (k+1) which depends

only on properties of the material phase and on the unit normal N. Equation (3.36) can be

reformulated as follow:

Zyyn (1) = (lyops + P (B N)AER ) Z2 (1) (3.37)
in which AEi(Jkrz/sk+l) = Eilsz - EEEﬁ

Applying the last equation between phases 1 and 2 in the multi-coated inclusion problem, one
obtains:

Z0 (1) = (s + P (B2 N)AES?) Z2 (1) (3.38)
Replacing the generalized strain field Z'(r) by its mean value Z'and then averaging over the

coating volumeV,, the following relationship is obtained:

Z3n = (lunes * Tin (E)AE ) Z5 (3.39)
where T2, (E%) = = [ P2, (E% N)dV

v,y
The following localization relationship is then resulted:
Zyin =Wy Zs (3.40)
where Wit = (e, + T (E*)AER)

Introducing a new volume notation:

J
Q, =V j=1.n (3.41)

i=1
Based on equation (3.38) for the second interface between the composite inclusion of volume
(Q, =V, UV,) and magnetoelectroelastic moduli E® and the phase 3 of the volumeV,and
magnetoelectroelastic moduli E?, then replacing Z“2(r) by its mean value Z“2and averaging

all the equation over the coating volumeV,, one can obtain:

Zl?/ln = (I MnRs +Ti§'Mn (E"S)AEi(J(RZg/s))Zl?s2 (342)

in which T3, (E®) :\%I PY. (E5,N)AV and AE(2"® =Efz —E}

iJRs iJRs — iJRs
3V,
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The averaged generalized strain Z“2in the composite inclusion is given as a function of Z'and

Z?as follow:

f f
1 Zés + 2

1
2% == | Zy(naV =
e QI (1) f,+ 1, f,+f,

20,

Z5 (3.43)

Based on the Hooke’s law the term AE$2'®Z = in equation (3.42) can be rewritten as follow:

NEG 928 = AEEIZL + 2 AEEYZ, (349
1 2 1 2

The substitution (3.44) into (3.42) leads to:

\ f f

Zin = Uhes * T (BB Zh 7 E o (s + T (EDAERD)Z, (3.45)
1 2 1 + f2
This equation can be rewritten as:
f f
Zon = Wi Za + — 2 W Z o, (3.46)
M f1+f2 MnRS =R f1+f2 MnRS =R

where Wi = (I, + Tiwn (E)AES)
Using (3.40), this equation can be reformulated as:

f f
VAR (ﬁwﬁfﬁ +ET2f2Wn5|i§s)\Nrg/<f))zi| (3.47)

Explicit expression of the localization tensor a* can be then formulated as:

1
aMnKI - IMnKI

2 _ 1/2)
a'MnKI - WMnKI

2
(i/3) 5i
f .I: fiWMnRsaRsKI
3 1 (1/3) 2 @213zp7 (1/2) _ 3
aMnKI - WMnKI + WMnRS)\NRsKI =- 2
f,+1,

f1+ f2 Zf,

i=1

Using the same mathematical procedure, the expression of the localization tensor a*could be

explicitly given in general case of an interface between phases k and k+1 by:

[

-1

(i/k) 4l
Z fiWMnRs aRsKI
k i=1

Ay = k—1 (3.48)

in which
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l\sllr:;s) (IMnRs +T|.|J(Mn(E )AEl(JIF/{:)) and Tl.I](Mn(E )_ I |JMn(Ek’N)dV

Vi v,

The localization problem is now completely solved by giving explicit relationship of the local
concentration tensor. The computation of these concentration tensors requires the determination
of the interaction tensors T*andT ™. The tensor T* is given by (see appendix 3.B for detail):

k-1

21
|JMn(E) Tlmnl(Ek)_j:f—(TlJMn(E) T.ﬁﬁnl(Ek)) (349)

k
where
Tiin (E" )—— [ [ Tin (E)(r=r)dvav
Q 0, Q
Note that the tensor T is not affected by the size of the composites inclusion but depends on its
shape. So, in the specific case of homothetic inhomogeneities, one can obtain:
Tonn () =T (E“) = Tinia' (E¥)
These tensors are evaluated numerically for various shapes of composite inclusion by using the
Gaussian quadrature integration for the considered inclusion shape (Bakkali, Azrar and, Fakri,
2011). Based on these interaction and localization tensors various micromechanical models can

be elaborated.
3.4 Micromechanical approach and effective properties

Based on the previous tensors and relationships various micromechanical approaches can be
adapted. For multi-coated inclusions, the concentration tensors are explicitly given for Self
Consistent,  Mori-Tanaka and  Dilute  micromechanical  approaches.  Effective
magnetoelectroelastic moduli corresponding to considered models can be numerically obtained.
The expression of the effective moduli of magnetoelectroelastic composites with multi-coated

reinforcements is given by:
ng(l = ElrJnKI +Z f! (EkiJMn - EmiJMn)Ai\(/InKI (3.50)
k=1

where A¥is the magnetoelectroelastic localization tensors.
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From (3.50) it is seen that the determination of the effective moduli of magnetoelectroelastic

composites with multi-coated reinforcements requires only the evaluation of the localization

tensors A*.
3.4.1 Self Consistent approach

The Self Consistent approach takes into account the interaction between the matrix and the
multi-coated reinforcements. In the Self Consistent approach the composite is considered as a
multi-coated inclusion embedded in a matrix which takes the properties of the whole composite.

For multi-coated inclusions the Self Consistent concentration tensors A* is evaluated from

(3.31) by replacing E°by E*" and its expression is given by:

-1
noof 1 . .
A:/InKI = a::/lnpv Z(f_k (I KIRs T \TTuIL (E ! )AEiSIT?/sﬁ))a;st) (3-51)
k=1 |

k
in which AEi(JT\;rL:ﬁ) = Eil\(]Mn - Ei‘\e]fl{/In
It has to be noted that A“ depends on the tensor E*" which is not yet known. An iterative

procedure is then necessary.

3.4.2 The Incremental Self Consistent approach

Note that, even if the Self Consistent model is well used in micromechanical analysis, it has
some limitations. (Fakri, Azrar and Bakkali, 2003) investigated the effective properties of two-
phase piezoelectric composites by using different micromechanical models and it is shown that
the Self Consistent approach diverges for high volume fraction of inclusions and does not
conduct far the prediction for piezoelectric composites with void inclusions. An improvement of
the classical Self Consistent by incremental way was developed for two phase piezo composite
materials by (Fakri and Azrar, 2010) and recently extended by (Bakkali, Azar and Fakri, 2011)
for N-phase magnetoelectroelastic composite materials. In this paper, the Incremental Self
Consistent method (ISCM) is extended to the case of magnetoelectroelastic composites with
multi-coated inclusions. The ISCM constructed the effective behavior of composites by replacing
a finite increment of the volume fraction of the homogeneities in a certain effective medium, and
for each increment the SCM is applied to calculate the effective magnetoelectroelastic properties
of the composite materials. The expression of the finite volume fraction to be injected in each
step is given by (Bakkali, Azrar and Fakri, 2011):

92



AfX= nA—fk (3.52)

| 1-) (i —1)Af,

in which Af, = i is considered as the partial concentration of the considered phase and S is the

number of steps. The overall properties of the composites, given by the ICSM, depend on the

number of steps and it is written as follow:

B = B+ a0 (B~ ) Ao (3:53)

with EST©@ =g

The ICSM does not affect the expression of the concentration tensors A* given by the classical
Self Consistent method. So, the formulations used in this method and in the classical Self
Consistent method are the same. The only difference is in the manner of introducing the volume

fraction of the reinforcements.
3.4.3 Mori-Tanaka mean field approach

The Mori-Tanaka mean field approach takes into account the effect of other multi-coated
inhomogeneities by considering a finite concentration of a multi-coated inclusion embedded in
an infinite matrix. Similarly to the Self Consistent approach, the expression of the effective

magnetoelectroelastic composites is given by:

ESE = EurJnK| +Z f (EkiJMn - EmiJMn)Ai\(/InKI (3.54)
k=1

where f*denotes the volume fraction of the considered phase.

The Mori-Tanaka concentration tensors A* is evaluated from (3.31) by replacing E°by E™ and

Z°py Z™. Its expression is given as follow:

-1
K | 3 e+ T (BB | 359

I k

in which AES\™ =EX,, —E&, and f =1-f, the volume fraction of the matrix.
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3.4.4 Dilute approach

The Dilute approach does not take any kind of interaction between the matrix and the multi-
coated inhomogeneities. For multi-coated inclusions, the concentration tensor related to the

Dilute approach is given by:

-1
0, f 1 N
AMnKI - Man {Z (f_k(IKIRs V |JKI(E )AElgl:?/s ))a;st)j| (356)
k=1 1) k

in which AES/™ =EX, —ED.

The multi-coated concentration tensors, elaborated in this paper for magnetoelectroelastic
composites, allow one to numerically predict the effective properties for a wide range of
reinforcement types based on the presented micromechanical models. These micromechanical
models will be used to predict the effective properties of multifunctional composite materials
with multi-coated inclusions of various types and shapes as well as with functionally graded

interphases.

3.5 Numerical results

Based on the presented micromechanical models wide varieties of numerical tests can be
elaborated. The effective properties of magnetoelectroelastic composites can be predicted for
various coating number and types as well as for various inclusion shapes and types. Two types of
inclusion problems are considered and investigated in two subsections. In the first one, a four-
phase composite consisting of glass inclusions surrounded by void and piezoelectric (BaTiO3)
interphase layers embedded in a piezomagnetic matrix (CoFe,O,4). The consideration of a void
layer is done in order to take into account the defect that might exist in the interphase and then in
the composites. The effective properties obtained for magnetoelectroelastic composite with void
are compared to those obtained for magnetoelectroelastic composite without the void layer. This
four-phase composite is investigated as an application of multi-coated micromechanical
modeling. The topology of a representative element of the four-phase composite is described in
figure 3.4. The reinforcements are perfectly aligned and have ellipsoidal shape with the

dimensions (ai, bi, ci1), (az bz, c) and (as, bs, c3). The three ellipsoids are coaxial

Withz;i =7, %— Vo C—l =7, and ,6’1, ,82, — = f3, . For the considered void coating, the
2 2 3 3
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thickness in directions a; and b is taken zeros(y, =1;y, =1) . The volume fraction of matrix is
f,and the volume fractions of inclusion and interphases are  obtained
by f, =0 £, )18, f, =1 f,)A-»)B and f,=(Q1-f)A-p) with y =y.y,y;and B =5, [,

The effective properties of magnetoelectroelastic composites without the void layer are obtained

by taking (y, =y, =y, =1) . In the second subsection, a functionally graded composite consisting

of piezoelectric inclusions, piezomagnetic matrix and the properties of interphases varying
continuously between the matrix and inclusion is considered. This composite material is
described in the topology section. The parameters (n=2) and (a=1), in the mathematical model
(1) describing the variation of the properties in the interphase, are chosen. The

magnetoelectroelastic characteristics of the considered phases are listed in Table 3.1.

e, E°, B°

PrIttety

Coating [\

(E%) g Inclusion
b / (EY)

Matrix L~

(EM) Void

Figure 3.4: A representative volume element of a four-phase composite. The dimension of the
reinforcement and interphases are (a, bs, 1), (a2, b2, ¢2) and (as, bs, c3) respectively.
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Table 3.1: Material properties

Cu Cr Cis Cas Cu €15 €31 €33
BaTiO; 166 77 78 162 43 115 -4.4 18.6
CoFe,0, 286 173 170 269.5 453 0 0 0
PZT-5H 126 55 53 117 35.3 17 -6.5 23.3
Glass 88.8 29.6 29.6 88.8 29.6 0 0 0
K11 K 33 his ha1 has Ha1 Hs3
BaTiO; 11.2x10°  12.6x107 0 0 0 5x10° 10x10°
CoFe,0, 0.08x10°  0.093x10°° 550 580.3 699.7 -590x10°  157x10°
PZT-5H 15.1x10°  13.0x10° 0 0 0 5x10°° 5x10®
Glass 0.056x10°  0.056x107 0 0 0 1x10°® 1x10°®

Units: elastic constant GPa; dielectric constants C?/Nm% magnetic constants Ns%C?
piezoelectric constants C/m2; piezomagnetic constants N/Am; magnetoelectric coefficients
Ns/VC.

3.5.1 Four-phase magnetoelectroelastic composites

In this subsection, magnetoelectroelastic composites with and without void interphase layers are
investigated. The effective properties are predicted for different thicknesses and shapes of the
void interphase layer.

In Figures 3.5, the magnetoelectric modulus -os3 is predicted for fibrous magnetoelectroelastic
composites with and without void interphase layer, using the Mori-Tanaka, Self Consistent and
Incremental Self Consistent micromechanical models with respect to the volume fraction of the

multi-coated inclusion(1—- f_= f + f, + f,). It can be seen that the presence of void interphase

influences strongly the effective properties. Also, it is shown that the effective modulus -a33
decreases when the thickness of the void layer increases. Also, it is seen that the Self Consistent
model diverges and can predict results only for very small volume fractions of the multi-
inclusions. However, the Incremental Self Consistent model improves the prediction of the
classical Self Consistent and gives almost the same results as the Mori-Tanaka model.

In Figure 3.6a, the effective piezoelectric modulus es; is presented for fibrous

magnetoelectroelastic composites with different thicknesses of the void layer using Mori-

96



Tanaka, Self Consistent and Incremental Self Consistent micromechanical models with respect to
the volume fraction of the multi-coated inclusion. It is seen that the effective modulus es3
increases with respect to the total multi-inclusion volume fraction and increases when the
thickness of the void layer increases. Again, it is shown that the Self Consistent approach
diverges at high volume fraction of the multi-coated inclusion and the Incremental Self
Consistent conducts far the prediction and gives the same results as the Mori-Tanaka approach.
In Figure 3.6b, the effective piezoelectric moduli es; is presented for magnetoelectroelastic
composites with fixed thicknesses of interphase layers and different shape of inclusions
(spheroidal inclusions (a;=b;=c;=1), ellipsoidal inclusions (a;=b;=1; ¢,=10), fibrous inclusions
(a;=b1=1; ¢4=10) and laminated inclusions (a;=b;=1000; c;=1)) by using the Mori-Tanaka
micromechanical model. The effect of the shape on es; is shown. It is seen that the shape of
inclusion affects significantly the effective piezoelectric moduli ess.

In Figure 3.7a, the effective magnetoelectric modulus ag; is predicted for laminated
magnetoelectroelastic composites with different thicknesses of the void interphase layer with
respect to the volume fraction of the multi-coated inclusion. The effective modulus o431 Slowly
decreases with respect to the thickness of the void layer. It is also seen that for aj; with the

thickness of the void layer(y, =y,=1 y»,=0.8), the Self Consistent, Incremental Self

Consistent and Mori-Tanaka models predict almost the same results. However, when the
thickness of the void layer increases, the Self Consistent approach diverges and leads for
erroneous results for high volume fraction of the multi-coated inclusion.

In Figure 3.7b, the effective magnetoelectric moduli a 11 is presented for magnetoelectroelastic
composites with fixed thicknesses of interphase layers and different shape of inclusions by using
the Mori-Tanaka micromechanical model. The effect of the shape on a 13 IS shown. It is seen that
the shape of inclusion affects significantly the effective magnetoelectric moduli a;. It is also
seen that a 11 IS maximized for laminated composites which is explained by the fact that in
laminated composites the interaction is more prominent in x; direction.

The prediction of the effective elastic modulus ci; for ellipsoidal magnetoelectroelastic
composites with different thicknesses of the void interphase layer is given in figure 3.8. It seen
that the presence of the void layer affects the elastic modulus c;3. The elastic modulus decreases

with respect to the thickness of the void layer as well as with the volume fraction of the multi-
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coated inclusion. Again the divergence of the Self Consistent model is observed as well as the
erroneous prediction of the considered Dilute approach for large volume fractions.

Three dimension numerical results, for fibrous magnetoelectroelastic composites, predicted by
Mori-Tanaka model, are presented in figure 3.9. The evolution of the magnetoelectric modulus -
azz With respect to the thickness of the void interphase layer and to the volume fraction of the
composite inclusion is presented. It is clearly seen that ags is strongly affected by the thickness of
the void interphase layer as well as by the composite inclusions volume fraction. as3 can be
maximized or minimized with respect to these values. Its maximum is reached when the void

interphase layer disappears (y3=1) and fm=0.6 and minimized when the inclusion disappears and
the void interphase layer takes its place and fm=0.7.

--------- Mori Tanaka
Incremental Self Conistent
—— Self Consistent

without void

(DA SN) €€0-

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Volume fraction of the multi-coated inclusion
Figure 3.5: Effective magnetoelectric modulus -as3 of fibrous magnetoelectroelastic composites
(a;=b;=1; ¢,=1000) consisting of Glass inclusions surrounded by a piezoelectric (BaTiO3)
coating and with or without void interphase layer embedded in a piezomagnetic matrix
(COF9204); B;L: BZZ B32095
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Figure 3.6a: Effective piezoelectric modulus es3 of fibrous magnetoelectroelastic composites
consisting of Glass inclusions surrounded by Void and piezoelectric (BaTiO3) coatings
embedded in a piezomagnetic matrix (CoFe;0.); B1= B2= f3=0.95.
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3.5.2 Functionally graded magnetoelectroelastic composite

In this subsection, functionally graded interphase will be considered. Based on the relationship
(3.1), various graded model parameters and thickness of the interphase can be easily considered.
The case n=2 and o=1 is considered in this analysis.

The magnetoelectric coefficient as3 is predicted, for magnetoelectroelastic fibrous composites
consisting of piezomagnetic matrix CoFe,O, and piezoelectric inclusions BaTiOz with
functionally graded interphase using the Mori-Tanaka model with respect to the volume fraction
of the coated inclusion and the thickness of the interphase (1-y) is presented in figure 3.10. The
thickness of the interphase (1-y) effects on ags is clearly shown and this coefficient is optimized
around 1-fm=0.4. Also, it is seen that without the interphase (y=1) the same results predicted by
Zhang and Soh (2005) and Bakkali et al. (2011) for two phases magnetoelectroelastic composites
are obtained. The evolution of the effective modulus ags starts with the effective properties of the
piezomagnetic matrix CoFe,O4 and finishes with the effective properties of the piezoelectric
inclusion surrounded by the functionally graded interphase layer.

In Figures 3.11 and 3.12, the evolution of the effective modulus az3 with respect to the interphase
thickness (1-y) is predicted for laminated and ellipsoidal composites, with fixed volume fraction
of the matrix f,=0.6, consisting of piezomagnetic matrix CoFe,O,4, piezoelectric inclusion
BaTiO3 and functionally graded interphase. The prediction of a3 is done using the presented Self
Consistent, Incremental Self Consistent, Mori-Tanka and Dilute micromechanical models. The
evolution is bounded between two limiting cases. The first one is y=0 which corresponds to the
case where the interphase becomes the inclusion and the second one when y=1 (r=1) in which the
interphase disappears. It is shown that azs varies significantly with respect to y. agz increases
with y because with matrix volume fraction fixed increasing y means increasing the inclusion
volume fraction. As the volume fraction of the inclusion increases the interaction between the
matrix and the inclusion becomes more significant which increases the effective modulus agz3 For
fibrous inclusion and interphase the evolution of the effective modulus ass with respect to the
interphase thickness (1-y), with fixed volume fraction of the matrix (f,=0.6; 0.2), consisting of
piezomagnetic matrix CoFe,O,4, piezoelectric inclusions BaTiO3 and functionally graded
interphases is presented in figure 3.13. It is shown that in this case the Self Consistent,

Incremental Self Consistent predict the same results and a3z increases with v.
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In Figure 3.14, the coefficient ay; is presented, for magnetoelectroelastic fibrous composites with
fixed coating thickness y=0.93 consisting of piezomagnetic matrix CoFe,O,4 and piezoelectric
inclusions BaTiO3; with functionally graded interphase as function of the volume fraction of the
coated inclusions. The divergence of the Self Consistent and Dilute is again observed. However,
the Incremental Self Consistent improves the prediction of the classical Self Consistent model
and gives almost the same results than the Mori-Tanaka model. This coefficient can be optimized
with respect to y and 1-fm.

In figure 3.15, three dimension numerical results are presented for magnetoelectroelastic fibrous
composites based on the Mori-Tanaka model. The evolution of magnetoelectric modulus a3z with
respect to the thickness of the interphase and to the volume fraction of the composites inclusion
is presented. It is seen that azz varies significantly with the interphase thickness (1-y) and the
volume faction of the composites inclusion (1-fm) and this coefficient can be optimized with

respect to y and fm.
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Figure 3.10: Effective magnetoelectric modulus a33, of magnetoelectroelastic fibrous composites
consisting of piezomagnetic matrix CoFe,O, and piezoelectric inclusions BaTiO3; with
functionally graded interphase, with respect to volume fraction of the coated inclusion and the
thickness of the interphases; (n=2, o=1).
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Figure 3.12: Effective magnetoelectric modulus o33, of magnetoelectroelastic ellipsoidal
composites with fixed volume fraction of the matrix (f»,=0.6) consisting of piezomagnetic matrix
CoFe,04 and piezoelectric inclusions BaTiO3; with functionally graded interphases, predicted by
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normalized coating thickness (1- y).
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Figure 3.14: Effective magnetoelectric modulus a1, 0f magnetoelectroelastic fibrous composites
consisting of piezomagnetic matrix CoFe,O, and piezoelectric inclusions BaTiOz with
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Figure 3.15: Effective magnetoelectric modulus o33, of magnetoelectroelastic fibrous composites
consisting of piezomagnetic matrix CoFe,O, and piezoelectric inclusions BaTiOz with
functionally graded interphase, with respect to volume fraction of the coated inclusion
(inclusion+interphase) and the thickness of the interphases; (n=2, a=1).

3.6 Conclusions

Various micromechanical models with multi-coated inclusions and functionally graded
interphases of magnetoelectroelastic composites are elaborated. Numerical predictions of the
effective properties of magnetoelectroelastic composites with multi-coated reinforcements and
functionally graded interphases are presented based on Self Consistent, Incremental Self
Consistent, Mori-Tanaka and Dilute models. Mathematical formulations are given in the general
case of anisotropic materials and ellipsoidal inclusions with nonhomothetic coatings. Effective
properties are presented in terms of the volume fraction and shape of the coated inclusions as
well as of the thickness of the coating. Two kinds of magnetoelectroelastic composite materials
are analyzed. The effective properties of magnetoelectroelastic composite consisting of Glass
inclusions surrounded by void and piezoelectric (BaTiO3) interphase layer embedded in
piezomagnetic matrix (CoFe,Q,) are predicted and then compared to the effective properties of
the same composite without void phase. Secondly, the effective properties of
magnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3), piezomagnetic

matrix (CoFe,O,4) where the properties of interphases vary continuously between the matrix and
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inclusions are predicted. The effective properties are presented with respect to the volume
fraction, shape, thickness and the functionally graded interphase parameters. It is shown that the
presence of the void interphase layer influences strongly the effective properties which are well
predicted by Mori-Tanaka and Incremental Self Consistent models. The interphase thickness and
shape have also strong effects on the effective properties of the multi-functional composites. The
multi-coating and functionally graded interphase concepts can be used to optimize the coupling
multi-functional effective properties. This is of big interest to design new multi-functional
materials with higher coupling coefficients.

3.7 Perspectives

So far, the studied composite materials are considered to have time independent properties.
Piezoelectric and magnetoelectroelastic composites with polymer matrix show significant time
dependent properties and particularly at high elevated temperature. This kind of composites,
besides of their actuation and sensing effect, show a damping effect that could be useful in many
industrial applications. In chapter 4, micromechanical modelings will be developed to predict the
viscopiezoelectric behavior of piezoelectric heterogeneous materials. Two kinds of composites
are going to be investigated: two-phase viscoelectroelastic composites and multi-coated
viscoelectroelastic composites. The modeling well be based on the correspondence principle of
linear viscoelectroelasticity combined with Mori-Tanaka micromechanical model. The use of the
Carson transformation will allow the extension of the micromechanical model to the Carson
domain. . The conversion from the Carson domain to the time domain of the effective properties

is going to be made numerically by using the inverse of the Laplace transform.
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Chapter 4

4. Viscoelectroelastic effective properties of heterogeneous

and multi-coated piezoelectric materials

Abstract

In this paper, the effective behavior of viscoelectroelastic composites is investigated. By using
the correspondence principle of linear viscoelectroelasticity, the Mori-Tanaka micromechanical
mean field approach is extended to the Carson domain. Based on the integral equation and on
viscoelectroelastic interfacial operators the concentration tensors for viscoelectroelastic
composites are derived. The effective properties are derived in the Carson domain and then
inverted numerically to the time domain by using the inverse of the Laplace transform. The
effective properties are presented in frequency and time domain. The effect of shape and volume
fraction of reinforcements as well as the thickness of the coating is shown on the effective

properties.
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4.1 Introduction

The effective behavior of piezoelectric composites has been investigated by many researchers
due to their applications in many industrial fields such as aerospace, aeronautics and automobiles
etc. through sensors and actuators. Piezoelectric composites with polymer matrix show a
significant time dependent properties and particularly at elevated temperature. This kind of
composites, besides of their actuation and sensing effect, shows a damping effect that could be
useful in many industrial applications. The investigation of the effective properties of
viscoelastic composites has been done by many researchers. Brinson and Lin (1998) examined
the use of different micromechanics method for the determination of the effective composite
properties when all the phases are viscoelastic. Fisher and Brinson (2001) predicted the effective
properties of a three-phase viscoelastic composite using the original Mori-Tanaka
micromechanical model and the extended one that takes the interphase regions between the
matrix and fibers. The obtained results are compared to the ones obtained by finite element
analysis. Haberman et al. (2002) used the Self Consistent micromechanical model to predict the
effective properties of viscoelastic composites consisting of spherical coated inclusion.
Matzenmiller and Gerlach (2004) used the micromechanical method of cells to investigate the
effective properties of viscoelastic composites. The micromechanical model equations was
established and solved based on two approaches: the first one based on the Laplace-
transformation of the time-dependent material functions and the application of the
correspondence principle of linear viscoelasticity to the governing equations of the
micromechanical model. In the second approach a numerical time integration scheme is
developed to compute the convolution integrals. Fei et al. (2004) investigated the influence of the
gradual interphase on the effective elastic and viscoelastic properties of particulate composites.
Levesque et al. (2004) developed a theoretical model to predict the nonlinear behavior of
viscoelastic composites where the matrix is nonlinear viscoelastic.

The electromechanical behavior of piezoelectric composites has been investigated in several
works. Dunn and Taya (1993) predicted the effective properties based on different
micromechanical models. Fakri et al. (2003, 2010) predicted the piezoelectric and the thermal-
piezoelectric behavior of composite materials and presented the numerical results for the
effective properties in term of phase properties, orientation angles, volume fraction and shapes of

inclusions. Odegard (2004) proposed a new modeling approach to predict the bulk
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electromechanical properties of piezoelectric composites and compared the obtained results with
those obtained by the Mori-Tanaka approach and the finite element method. Li (2004) applied
the Self Consistent approach to predict the effective pyroelectric and thermal expansion
coefficients of ferroelectric ceramics taking into account the texture change due to domain
switching during poling. Our interest in this work is to investigate the coupled effective behavior
of viscoelectroelastic composites. Only restricted works have been done on this area. Jiang and
Batra (2001) investigate the effective properties of viscoelectroelastic composites based of the
Mori-Tanaka mean field micromechanical. Closed form expressions of the effective moduli were
given for viscoelectroelastic composites consisting of parallel PZT cylinder of elliptic cross
section embedded in a viscoelastic matrix. Aldelrahem et al. (2007) proposed an analytical
model to investigate viscoelastic properties of hybrid composites with shunted piezoelectric
particles. Muliana and Li (2010) developed a micromechanical modeling and a finite element
model to investigate the effective time dependent properties of piezoelectric composites
consisting of PZT fiber and a polymer matrix.

In this paper, a micromechanical modeling is developed to predict the time and frequency
dependent effective properties of viscoelectroelastic composites. Two kinds of composites are
investigated: two-phase viscoelectroelastic composites and multi-coated viscoelectroelastic
composites. The modeling is based on the correspondence principle of linear
viscoelectroelasticity combined with Mori-Tanaka micromechanical model. The use of the
Carson transformation allows the extension of the micromechanical model to the Carson domain.
To derive the effective properties we have gone through two steps: the derivation of the
concentration tensor step which is based on the solution of the integral equation for two-phase
viscoelectroelastic composites and on the solution of the integral equation that takes into account
the multi-coating effects and viscoelectroelastic interfacial operators for multi-coated
viscoelectroelastic composites, the homogenization step which is based on averaging techniques
to investigate the macroscopic behavior of the composites. The conversion from the Carson
domain to the time domain of the effective properties is made numerically by using the inverse
of the Laplace transform. Parametrical studies are done by presenting the effective properties in

term of shape, volume fraction of the reinforcements and thickness of the coating.
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4.2 Constitutive equations for linear electroviscoelastic materials

For linear homogeneous piezoelectric materials, the constitutive equations that relate the electric

and elastic fields are given by:
Oij = Giju€u — & E,

! (4.1)
D =ey&q 15 E

where o, ¢, E, and D are the stress tensor, strain tensor, electric filed and the electric
displacement vector, respectively. c, e and « are the elastic stiffness tensor, piezoelectric tensor
and the dielectric tensor, respectively.

Using the condensed notation (Fakri et al. 2003) [9] the variable field takes the following form:

~ {gmn (M =1,2,3) B {o—ij (=123 42)

“E, (M=4) D (J=4)

The above equations were used for linear independent time properties of homogeneous
piezoelectric materials. This work deals with the viscoelectroelastic behavior of polymer
piezoelectric composites. This kind of composites shows time dependent properties. One of the
most widely used models for viscoelasticity in materials is the Baltzman convolution low. The
time dependent constitutive model of piezoelectric homogeneous material is obtained by

generalizing the Blotzmann principle for linear viscoelastic materials, one can write:

0y (t) = [ Cy(t-7) dgg' ) df+je“j (t-7) dlzl (r) dr
T T

0 (4.3)

i (t_T)ngz@dT+J:K"(t—r)(ﬂ3'£T)df

Where c,eand x are the associated relaxation tensors.
Using the condensed notation the time dependent constitutive model takes the following form:

dZKI (7)
dr

Z, ()= Jt. Eia (t—7) dr (4.4)
Ciji (t) (J,K=12,3)

€iij (t) (J=123K=4)

i (1) (J=4K=1273)

—; (1) (J=4,K=4)

where E;, (1) =
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is the time dependent viscoelectroelastic relaxation tensor, X and Z are the generalized stress and
strain respectively.
The convolution integral (4) gives a mathematical equation that relates the generalized stress X

to the generalized strain Z through the viscoelectroelastic generalized relaxation tensor E(t).

The constitutive equation (3) is given in the time domain. To convert its form the time domain to

the frequency domain the following harmonic deformation and electrical field are considered:
Em(t) =& (@)™, E, () = E, (0)e™ (4.5)

Replacing (4.5) into (4.3) and using the following changing variable,u =t —z, one can find

t t
0)ioe™ J G (W)™ du+E (@ |a)e'”‘JeIij (u)e ™" du

0 0

"[ I (4.6)
0

6 (e du+E (0)ioe" [, (we™du
0

=¢y(o
iot
=g (@

|a)e

Considering o (t) =&, (w)e"; D;(t)=D,(w)e" and using (4.6), the following frequency

integral equations are obtained:

t
=io |y (u)e™™du g (o +|a)je|“( u)e ™ duE ()
0 4.7)

t

o]

t t ] B
0) =i [, (0)e"du, (o) +io [, (w)e™duE, (o)
0 0

Like in viscoelasticity, viscoelectroelastic problem can be formally reduced to electroelastic one

by using Carson transform. The Carson transform of a time dependent function is given by:
t
f(s)=s| f(t)edt (4.8)
0

where s is the Carson variable.

Taking s =iw, equation (4.7) could be written as follow
6ij(s):6ijkl(s)gkl( )"'en,( )E( 5)
D| ()= e|k|( )5k|( )"'Ku( )E (s)

where

(4.9)

5(s)=sa(w),c(s)= sjc(u)eS“du ,&(s) = sje(u)es“du ,E,(s) =sE(w), £(s) =s&(w) and
D(s) = sD(w).
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Using the condensed notation, the constitutive equation in Carson domain is given by

3, () =Eq (S)Z, (5) (4.10)
in which
EiJKI (S) = {(Ejkl (S) gjj (S)}
€a(s) —5(s)

Equation (4.10) shows the analogy between the linear viscoelectroelasticity problem and linear
electroelastic problem. The role played by E(s)in linear viscoelectroelasticity is the same role

played by the electroelastic moduli E in linear electroelasticity.

The equilibrium equations, in the absence of body force, electric charge, are given in the
frequency domain by:
5;:(8)=0 D,;(s)=0 (4.11)
Using the above condensed notations, the equilibrium equations are written as follow:
S4:(5)=0 (4.12)
Based on the symmetry of the tensors c,e,xthe following equilibrium partial differential

equation is obtained:

(EiJKI (S)UK,I (s)),; =0 (4.13)
4.3 Localization and effective electroviscoelastic properties

Considering V as the representative volume element of an N-phase composite. The averaged

stress and strain over the composite are given by:

Zy(s)= Zn: fiZ4 (s) (4.14-3)
T (8) = Z fiZl (5) (4.14-b)

where the index ‘i’ denotes the ith phase and f. is its corresponding volume fraction. Z'(s) and

¥'(s) are considered to be uniform in each phase.
Based on the same mathematical development presented in Fakri et al. (2003, 2010) and Bakkali

et al (2011, 2012 and 2013), the local field variables Z'(s) and X'(s) in the ith-phase are related
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to global fields Z(s)and X(s) applied to the composite through the concentration tensors A and
B respectively by:

Z4(8) = Al () Zyn (9) (4.15-a)
=5 (8) = By (5)Z o (5) (4.15-)
The overall constitutive viscoelectroelastic behavior of the composite and of the phase p can be
written as follow:

% (8) = ESf (9)Z,4 (5) (4.16-a)
£5(8)=E (8)Z5 (s) (4.16-b)
The introduction of (4.16-b) into (4.14-b) and the use of (4.15-a) lead to the expression of the

effective viscoelectroelastic moduli in the transformed domain:
Elffs\/ (S) = Z fp Ekalj (S) ’E‘;s\/ (S) (4-17)
p=1

From (4.17) it is clearly seen that the prediction of the effective moduli relies on the calculation
of the concentration tensor A which could be approximated by using different micromechanical
models. Based on this relationship, various micromechanical models can be applied to two-phase
and multi-coated viscoelectroelastic materials. This condensed relationship gives the effective
properties of the considered heterogeneous and multi-coated materials in the Carson or frequency
domain. The effective viscoelectroelastic moduli in time domain can be obtained by using the

inverse of Laplace transform, given by:

. l S+io Eieff S .
B = | JKS'( et gs (4.18)
S+ioo

Let us note that the tensor ES%,(s) depends implicitly on s and then it is impossible to evaluate

the integral (4.18) analytically. Various studies focus on the investigating of the viscoelastic
response of composites in Lapace or Carson domain instead of time domain due to the
difficulties in accurately and efficiently evaluating the integral (4.18). In this paper, the inversion
of the viscoelectroelastic moduli from the Carson domain to the physical domain (time domain)
is done numerically by using the mutli-precision algorithm developed in [2]. This multi
precision algorithm is already used by [15] to invert the effective properties of carbon Nanotube-
Reinforced Polymer Composites from the Carson domain to the time domain.
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Once ES, (t)is calculated then the overall viscoelectroelastic behavior of the composite in time
domain can be given as follow:

dZKI (7)
dr

>, (1) = j ESr (t—1) dr (4.19)

Where Xand Zare the generalized averaged viscoelectroelastic strain and stress over the
composite.

4.4 Two-phase viscoelectroelastic composites

This section deals with two-phase viscoelectroelastic composites consisting with a viscoelastic
matrix and piezoelectric inclusions. The derivation of the localization equation goes through the
solution of the viscoelectroelastic integral equation and then the Mori-Tanaka mean field

approach is used to derive the concentration tensor.
4.4.1 Localization equation and The Mori-Tanaka mean field approach

Considering a homogeneous fictitious media called “reference media” which has the
viscoelectroelastic moduli ES,,,(s). The expression of the local viscoelectroelastic moduli is
given as follow:

Eon (18) = Efyn (8) + 5E 1 (1,9) (4.20)
where “r> is the position vector in the media considered and SE is the deviation part. The
introduction of this expression into (4.13) leads to

Eivn (Ui () + (0B (1, )y (1 5)),; =0 (4.21)
The viscoelectroelastic Green tensor of the reference media is related to the reference medium by
the following equation:

Eown ()G in (F =1, 8) + 3, S(r—r) =0 (4.22)
Using (4.21), (4.22) and after some mathematical manipulations, the same integral equation

derived by Fakri et al. (2003)[10] for linear piezoelectric composite materials, is obtained here in

Carson domain for viscoelectroelastic composite materials:

Z(r,s)=22(r,s) —.[V Lo (r =1, 8)(SEyun (', 8)Z,y (1, 5))dV ! (4.23)

where T, (r—r',s)= —GJKY" (r—r',s)is a condensed notation of four tensors.
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To solve this integral equation, the same procedure used by Fakri et al. (2003)[10] is followed

which leads to the following localization equation:

_ _ 1 -, — _ _

Z,(s) =2 () —WTU”K. (E°(S)AE i ()Zyn (5) (4.24)
where T (E°(s)) =, [ T (r—r's)dv'dV represents the condensed notation of the

viscoelectroelastic interaction tensors. These tensors are computed numerically [3, 10 and 11] for
various shapes of inclusions using the Gaussian quadrature integration for the considered
inclusion shape.

The Mori-Tanaka mean field approach, besides of its ease of implementation, is well known to
be the best in precision. The main assumption of the Mori-Tanaka Mean field approach is the

consideration that the infinite reference medium has the properties of the matrix. So, to have the

expression of the Mori-Tanaka concentration tensor, the generalized strain field Z°(s) and the
viscoelectroelastic moduli E°(s) of the reference medium in equation (4.24) are replaced

respectively by the generalized strain field Z™(s) and the viscoelectroelastic moduli E™(s) of

the matrix. So, one can write the expression of the s-dependent concentration tensor as follow:

A (9= 5T (B (B, () (4.25)
in which AE},,(S) = Ejy, (8) = Ef, ()

4.5 Multi-coated viscoelectroelastic composites

The aim of this section is to generalize the previous mathematical developments to the case of
multi-coated viscoelectroelastic composites. The derivation of the localization equation goes
through the solution of the multi-coated viscoelectroelastic integral equation and the use of the
viscoelectroelastic interfacial operator. The concentration tensors are derived based on the Mori-
Tanaka mean field approach.

4.5.1 Localization equation and the Mori-Tanaka mean field approach

In this subsection the integral equation (4.23) is extended for multi-coated viscoelectroelastic

composites by expressing the deviation part as follow:
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SEn (5) = D AESD ()0 (r) ; ke{0,1,2,..n} (4.26)
k=0

where 6“(r) is the characteristic function of the phase k, occupying the volume V, , expressed

by:

0 (r) = 1 ifrev, 4.27)
o ifrev’ '

and AE%? (s)= EiEMn (s)- EigMn (s)
Using (4.26) the following integral equation is obtained:

Z_KI (r7 3) = Z_r(<)| (r’ 5) _Z.[v FiJKI (r -r, S)AE%? (S)Z_Mn(r E S)dV ' (4-28)
k=1~ K

Considering V, the total volume of the composite inclusion, which consists of an inclusion

surrounded by (n-1) coatings and f, is the volume fraction of the phase k. One can write:
V, =DV, (4.29)
k=1
The average local generalized strain field can be written as:
Zya(1,8) =" Z}, ()6 () (4.30)
k=1

Substituting (4.30) into (4.28) and averaging over the volume of the composite inclusion, one
can find the following localization equation:

249 =Z5(9) - LTk (EOVEL (925,) @31)

where 'EJ',‘Q,(EO(S)):ijiJK,(r—r',s)dV'dV represents the condensed notation of the
v, Vi

viscoelectroelastic interaction tensor.

Using the fact that Z,, (s) = Z\\;—k ZX (s) leads to:

k=1 V|
x \i i_lk =0 = (k/0)\ 7 k 50 4.32
> o U+ 5 Tua (B (S)AES)Z, (8) = Z4 (9) (4.32)
k=1 | k

where 1,,,, 1S the shorthand notation of the fourth order and the second order identity tensors:
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1/ 2(50,8p + SOim) (K,M =12,3)

0 (K=12,3M =4)
M 1o (K=4M =1,2,3)

5 (K=4;M =4)

Ip

(4.33)

To complete the localization step, the viscoelectroelastic interfacial operators are introduced
which give the generalized strain jump field across an interface between two different phases by

the following equation:

Zya (r,8) = Zy,, (r,8) = Py (B (8), N)(Ej, (8) — B () Zs (1, 9) (4.34)
The concentration tensors were derived for multi-coated magnetoelectroelastic composites by
Bakkali et al. (2012) based on the solution of the integral equation and the magnetoelectroelastic

interfacial operators. Here, the same procedure is followed and the expression of the

concentration tensors in Carson domain is given by the following generalized relationship:

Boa(9) - anv(s{kz( e+ T B (DAEL () Rspv(s»T (4.35)
1 | k
where @ is the local localization tensor and its expression is given by :
B (5) =2, W93 (5)/ (3 1) (4.36-2)
And Wil (8) = (Hyngs + Ton (E* (S)AELR (5)) and 8y (8) = e (4.36-b)

Note that various micromechanical approaches can be obtained based on the presented
concentration tensors (4.35) in the Carson domain. In this paper we restrict ourselves to Mori-
Tanaka mean field and Dilute approaches.

To obtain the expression of the Mori-Tanaka mean field approach localization tensors, the

generalized strain field Z°(s)and the viscoelectroelastic moduli E°(s) of the reference medium
in (4.32) are replaced respectively by the generalized strain field Z™(s)and the

viscoelectroelastic moduli E™(s) in the matrix. The following frequency dependent localization

tensor is then obtained:

A= 9] S T (B (DAL 0D ) &

I k

in which AES™ (s) = Ef. () —Ex.(s) and f =1—f, is the volume fraction of the matrix.
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For the Dilute approach, one has to replace, the generalized strain field Z°(s)and the
viscoelectroelastic moduli E°(s) of the reference medium in (4.32) are replaced respectively by
the average generalized strain field Z(s)applied over the composite and the viscoelectroelastic

moduli E™(s) in the matrix. The following frequency dependent localization tensor is then
obtained:

AL (5) - anv<s>{z< b 1+ LT E (B ) Rspxs»} (4.39)

k
In WhICh AElSI:?i/sm) (S) ElJRs (S) ElJRs (S) .
Based on the developed methodological approach the frequency dependent effective coefficients

are given by:
Elflthv (S) EkLSv (S) + Z f (EkLlj (S) EkLl] (S)) AIJ o (S) (439)

This relationship allows one to investigate the viscoelectroelastic frequency dependent behavior
of the newly created viscoelectroelastic composite. This hybrid behavior can be numerically

analyzed with respect to the shape, volume fractions inclusions. For the time dependent effective
coefficients the inverse of Laplace transform is applied to E* (s). The used numerical inversion

procedure is given by [2]:
SNAVES E Eds, (N exp(r) + lee[expas(e NEL (s(6)A+io (6, ))]} (4.40)

with r:%, 0, :‘I‘\A—” and &(6,) = 6, + (6, cot(8,)~1) cot(8,)

Eeff

kLSv

(t, M) is approximated by (4.40). It is has only a free parameter M, which is the number of

terms to be summed. By this way the frequency and time dependent viscoelectroelastic

coefficients are obtained for two-phase and multi-coated composites.
4.6Numerical results

Based on the previous mathematical modelings, the effective properties of two kinds of
viscoelectroelastic composites are investigated. The first one is a two-phase composite consisting
of piezoelectric inclusions (PZT-7A) embedded in a viscoelastic matrix (LaRC-SI). The second

one is a three-phase viscoelectroelastic composite consisting of Glass inclusions surrounded by
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(PZT-7A) coating embedded in a viscoelastic matrix (LaRC-SI). The topology of a
representative volume element of the three-phase composite is described in figure 1. As shown in
Figure 1, phase 1 is the Glass inclusion, phase 2 is the piezoelectric coating and phase three is the
viscoelastic matrix having homogeneous material properties E', E*and E® respectively. The

reinforcements are perfectly aligned and have ellipsoidal shapes with the dimensions (a;, bs, ¢1)

and (ap, by, ¢2). The two ellipsoids are coaxial with & b _ G

I
a b, ¢
The variation of the volume fraction of the inclusion f, and the coating f, are given as function
of the volume fraction of the matrix and the thickness of the piezoelectric coating  y * as follow.
f=01-1)/° f,=0-f)1-»") (4.41)
Note that, there are two limiting cases. When » =0, Glass inclusions disappear and the effective
properties of a viscoelectroelastic composites consisting of (PZT-7A) inclusions embedded in
viscoelastic matrix (LaRC-SI) are obtained and when y =1 the coatings disappear and the
effective properties of a viscoelastic composites consisting of Glass inclusions embedded in

viscoelastic matrix (LaRC-SI) are obtained.

H 1
Matrix (E°) Inclusion (E)

coating E*

Figure 4.1: A representative volume element of a three-phase composite. The dimension of the
inclusion and the coating are (as, b1, ¢1), (a2, by, ¢2) respectively.

4.6.1 Two-phase composites

In this subsection, effective properties of the considered two-phase composite are presented in
the frequency and in time domain. (PZT-7A) is considered to have independent time properties.

Also, its properties are considered to remain constant with variation of temperature. At elevated
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temperature (LaRC-SI) shows a significant viscoelastic response. The creep compliance of the

matrix in time domain M, (t) may be represented by the power low model [15]

M, (t) = D, + D" (4.42)

where Dg is the initial elastic compliance, and D; and n are experimentally determined
parameters. For simplicity, the Poisson’s ratio of the matrix is assumed unchanged. The Carson
transform of Eq. (4.42) gives

_ |
M, ()= D, +DS_” (4.43)

The Young modulus E(s) is taken as the inverse of M (s) . Variables values of D,, D, and n at
T=213°c are given in table 2 [15]. The dielectric constant of (LaRC-SI) [18] are considered to be
constant (k 11/ K ¢= K 22/ k 0= K 33/ K 0=2.8) With x, =8.854187816x107"* (C*/Nm?). The properties

of PZT-7A and Glass materials are given in table 4.1.
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Figure 4.2: Storage (b) and loss (a) part of the Yong moduli of LaRC-SI

Table 4.1: PZT. 7A properties

Cu Cp Cis Css Cu €15 €31 €33 K1 K 33
PZT-7A 148 6.2 4.2 131 254 9.2 -2.1 9.5 4.071x10° | 2.0798x107°
Glass 88.8 29.6 29.6 88.8 29.6 0 0 0 0.056x107° 0.056x10°

Units: elastic constant GPa; dielectric constants C#/Nm?; piezoelectric constants C/m?.

Table 4.2: Viscoelastic properties of LaRC-SI (power low model (T=231°c))

D,(Gpa™) D,(Gpa "hour ™) n Yo

0.375 0.051606 0.4103 0.367
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4.6.1.1 Frequency domain

In this study, PZT-7A in considered as inclusions embedded in a viscoelastic matrix LaRC-SI.
The resulting new composite will have a viscopiezoelectric behavior. The associated coefficients
are frequency or time dependent and their behavior will be investigated.

In figures 4.3 and 4.4, the storage and loss part of the elastic modulus c;; are presented
respectively for a viscoelectroelastic composite with respect to the shape of inclusions and the

frequency w(1/ hour) . The volume fraction 40% of inclusions is considered. The inclusion shape

effects on the storage and loss part of the elastic modulus c¢;; of the composite are presented.

In figures 4.5 and 4.6, the storage and loss part of the piezoelectric modulus es; are presented
respectively for a viscoelectroelastic composite with respect to the shape of inclusions and the
frequency. Although the piezoelectric inclusions are assumed to have independent time
properties, it is shown that the effective piezoelectric modulus e3; varies with the frequency and
particularly for fibrous inclusion. This modulus is strongly affected by the viscoelastic behavior
of the matrix. Also it is shown that the storage and the loss part of es; are strongly affected by the
shape of inclusions and there is a frequency range in which the loss part can be optimized.

The storage and loss part of the dielectric modulus k33 are presented in figures 4.7 and 4.8 for a
viscoelectroelastic composite with respect to the shape of inclusions and the frequency. The
viscoelectroelastic frequency dependence effects are presented.

In figures 4.9 and 4.10, storage and loss map of elastic and piezoelectric effective properties are
presented for a fibrous viscoelastic composite with respect to the volume fraction of the
inclusions and fixed value of frequency. It is seen that the loss part of the effective moduli is

maximized at some fiber volume fraction regions.
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Figure 4.3: Effective storage elastic modulus Real(cy;) for a viscoelectroelastic composite, with
various shapes of inclusions, consisting of piezoelectric inclusions (PZT-7A) embedded in a
viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.4: Effective loss elastic modulus Image(ci1) for a viscoelectroelastic composite, with
various shapes of inclusions, consisting of piezoelectric inclusions (PZT-7A) embedded in
viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.8: Effective loss dielectric modulus Image(x s5) for a viscoelectroelastic composite,
with various shapes of inclusions, consisting of piezoelectric inclusions (PZT-7A) embedded in
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frequency @ =0.05(1/ hour).

130



4.6.1.2 Time domain

Based on the inverse Laplace transform the effective time dependent coefficients are obtained for
various inclusion shapes and types.

Effective relaxation time dependent moduli c1; and ¢y, are presented in figure 4.11 for a fibrous
viscoelectroelastic composite consisting of piezoelectric inclusion (PZT-7A) embedded in a
(60%) viscoelastic matrix (LaRC-SI). ¢1; and ¢y, of the composite are compared to those of the
matrix. The effect of the composite on the effective relaxation moduli is shown.

In figures 4.12, 4.13 and 4.14, effective piezoelectric moduli ess, €33 and es; are predicted, for a
fibrous viscoelectroelastic composite consisting of piezoelectric inclusions (PZT-7A) embedded
a viscoelastic matrix (LaRC-SI). Various volume factions of inclusions are considered. It is seen
that e;5 decreases with time but es; and es; increase with time. Also the effect of the variation of
the volume fraction is shown on the effective properties. Even the piezoelectric moduli of
inclusions are considered to be time independent it is shows that the effective piezoelectric
moduli of the composites are time dependent. That means, these coefficients are affected by the
time dependent behavior of the viscoelastic matrix. Also one can see from the figures that e;s and
es; are more affected by the viscoelastic behavior of the matrix than ezs. es3 varies very slightly
with time.

In figure 4.15, three dimension numerical results are presented for a fibrous viscoelectroelastic
composite. The evolution of e3; with respect to time and the shape of inclusion (c/a) is presented.
It is seen that es; varies significantly as the shape of the inclusion varies. Also it is seen that e3;

always increases with time for different shapes of inclusion.
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consisting of piezoelectric inclusions (PZT-7A) embedded in a viscoelastic matrix (LaRC-SI)
with fixed volume fraction of the matrix fm=0.6.
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Figure 4.13: Effective piezoelectric modulus es3 for a fibrous viscoelectroelastic composite
consisting of piezoelectric inclusions (PZT-7A) embedded in a viscoelastic matrix (LaRC-SI)
with fixed volume fraction of the matrix fm=0.6.
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Figure 4.14: Effective piezoelectric modulus es; for a fibrous viscoelectroelastic composite
consisting of piezoelectric inclusions (PZT-7A) embedded in a viscoelastic matrix (LaRC-SI)
with fixed volume fraction of the matrix fm=0.6.
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Figure 4.15: Effective piezoelectric modulus es; for a viscoelectroelastic composite consisting of
piezoelectric inclusions (PZT-7A) embedded a viscoelastic matrix (LaRC-SI) with fixed volume
fraction of the matrix fm=0.6.

4.6.2 Three-phase composites

In this subsection, the effective properties of a three-phase composite consisting of glass
inclusion surrounded by piezoelectric PZT-7A layer embedded in a LaRC-SI viscoelastic matrix
are obtained in frequency and in time domain. The shape and coating thickness effects on the

effective properties are investigated.
4.6.2.1 Frequency domain

The frequency dependence storage and loss part of the effective piezoelectric modulus es; are
presented in figures 4.16 and 4.17 for a fibrous viscoelectroelastic composites consisting of
Glass inclusions surrounded by piezoelectric coating layer embedded in viscoelastic matrix for
various thicknesses of the piezoelectric coating layer. It is seen that e3; is strongly affected by the
frequency as well as by the thickness of the coating layer.

In figures 4.18 and 4.19, the storage and loss part of es; are presented for a fibrous
viscoelectroelastic composites consisting of Glass inclusions surrounded by piezoelectric coating
layer embedded in viscoelastic matrix with respect to frequencies and the thickness of the
piezoelectric coating layer. It is seen that es3 is strongly affected by the thickness of the coating

as well as by the viscoelastic behavior of the matrix.
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In figures 4.20 and 4.21, storage and loss map of elastic and piezoelectric effective properties are
presented for the three-phase composite with respect to the volume fraction of the inclusion and
fixed value of frequency and thickness of the coating layer. It is seen that the loss part of the

effective moduli is maximized at some fiber volume fraction regions.
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Figure 4.16: Effective piezoelectric modulus Real(es;y for a fibrous viscoelectroelastic
composites consisting of Glass inclusions surrounded by piezoelectric coating layer (PZT-7A)
embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.18: Effective piezoelectric modulus Real(essy for a fibrous viscoelectroelastic
composites consisting of Glass inclusions surrounded by piezoelectric coating layer (PZT-7A)
embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).

136



0.06
y=0.95
""" v=0.9
oo5}4— — —t — =08
3 oo
]
D 003k
~~ \
w 0.02—N\—*
— v
(@] LY
Q \ \
3 N
2, oo <
N— N\,
N— \~~ o
o SNl
10° 10° 10" 10° 10° 10° 10* 10° 10° 10"

(O]

Figure 4.19: Effective piezoelectric modulus Image(es3) for a fibrous viscoelectroelastic
composites consisting of Glass inclusions surrounded by piezoelectric coating layer (PZT-7A)
embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.20: Storage and loss map of elastic moduli, of a fibrous viscoelectroelastic composite
consisting of Glass inclusions surrounded by piezoelectric coating layer (PZT-7A) embedded in
a viscoelastic matrix (LaRC-SI), with respect to the volume faction of reinforcements and with
fixed value of frequency @ =0.05(1/hour)and fixed thickness of the coating » =0.8.
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Figure 21: Storage and loss map of piezoelectric moduli, of a fibrous viscoelectroelastic
composite consisting of Glass inclusions surrounded by piezoelectric coating layer (PZT-7A)
embedded in a viscoelastic matrix (LaRC-SI), with respect to the volume faction of
reinforcements and with fixed value of frequency @ =0.05(1/hour)and fixed thickness of the

coatingy =0.8.

4.6.2.2 Time domain

The time dependent effective piezoelectric moduli es; and es; are presented in figures 4.22 and
4.23 for a fibrous viscoelectroelastic composites consisting of Glass inclusions surrounded by
piezoelectric coating layer embedded in a viscoelastic matrix with respect to time and thickness
of the piezoelectric coating layer. It is shown that es; and es; are affected by the viscoelastic
behavior of the matrix and increases with time. One can deduce from figure that es; is more
affected by the viscoelastic behavior of the matrix than ess. €33 seems to vary slightly with time.

The evolution es; is shown with respect to the shape of inclusion (ci/a;) and time for a fibrous
viscoelectroelastic composite consisting of Glass inclusions surrounded by piezoelectric coating
layer embedded in viscoelastic matrix is shown in figure 4.24 for fixed thickness of the coating
layer and fixed volume fraction of the matrix. The inclusion shape effect on es; with respect to

time is shown.
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Figure 4.22: Effective piezoelectric modulus es; for a fibrous viscoelectroelastic composite
consisting of Glass inclusions surrounded by piezoelectric layer (PZT-7A) embedded in a
viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.23: Effective piezoelectric modulus es3 for a fibrous viscoelectroelastic composite
consisting of Glass inclusions surrounded by piezoelectric layer (PZT-7A) embedded in a
viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6).
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Figure 4.24: Effective piezoelectric modulus es; of a fibrous viscoelectroelastic composite
consisting of Glass inclusions surrounded by piezoelectric layer (PZT-7A) embedded in a
viscoelastic matrix (LaRC-SI) with fixed volume fraction of the matrix (fm=0.6) and fixed

thickenss of the coating layer (7 =0.8).

4.7 Conclusion

In this work, a micromechanical modeling is developed to predict viscoelectroelastic effective
properties of piezoelectric composites. Two kinds of composites are investigated. One is
consisting of piezoelectric inclusions embedded in a viscoelastic matrix. The other one is
consisting of Glass inclusions surrounded with a piezoelectric coating layer embedded in a
viscoelastic matrix. The piezoelectric and Glass material properties are considered to be time
independent. The modeling is based on the correspondence principle and the Mori-Tanka mean
field approach. The effective properties are first derived in Carson frequency domain and then
inverted numerically to time domain by using the inverse of Laplace transform. The numerical
results are presented both in frequency and time domain. The effect of volume fraction and shape
of inclusions as well as the thickness of the coating layer is shown on the effective properties. It
is shown from the numerical results that even if the piezoelectric coefficients of the piezoelectric
material are assumed to be time independent, the effective piezoelectric moduli of composites
shows time dependence. This is explained by the fact that the viscoelastic behavior of the matrix

affects the whole behavior of the composite.
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4.8 Perspectives

The mathematical methodology developed for viscoelectroelastic composites will be generalized in
chapter 5 to investigate the behavior of materials with fourth functionality visco-magneto-electro-elastic.
The aim will be to predict new materials with optimized active and damping properties. The modeling is
going to be developed for two kinds of viscomagnetoelectroelastic composites: multi-phase and
multi-coated viscomagnetoelectroelastic composites. Applying the Carson transform to the
constitutive equation allows the extension of the classical Mori-Tanaka model to the Carson
domain. The effective properties will first be derived in the Frequency domain and the converted
numerically the time domain based on Laplace transform. The numerical results will be
presented with respect to time, frequency, shape, volume fraction of reinforcements as well as to

the coated thickness.
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Chapter 5

5. Modeling and prediction of viscomagnetoelectroelastic

effective properties of heterogeneous materials

Abstract

In this paper, the effective properties of new active-passive multifunctional
viscomagnetoelectroelastic composite materials are modeled and numerically predicted. The use
of the correspondence principle of linear viscomagnetoelectroelasticity and the Carson transform
allow the extension of the Mori-Tanaka micromechanical model to the Carson domain. Based
on the viscomagnetoelectroelastic integral equations and the interfacial operators the
concentration tensors are derived for multi-phase and multi-coated viscomagnetoelectroelastic
composites. The effective properties are derived in the Carson domain and then inverted
numerically to the time domain using the inverse of the Laplace transform. The effective
properties are obtained in both frequency and time domains. The obtained hybrid coupling
coefficients can be used for active and passive properties. The multifunctional effect can be
enhanced by a proper choice of the shape and volume fraction of reinforcements as well as by

coating thickness.
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5.1 Introduction

Smart composites have attracted the attention of many researchers due to their unique properties
obtained by combining two different active materials. The magnetoelectric effect has attracted
attention due its several application broadband magnetic field probes, electronic packaging,
acoustic devices, hydrophones, medical ultrasonic imaging, sensors, and actuators [1-5].
Piezoelectric and piezomagnetic materials are usually brittle and they are susceptible to fracture.
The addition of a polymer phase to the magnetoelectroelastic composites will give to the
composite ductility and formability [6]. At elevated temperature these kinds of composites have
a time dependent behavior due to the polymer phase that has a strong viscoelastic behavior at
elevated temperature. The viscoelastic and viscoelectroelastic behaviors of composite materials
have been investigated by many researchers.

For viscoelastic composites, [7] examined the use of different micromechanics method to
determine the effective composite properties when all the phases are viscoelastic. The effective
properties of a three-phase viscoelastic composite predicted by [8] using the original Mori-
Tanaka micromechanical model and the extended one that takes into account the interphase
regions between the matrix and fibers. The Self Consistent micromechanical model was used by
[9] to predict the effective properties of viscoelastic composites consisting of spherical coated
inclusions. The effective properties of viscoelastic composites was investigated based on the
micromechanical method of cells in [10]. The effect of the gradual interphase on the effective
elastic and viscoelastic properties of particulate composites was investigated in [11]. A
theoretical model was developed in [12] to investigate the nonlinear behavior of nonlinear
viscoelastic composites. [13] investigated the effective properties of a carbon nanotube-
reinforced polymer composites by using the Mori-Tanaka micromechanical model combined
with correspondence principle.

For viscoelectroelastic composites, the effective properties of viscoelectroelastic composites
were investigated in [14] based on the Mori-Tanaka mean field micromechanical approach
coupled with the correspondence principle. Closed form expressions of the effective moduli were
given for viscoelectroelastic composites consisting of parallel PZT cylinder of elliptic cross
section embedded in a viscoelastic matrix. An analytical model was proposed in [15] to
investigate viscoelastic properties of hybrid composites with shunted piezoelectric particles. [16]

developed a micromechanical modeling and a finite element model to investigate the effective
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time dependent properties of piezoelectric composites consisting of PZT fiber and a polymer
matrix. The viscopiezoelectric effective properties of piezoelectric heterogeneous materials are
predicted in both time and frequency domains in [17] based on the correspondence principle
combined with the Mori-Tanaka micromechanical model.

The aim of this work is to generalize the methodological approach presented in [17] for the
prediction of the effective viscomagnetoelectroelastic behavior of heterogeneous
magnetoelectroelastic composites. The modeling is developed for two kinds of
viscomagnetoelectroelastic composites: multi-phase and multi-coated viscomagnetoelectroelastic
composites. Applying the Carson transform to the constitutive equation allows the extension of
the classical Mori-Tanaka model to the Carson domain. The derivation of the concentration
tensors of multi-phase viscomagnetoelectroelastic composites is based on the solution of the
integral equation. For multi-coated viscomagnetoelectroelastic composites the multi-coated
inclusion effect and the viscomagnetoelectroelastic interfacial operators are accounted for. Once
the concentration tensors are derived, the homogenization process is used to express the effective
behavior of composites. The obtained effective properties are in the Carson domain and the
conversion to the time domain is done numerically based on the Laplace transform inversion.
The numerical results are presented with respect to time, frequency, shape, volume fraction of

reinforcements as well as to the coated thickness.
5.2 Constitutive equations for linear viscomagnetoelectroelastic materials

For linear magnetoelectroelastic materials, the magnetic, electric and elastic fields are coupled

through the following constitutive equations:

Oy = Cijklgkl _elij E| -h H|

D, =eyéq + 5B + o H, (5.1)

I
B =hy& +a, B + 14 H,

where the elastic strain &,,, electric fields E, and magnetic fields H, are independent variables

related to stresses o

i » electric displacements D, and magnetic inductions B;. The tensorscy,,

&, hy, ay, xand g, are the elastic, piezoelectric, piezomagnetic, magnetoelectric, dielectric

and magnetic permeability constants respectively. In the constitutive equations we use - E, and -
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H, rather thanE,and H, as they will permit the construction of a symmetric matrix of

constitutive moduli.

This work deals with the viscomagnetoelectroelastic behavior of polymer magnetoelectroelastic
composites at fixed temperature. These kinds of composites show time dependent properties due
to polymer phase that have a strong time-dependent behavior at elevated temperature. The time
dependent constitutive model of magnetoelectroelastic homogeneous material is obtained by
generalizing the Blotzmann principle for linear viscoelastic materials. One can write:

. d@“f)df+jqua—r)dE‘T)df+jhma-f)dH“T)

t
J; dr g dr ; dr
t
J
0

dr

Mdr

i (t-7) dr (5.2)

o
=Y

&) g,

o
o (1M
—_

=Y

Using the condensed notation [18, 21], one can write the time constitutive model in the following
form

Z, (1) :j.EiJKI (t_T)%dT (5.3)
5 T

where

Cij (t) (J,K=123)

Eij (t) (J=123K=4)

hlij (t) (J=123K=5)

E.p () = € () (J=4K=123)

hia (£) J=5K=123)

-k () (J=4K=4)

-, (t) (J=4;K =50rJ =5;K =4)
4 () (J=5K=5)

g,(t) (K=12,3) ;1) (1=123)
Zy(t)=1-E/(t) (K=4) andX2;®)=.D;(t) (J=4)
-H, (t) (K=5) B(t) (J=9)

(5.4)

are the time dependent viscomagnetoelectroelastic relaxation tensor, Z and X are the generalized
stress and strain respectively.
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The convolution integral (5.3) gives a mathematical equation that relates the generalized stress

Y to the generalized strain Z through the viscomagnetoelectroelastic relaxation function E(t).

For frequency analysis, let us consider the following time harmonic generalized strain

Z,(t)= Z_KI (w)e™” (5.5)
Substituting (5.5) into (5.3) and using the following changing variableu =t —7, one can find
t
Ty (1) =i0e™ [ By (W)e™duZ, (o) (5.6)
0
This leads to the following harmonic generalized stress tensor
T, (1) =2, (w)e'™ (5-7-8)
t
T (@) =i0] Eyq (e duZy () (5.7-b)
0

Viscomagnetoelectroelastic problem can be formally reduced to a magnetoelectroelastic one by

using the Carson transform. The Carson transform of a time dependent function is given by:
t

f(s)=s j f (t)e "dt (5.8)
0

in which s is the Carson variable.

By taking s =iw, equation (5.7) could be written as following

% (8) = SEjyq (8)Z, (S) (5.9)
where 3(s) =sZ(w), E(s)= sj E(u)e™du and Z(s) =sZ(w)

Equation (5.9) shows the analogy between the linear viscomagnetoelectroelastic problem and
linear  magnetoelectroelastic ~ problem. The role played by E(s)in linear
viscomagnetoelectroelasticity is the same role played by the magnetoelectroelastic moduli E in
linear magnetoelectroelasticity.

The equilibrium equations, in the absence of body force, electric charge and electric current
densities, are given in the frequency domain by:

0;:(s)=0 D,;(s)=0 B(s)=0 (5.10)
Using the above condensed notations, the equilibrium equations are written as follow:

iiJ,i(S) =0 (5.11)
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Based on the symmetry of the tensors c,e, h, x, 1, o the following equilibrium partial differential

equation is obtained:

(B (S)U, (5)), =0 (5.12)
5.3 Multi-phase viscomagnetoelectroelastic composites

This section deals with N-phase viscomagnetoelectroelastic composites. The Mori-Tanaka mean
field concentration tensors are derived based on the solution of the viscomagnetoelectroelastic

integral equation.
5.3.1 Localization equation

Considering a homogeneous fictitious media called “reference media” which has the
viscomagnetoelectroelastic moduli EJ,, (S) . The expression of the local
viscomagnetoelectroelastic moduli is given as follow:

Eon (1,8) = Eun (8) + 6B (1,5) (5.13)
where “r’’ is the position vector in the considered media and JE is the deviation part. The
introduction of this expression into (5.12) leads to

Eivn (U 51 (1) + (0B (1, 5)Uy ,(1,9)); =0 (5.14)
The viscomagnetoelectroelastic Green tensor of the reference media is related to the reference
medium by the following equation:

Ein (8)Gucin (r =1, 8) +6, 8(r—r) =0 (5.15)
Using (5.14), (5.15) and after some mathematical manipulations, the same integral equation

derived by [18] for linear magnetoelectroelastic composite materials, is obtained here in the

Carson domain for viscomagnetoelectroelastic composite materials.

Zo(1,8) = Z2 (r,8) [ T (r =1, ) (S (1, 9)Zy (1, 8))V (5.16)

where T, (r—r',s) = —C_EJKY" (r—r',s)is a condensed notation of nine tensors.

To solve this integral equation, the same procedure used by [18] is flowed. An infinite medium is

considered with viscomagnetoelectroelastic moduli EJ,,,(s) which contains a single inclusion

I” of volume V' and viscomagnetoelectroelastic moduli E.,, (s) assumed to be constant
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inside the volume V' . Based on these assumptions, the derivation part in (5.16) is expressed as

follow:

SE i (1 8) = Ay (3)0' (1) (5.17)
in which AE.,, (s) =, (s)—EJS,,(s)and @' (r)is the characteristic function of V' .

Using (5.17) and averaging (5.16) over the inclusion volume lead to the expression of the local

generalized viscomagnetoelectroelastic strain in the inclusion.
- 1 _ S = '
Z4(5Y =288 =g [, J, T (" = S)AEL (96 () Zyn (1, 9)V AV (5.18)

Replacing Z,, (r',s) by its average value Z(s) in the considered inclusion leads to the
following localization equation:

249 =250~ Taa (B ()AE R (9219 (519)

where T."

ok (E°(s)) = IV, L T (r=r',5)dV"dV  represents the condensed notation of the nine

viscomagnetoelectroelastic interaction tensors. These tensors are computed numerically [18] for
various shapes of inclusions using the Gaussian quadrature integration for the considered
inclusion shape. After the derivation of the localization equation (5.19) many micro mechanical
models could be used to derive the concentration tensors. In this work the Mori-Tanaka
micromechanical model is used to derive the viscomagnetoelectroelastic concentration tensor for

multi-phase viscomagnetoelectroelastic composites.

5.3.2 N-phase Mori-Tanaka model

The main assumption of the Mori-Tanaka Mean field approach is the consideration that the
infinite reference medium has the properties of the matrix and the generalized strain Z°(s) in the
infinite medium equal the average generalized strain in the matrixZ™(s). So, to have the
expression of the Mori-Tanaka concentration tensor, the generalized strain field Z°(s) and the
viscomagnetoelectroelastic moduli E°(s) of the reference medium in equation (5.19) are
replaced respectively by the generalized strain field Z™(s) and the viscomagnetoelectroelastic
moduli E™(s) of the matrix. Using these assumptions one can write.

Zyo(8) = Al (924 5) (5.20)
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. = 1 -y =m — _ _ _ _

n WhICh AI\I/InKI = (I KIMn +\7TiIJIKI (E (S))AEiIJMn (S)) ! and AEi!]Mn (S) = Ei!]Mn (S) - EiJMn (S)

The expression of the averaged generalized strain applied over the composite is given by

Z(s)=f Z"(s) +Z f,Z'(s) (5.21)
1=2

Using (5.20) and (5.21), one can derive the expression that relates the local generalized strain in
the inclusion with the applied generalized strain over the composite.

Z5/(5) = Ay ()Tl *+ 22 i A () Zun (9) (5.22)

Form (5.22), one can write the expression of the Mori-Tanaka concentration tensor for multi-

phase viscomagnetoelectroelastic composites.
— — N —
G (8) = A () (Fulianan + 2 T At () (5.23)
1=2

Using the homogenization processes, the effective properties for multi-phase

viscomagnetoelectroelastic composites is given

Efk (8) = Eiq (8)+ Z F' (Ein (8) = Efiun () Al () (5.24)

5.4 Multi-coated viscomagnetoelectroelastic composites

This section deals with multi-coated viscomagnetoelectroelastic composites. The derivation of
the localization equation goes through the solution of the multi-coated
viscomagnetoelectroelastic integral equation and the use of the viscomagnetoelectroelastic
interfacial operators. The Mori-Tanaka mean field approach is used to derive the concentration

tensors.

5.4.1 Localization equation

Here, Equation (5.16) is extended for multi-coated viscomagnetoelectroelastic composites by

expressing the deviation part as follow:

SEipn (8) = D AEGD (9)6°(r) ; ke{0,1,2,..n} (5.25)
k=0

where 6*(r) is the characteristic function and AEJY (S) = E5y, (S) — Eoun (S)

Using (5.25) the following integral equation is obtained:
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Za(.9) =259~ [ T~ AELD () Z,, (1 9)AV " (5.26)

Considering V, the total volume of the composite inclusion, which consists of an inclusion

surrounded by (n-1) coatings and f, is the volume fraction of the phase k. One can write:

V, = ka (5.27)
k=1
The average local generalized strain field can be written as:
Zyy (r,8) = D" Zyy ()6 (1) (5.28)
k=1
Substituting (5.28) into (5.26) and averaging (5.26) over the volume of the composite inclusion,
one can find the following localization equation:

249 =25~ 2T (B DS 979 (529)

where 'EJ',Z(EO(S)):IJ [, (r—r's)dV'dV represents the condensed notation of the
v, Vi

viscomagnetoelectroelastic interaction tensor.

Using the fact that Z,, (s) = Z\i Z (s) leads to:

k=1 V|

-V 1 -y ,= _ _ _
Z V_k(IKnvup+\TTiJIrI2|(EO(S))AEi%g))Zr&p (s)=Zx () (5.30)

k=1 | k

where 1,,,, IS the shorthand notation of the fourth order and the second order identity tensors:

U 2808y +500m) (KM =1,2,3)
0 (K=1,2,3M =4)
0 (K =1,2,3M =5)
0 (K =4M =1,2,3)
e =10 (K =5M =12,3) (5.31)
iy (K=4M =4)
0 (K =4:M =50rK =5;M = 4)
5, (K =5,M =5)

Denoting by a* the local concentration tensor relating the average generalized strain in each

coating with the average generalized strain in the inclusion, one can put:

153



ZMn(S) a‘MnKI (S)Z (S) Wlth aMnKI - IMnKI (532)
Using (5.32) and (5.30), the following relationship is obtained

-1

Z_l\k/In (S) Man (S) |:Z ( : (I KIPv V |JKI (E (s))AElggsO))all?(st (S)) Z_|2| (S) (533)

k
To derive the expression of the local concentration tensor a“ the viscomagnetoelectroelastic
interfacial operators are introduced which give the generalized strain jump field across an
interface between two different phases by the following equation [18, 19, 20]:
Zy (r,8) = Z,,, (1, 8) = Py (E(8), N)(Ejy (8) — s (8)) Z4 (1, 9) (5.34)
Using (5.34) and following the same procedure done by Bakkali et al. (2013)[19, 20, 21] to
derive the concentration tensors for multi-coated magnetoelectroelastic composites, the

expression of the local localization tensor is obtained as follow:
k-1 ) k-1

B (8) = 2 Wi (8)8rga (8)/ (2 1) and W2 (8) = (s + T (E* ONAELR () (5,35
i=1 i=1

5.4.2 Multi-coated Mori-Tanaka model

To obtain the expression of the Mori-Tanaka mean field approach localization tensors, the
generalized strain field Z°(s)and the viscomagnetoelectroelastic moduli E°(s) of the reference
medium in (5.30) are replaced respectively by the generalized strain field Z" (s)and the

viscomagnetoelectroelastic E™(s) in the matrix. The following relationship is obtained:

f -1
AMnKI (S) Man (S) {Z( : (I KIRs Vm Tl.lllil (E (S))AEl‘(]I;/sm) (S)) RsPv (S)):| (536)

in which AE$™ (s) = Ef (s)—E.(s) and f, =1— f, is the volume fraction of the matrix.

Similarly to the N-phase Mori-Tanaka model, the effective behavior of multi-coated

viscomagnetoelectroelastic composites can be obtained by

Ef]flf(l (S) EIJKI (S) + Z f (EIJMn (S) EIJMn (S)) nKI (S) (537)

(5.24) and (5.37) give the effective behavior of N-phase and multi-coated
viscomagnetoelectroelastic in Carson domain. The effective behavior could be inverted to the

time domain based on the numerical inversion of Laplace transform.
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. l S+io Eief-f S .
Efk 0= | JKS'( e s (5.38)
S+io

As the expression of EZ (s) is of complicated form, it is difficult to evaluate the integral in

(4.38) analytically. A numerical algorithm in this case is needed. In this paper, the inversion of
the viscomagnetoelectroelastic moduli from the Carson domain to the physical domain (time
domain) is done numerically by using the mutli-precision algorithm developed in [22].

The effective constitutive viscomagnetoelectroelastic behavior of the composite in the time
domain is then given by:

dZKI (T) dT

“ (5.39)

t

Z, (1) = _[ Ef (t—7)
0

where X and Z are the generalized averaged viscomagnetoelectroelastic strain and stress over the

composite.

5.5 Numerical results

5.5.1 Three-phase viscomagnetoelectroelastic composites

This subsection deals with three-phase viscoelectroelastic composites consisting of viscoelastic
matrix (LaRC-SI) in which piezoelectric (BaTiO3) and piezomagnetic inclusions (CoFe,0,) are

embedded. The creep compliance of the matrix in time domain M(t) may be represented by the

power low model [13]

M, (t) =D, + D" (5.40)
where Dg is the initial elastic compliance, and D; and n are experimentally determined
parameters. For simplicity, the Poisson’s ratio of the matrix is assumed unchanged. The Carson
transform of Eq. (40) gives
D;n!

n

Mo(s) =D, +

(5.41)

The Young modulus E(s) is taken as the inverse of M, (s) . Variables values of D,, D, and n at

T= 213°c are given in table 4.1 [13]. The dielectric and magnetic permeability coefficients of

(LaRC-SI) are considered to be constant (kx 1y kK 0= K 22 K ¢= K 33 kK 0=2.8)
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with x;, =8.854187816x10 ™ (C*/Nm?) and (M= Map= H33=.1%10°). The properties of BaTiOs

and CoFe,0O, (table 4.2) are assumed to be time independent and remain constant with variation

of temperature.
Table 5. 1: Piezoelectric and piezomagnetic material properties

Cu Cr Cus Cas Cu €15 €31 €33
BaTiO; 166 77 78 162 43 115 -4.4 18.6
CoFe,0, 286 173 170 269.5 45.3 0 0 0

K1 K 33 his ha; hss Mua Ha3
BaTiO; 11.2x10°  12.6x10” 0 0 0 5x10° 10x10°
CoFe,0, 0.08x10°  0.093x10° 550 580.3 699.7 -590x10°  157x10°

Units: Elastic constant GPa; dielectric constants C*Nm? magnetic constants Ns%C?
piezoelectric constants C/m2; piezomagnetic constants N/Am; magnetoelectric coefficients
Ns/VC.

Table 5. 2: Viscoelastic properties of LaRC-SI

Dy(Gpa™) D,(Gpa"hour™) n Yo

0.375 0.051606 0.4103 0.367

5.5.1.1 Frequency domain

In figures 5.1, 5.2, 5.3 and 5.4 the storage and loss part of effective piezomagnetic moduli hss(®)
and hsi(w) are presented for a three-phase magnetoelectroelastic composite with respect to the

shape of inclusions and frequency @w(1/hour). It is shown that even the piezoelectric and

piezomagnetic phases are supposed time independent, the effective piezomagnetic moduli varies
with frequency. This means that they are affected by the viscoelastic behavior of the matrix. The
fiber inclusions have a strong affect for these coefficients than the laminated, spherical and
ellipsoidal inclusions. Also it is seen that the piezomagnetic moduli are strongly affected by the

shape of inclusions and their storage part have a maximum value at some frequencies.

The storage and loss part of the effective magnetoelectric modulus ay1(®) are presented in

figures 5.5 and 5.6 for a three-phase magnetoelectroelastic composite with respect to the shape
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of inclusions and frequency w(1/hour) . Note that the magnetoelectric moduli are absent in all
the phase and it is created by the interaction between the piezomagnetic and piezoelectric phases.
It seen that ay;(w) is affected by the viscoelastic behavior of the matrix. Also, it is shown that the
magnetoelectric moduli are strongly affected by the shape of the inclusion. ay; is prominent for

laminated composites.

60

50

—e— |aminated composite
---------- spherical composite
""" ellipsoidal composite
fibrous compiste

40

30

20

((ww/N) €€Y) Jeay

10

10 10 10 10

Figure 5.1: Effective storage piezomagnetic modulus Real (hs(w)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe;0,) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.

157



3.5 r r

—e— |aminated composite
---------- spherical composite
3 \ """ ellipsoidal composite I

fibrous composite
2.5 \
2

((ww/N) €€Y) abew|
L

4 N,
05 \ \l"' / \\\\
af” N DS~
op=zzzs= BTN
053 6 4 2 0 2 4 6 8 10
10 10 10° 10° 10 10 10 10 10 10

Figure 5.2: Effective loss piezomagnetic modulus Image (hs(w)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe;0.) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.
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Figure 5.3: Effective storage piezomagnetic modulus Real (hs;;(0)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe,O4) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.
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Figure 5.4: Effective loss piezomagnetic modulus Image (hsi(w)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe;0.) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.
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Figure 5.5: Effective storage magnetoelectric modulus Real (o3(@)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe,O4) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.
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Figure 5.6: Effective loss magnetoelectric modulus Image (oq1(w)) for a
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) and
piezomagnetic inclusions (CoFe;0.) embedded in a viscoelastic matrix (LaRC-SI) with fixed
volume fractions: 60% of the matrix, 20% of the piezoelectric phase and 20% of the
piezomagnetic phase.

5.5.1.2 Time domain

In figures 5.7, 5.8 and 5.9 the effective moduli hz(t) and ass(t) and ay;(t) are presented
respectively for a three-phase fibrous viscomagnetoelectroelastic composite. The presented
effective properties show a time dependent behavior. Also, it is shown that the piezomagnetic
modulus hz; and the magnetoelectric moduli azz and o41 decrease with time. The effect of phase

constituent volume fractions on the effective properties is shown.
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Figure 5.7: Effective piezomagnetic modulus hs;(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) and piezomagnetic inclusions
(CoFe,04) embedded in a viscoelastic matrix (LaRC-SI) with different volume fractions of phase
constituents.
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Figure 5.8: Effective magnetoelectric modulus as3(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) and piezomagnetic inclusions
(CoFe,04) embedded in a viscoelastic matrix (LaRC-SI) with different volume fractions of phase
constituents.
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5.5.2 Coated viscomagnetoelectroelastic composites

Figure 5.9: Effective magnetoelectric modulus a41(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) and piezomagnetic inclusions
(CoFe,04) embedded in a viscoelastic matrix (LaRC-SI) with different volume fractions of phase
constituents.

This subsection deals with coated viscomagnetoelectroelastic composites consisting with
piezoelectric (BaTiOs) inclusion surrounded by piezomagnetic matrix (CoFe,0,) embedded in a

viscoelastic matrix (LaRC-SI). The Topology of a representative volume element of the coated

Inclusion (E') BaTiO3

Coating E*CoFe,04

Figure 5.11: A representative volume element of a coated composite. The dimension of the
inclusion and the coating are (a1, b, ¢1), (a2, by, C2) respectively.



As shown in Figure 5.1, phase 1 is the piezoelectric inclusion, phase 2 is the piezomagnetic
coating and phase three is the viscoelastic matrix having homogeneous material properties E*,

E’and E® respectively. The reinforcements are perfectly aligned and have ellipsoidal shapes

with the dimensions (a;, b;, ¢1) and (a;, bz, ¢2). The two ellipsoids are coaxial

hi:% G y . The variation of the volume fraction of the inclusion and the coating is
aZ 2 CZ

wit =

given as function of the volume fraction of the matrix and the thickness of the piezomagnetic

coating y as follow.
fi=QA-1)7" f,=0-f)d-»").
5.5.2.1 Frequency domain

In figures 5.12 and 5.13, the storage and loss part of the effective piezomagnetic modulus hs; (o)
is presented for a fibrous viscomagnetoelectroelastic composite consisting of piezoelectric
inclusion surrounded by piezomagnetic coating embedded in a viscoelastic matrix with respect to
the frequencies and the coating thickness. It is shown that hs;(w) is affected by the viscoelastic
behavior of the matrix. Also, hsi(w) is strongly affected by the thickness of the coating. The loss

part of hs1(®w) can be maximized at certain frequency values.

In figures 5.14, 5.15, 5.16 and 5.17, the storage and loss part of magnetoelectric moduli are
presented a fibrous viscomagnetoelectroelastic composite consisting of piezoelectric inclusion
surrounded by piezomagnetic coating embedded in a viscoelastic matrix with respect to the
frequencies and the coating thickness. It is shown that the magnetoelectric moduli are strongly
affected by the thickness of the coating. Also, it is shown that ai; and asz are affected by the
viscoelastic behavior of the matrix. The loss part of the magnetoelectric modulus aj; IS

maximized at certain frequency values.
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Figure 5.12: Effective storage piezomagnetic modulus Real (hs;(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,O,4) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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Figure 5.13: Effective loss piezomagnetic modulus Image (hsi(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,0,4) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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Figure 5.14: Effective storage magnetoelectric modulus Real (as3(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,O,4) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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Figure 5.15: Effective loss magnetoelectric modulus Image (asz3(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,O,) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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Figure 5.16: Effective storage magnetoelectric modulus Real (a1(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,O,4) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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Figure 5.17: Effective loss magnetoelectric modulus Image (aj1(w)) for a fibrous
viscomagnetoelectroelastic composite consisting of piezoelectric inclusions (BaTiO3) surrounded
by piezomagnetic coating layer (CoFe,0,4) embedded in a viscoelastic matrix (LaRC-SI) with
fixed volume fraction of the matrix (fm=0.6).
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5.5.2.2 Time domain

In figures 5.18, 5.19, 5.20 and 5.21, the effective moduli hsi(t), has(t), os3(t) and agy(t) are
presented for a fibrous viscomagnetoelectroelastic consisting of piezoelectric inclusions
surrounded by piezomagnetic coating embedded in viscoelastic matrix with respect to time and
the coating thickness. It is shown that the effective moduli are affected by the viscoelastic

behavior of the matrix.
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Figure 5.18: Effective piezomagnetic modulus hs;(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) surrounded by piezomagnetic coating
layer (CoFe,Q,4) embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the
matrix (fm=0.6).
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Figure 5.19: Effective piezomagnetic modulus hs3(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) surrounded by piezomagnetic coating
layer (CoFe,Q,4) embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the
matrix (fm=0.6).
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Figure 5.20: Effective piezomagnetic modulus as3(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) surrounded by piezomagnetic coating
layer (CoFe,O,4) embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the
matrix (fm=0.6).
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Figure 5.21: Effective piezomagnetic modulus a41(t) for a fibrous viscomagnetoelectroelastic
composite consisting of piezoelectric inclusions (BaTiO3) surrounded by piezomagnetic coating
layer (CoFe,Q,4) embedded in a viscoelastic matrix (LaRC-SI) with fixed volume fraction of the
matrix (fm=0.6).

5.6 Conclusion

In this work, the effective properties of viscomagnetoelectroelastic composites are modeled and
numerically investigated. The modeling is developed for multi-phase and multi-coated
viscomagnetoelectroelastic composites. The effective properties are first derived in the Carson
domain and then inverted numerically to the time domain. For multi-phase composites a
composite consisting with piezoelectric and piezomagnetic inclusion separated by a viscoelastic
matrix is considered and for multi-coated composites a composite consisting with piezoelectric
inclusions surrounded by piezomagnetic coatings embedded in viscoelastic matrix is considered.
The effective properties of the considered composites are presented both in time and frequency
domain with respect to the shape, volume fraction of reinforcement and thickness of the coating.
It is shown, even the piezoelectric and piezomagnetic phase properties are assumed to be time
independent, the effective piezomagnetic and magnetoelectric moduli are time dependent. The
obtained active-passive multifunctional properties can be optimized with respect to the shape,

type and the volume fraction of the reinforcements as well as with the coating concept.

169



5.7 Perspectives

Form chapter 2 to 5 the linear behavior of the magnetoelectroelastic, viscopiezoelectric and
viscomagnetoelectroelastic composites was investigated. In chapter 6, the nonlinear behavior of
shape memory alloy composites will be investigated. The aim will be to extend the previous
methodological approach to the case of the nonlinear behavior of shape memory alloy
composites. The modeling will be based on the combination of the Mori-Tanaka model and the
coating concept with the constitutive equations describing the transformation behavior of shape

memory alloy materials.
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Chapter 6

6. Micromechanical modeling of SMA composite materials

Abstract

The aim of this work is the extension of the previous methodological approaches to
multifunctional materials with a nonlinear behavior. The shape memory alloys have been
selected. The Mori-Tanaka model and coating concept will be used for phase transformation
modeling.

6.1 Introduction

SMA materials have been taking the attention of many researchers and engineers due to their
application from aerospace and naval to surgical instrument and medical implants and fixtures.
This kind of composites may have the desired properties and sometimes a unique overall
response under a thermo-mechanical loading. Many researchers have studied the effective
transformation behavior of composites made by the addition of shape memory alloy inclusions to
an elastic or an elasto-plastic matrix. Some micro mechanical models have been used to
investigate the thermo-mechanical behavior of shape memory alloy materials.

A study on the numerical implementation of SMA constitutive thermomechanical response based
on the return mapping algorithm is presented in [1]. [2] developed A micromechanical modeling
to predict the effective behavior of composite with ductile matrix and shape memory alloy
reinforcement. The thermoelectroelastic behavior of a four phase composite consisting of PZT,
SMA, NPZT inclusions embedded in a polymer matrix is investigated in [3] based on the
equivalence energy principle and the Mori-Tanaka micromechanical model. [4-5] predicted the
transformation behavior of porous shape memory alloy materials based on micromechanical
averaging techniques. A micromechanical modeling for polycrystalline shape memory alloys is
developed in [6].
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In this work the effective transformation behavior of SMA composite materials in which elastic
inclusions are embedded in SMA matrix will be investigated. Note that the SMA matrix in the
beginning is fully austenitic but after loading the matrix undergoes a phase transformation which
results in the apparition of the martensitic phase. After sufficient loading the matrix becomes
fully martensitic. To take into account this phase transformation the Mori-Tanaka coated
micromechanical model developed in [7-8] is used. The modeling of SMA composites is splitted
into two parts: The micro mechanical modeling is used to calculate the effective properties of the
SMA composite and then the constitutive model that describes the transformation behavior of the
SMA matrix is presented. To describe the effective transformation behavior the two models are

combined.
6.2 Micromechanical modeling

The micromechanical modeling developed in this section is for three-phase composites made by
inclusions surrounded by a coating layer embedded in a matrix. The properties of the matrix,
inclusion and the coating layer are different. The Mori-Tanaka micro mechanical model is used
in this paper to investigate the effective moduli of the composites. Generally, micromechanics
are based on two steps: (i) localization step, which gives the relationship between the
microscopic filed and macroscopic field through the localization tensors and (ii) homogenization
step which employs averaging techniques to estimates the effective properties of the composite.
The derivation of the concentration tensors is based on the integral equation that takes into
account the coating effect and on the interfacial operators.

The topology of the coated inclusion embedded in a matrix is described below in figure 6.1 by an

inclusion occupying the volume V, with elastic moduli L' . Surrounding this elastic inclusion by

a coating layer with a volume V¢ and whose property described by the tangent moduli L®. The

whole coated inclusion is embedded in an infinite matrix whose property described by the

tangent moduli LY . The interface between the inclusion- coating and coating-matrix are assumed

to be perfect.
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Figure 6.1: The topology of the coated inclusion. & and o represent the macroscopic applied
field.

6.2.1 Constitutive behavior

The local constitutive behavior that represents the SMA composites is given as follow:

G = lija (éq—€x) (6.1-a)
or

d_ij = Sijkl (€q _O‘k|T _gg) (6.1-b)
where

Iy © is the tangent moduli; Sy, : is the elastic moduli; «,, : is the thermal expansion.
&, =& +&, is the total rate strain in which &, &, represents respectively the rate elastic strain

and the rate transformation strain.

For the elastic inclusions the tangent moduli I, (r) becomes the elastic moduli and the rate

transformation is equal to zero.

The total strain rate &,(r) and the particle velocity v, are related through the kinematic

relations:

.1

& ZE(VM +V,) (6.2)
The quasi static equilibrium equation with no body forces is written as follow:

G;,;=0 (6.3)
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Form (6.1), (6.3) can be written as follow:

(mes _gg))J =0 (6.4)
The symmetry properties of I, leads to this expression
(b (Vi _gg)J =0 (6.5)

The transformation strain is given as function of state variables.
6.2.2 Localization and homogenization

Let us consider V as the representative volume element of the composite. The average strain rate

E and stress rate 3 are related to the local strain rate and stress rate by the average relations of
Hill- Mandel (Hill, 1963).

E, - \% J &, (rdV (6.6-)

5y =\%Jc'fk. (r)dv (6.6-b)

For composite materials the volume average of &, (r)anda, (r) can be written as follow:

E, = Z fiéu (6.7-a)
=)

Sy = Z fiow (6.7-b)
i1

where the subscript ‘i’ denotes the i-th phase and f, is the corresponding volume fraction. &'and

&' are uniform in each phase.

Additionally, the overall constitutive behavior of the composite can be written as follow:

2 =L (Eij - E.tjr) (6.8)

lij
In which L is the effective tangent moduli of the composite and EfJ the macroscopic

transformation strain rate that the composite undergoes.
In order to make the transition between the local scale (phases) and the global scale (composite)

the concentration tensors are introduced. The localization relationships are given as follow:

Eq = '?ij Eij +ay (6.9-a)

6P =B)>. +b) (6.9-b)

klij <ij
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where Aand B are the fourth order concentration tensors that take into account heterogeneity of
the tangent moduli while a and b are the corresponding second order tensors to take into account
the heterogeneity of the transformation strain rate inside the material. Substituting (6.9-a) and
(6.9-b) respectively into (6.7-a) and (6.7-b) lead to

Z Ak’?ij = Iklij and Zakﬁ =0 (6.10-a)
p=1 p=1
ZBk’?ij = Iklij and Zbk? =0 (6-10-b)
p=1 p=1

where | is the fourth order identity tensor.
On the other hand, by substituting (6.9-a) and (6.9-b) into (6.1) and then using (6.8), the

concentration tensor B can be easily obtained as:

Bijpmk = Iijpkl Azsvl—esgmk (6.11-3)
bup = Iijpmn Pnpq E.:)rq + IiijnarEn - Ilfmngr:rg P (611-b)

Substituting (6.1) into (6.7) and considering of equations (6.8) and (6.9), lead to the expression

of the effective moduli as:

Ilflfsfv = Z fplk‘:ij Ai‘v (6.12-3)
p=1
(Ilzfsfv)il = Z f, (IkTij)il Bi;jsv (6.12-b)
p-1

6.3 The effective transformation behavior of an SMA composite

The SMA composites investigated in this work are composites in which elastic inclusions are
embedded in SMA matrix. The matrix in the beginning is fully austenitic and after a loading is
applied on the composite a new phase which is martensitic appears. After sufficient loading the
matrix becomes fully martensitic. The complexity of this work comes from how to develop a
micro mechanical modeling combined with SMA constitutive model that take into account the
localization of the new phase that appears when the matrix undergoes transformation. To
investigate the effective transformation behavior of the considered composite the cutting plane
algorithm developed by Qidwai and Lagoudas (2000) is combined with the Mori-Tanaka

micromechanical model that takes into account the coating effect around the inclusion.
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6.3.1 SMA transformation behavior

In this subsection, the transformation strain is given as function of state variables [1]. The
evolution of the transformation strain is related to the martensitic volume fraction by the

following relationship:

" =EA (6.15)
where ¢&is the martensitic volume fraction and A is the direction tensor defined as

- if £>0

° (6.16)
if £<0

in which, H is the maximum uniaxial transformation, &'"is the transformation strain at the

reversal of phase transformation, o 'represents the deviatoric part of the stress tensor and

o —a——tr(a)l - :Eug” (6.17)
Constraints on the evolution of the martensitic volume fraction are given by

“>0, O(0,T,£)<0, PE=0

S (0.T.9) 4 (6.19)

£<0, ®(o,T,£) <0, DE=0
Where ®(o,T,<&)is the transformation function. T is temperature. The inequalities (6.18) are

called the transformation condition. For @ <0, then £ =0and elastic response is obtained. On
the other hand, the forward-phase transformation (austenite to martensite) is characterized by

=0and & >0 while reverse-phase transformation is characterized by ® =0 and & <0.

6.3.2 Numerical implementation of the constitutive transformation

behavior
The cutting plane algorithm for SMA constitutive models given in [8] is presented here.

1. Let k=0, £9=¢ , &0 =¢',S0 =5 ,a% =q,

n n+l n’ ~n+l n+1

2. Calculate the elastic prediction and evaluate the transformation condition

*) — g K t(k)
Ont = S (€ = (Th —To) —&037)
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o= ol T e ]

it ot

n+1 S O‘
Exit
Else

Forward or reverse transformation.

3. Compute the increment of the martensitic volume fraction and transformation strain.

®)
) _ ®

ASii = GO0 ®
+. . .
iao-ch+l . Sn+l . ao-q)n+l - az;q)m—l
t(k) _ (k) A (k)
Agm—l - A§n+l/\n-¢—1

4. Update martensitic volume fraction and transformation strain
(k1) _ A £(k) | £(K)
§n+; - Aém—l + §n+1

t(k+l) _ t(k) t(k)
gn+1 _AgnJrl +‘9n+1

Let k=k+1 and go to 2

6.3.3 Numerical implementation of the micromechanical transformation

behavior

In this subsection, the cutting plane algorithm is combined with the Mori-Tanaka model that
takes into account the coating layer around the inclusion.

5. Let k=0, &9 =¢, &9 =¢,,59=5,,a" =q,

n+l n+l n+1

6. Calculate the elastic prediction and evaluate the transformation condition
£,0
trrrrett

<«—— Matrix
(1M
Inclusion
("
Coating
(L)

179



M _ AM(K) M (k)
& _A’H—l En+l+ +1

n+1

M) _ gM (k)

M M (k t(k
o) n+l (‘9n+1 - an+£ ) (Tn+l _TO) - gnS—l))

n+1 n+l !

O, =T, &8, ]
n+l

If \cp<k> < o\

Exit
Else

Forward or reverse transformation.

7. Compute the increment of the martensitic volume fraction and transformation strain.

CD(k)
Ag(ki — n+l
n+ (k) . qgM(k) . (k) (k)
iaaq)ml : Sn+1 '80(Dn+1 _agq)nu
t(k) _ (k) A (k)
Agm—l - A§n+l/\n-¢—1

8. Update martensitic volume fraction and transformation strain

(k+1) _ (k) (k)
g + Aém—l + n+l

n

t(k+l) _ t(k) t(k)
gn+1 - A‘c“r1+1 + gn+1

9. Update of the volume fractions of constituents

f. = (- f,)EST the volume fraction of the coating layer

n+l

f, =- f,)1-&ED) the volume fraction of the matrix.

n+1l

Let k=k+1 and go to 2

6.4 Numerical results

Below the numerical results obtained by the Mori-Tanaka that takes the coating layer into
account combined with the constitutive model that describes the transformation behavior of the
matrix are presented. The obtained results are compared to the results obtained by using the two-
phase Mori-Tanaka model that does not take the coating layer into account and those obtained

the finite element method.
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Figure 6.2: Effective stress strain of the considered shape memory alloy composite.

It is shown that the three-phase Mori-Tanaka model that takes into account the coating layer
around the inclusion captures the effective transformation behavior of the SMA composite better
than the two phase Mori-Tanka model. The obtained results based on the developed model still
need more mathematical and numerical developments for agreement with the ones obtained

based on the finite element method.

6.4 Conclusion

In this work, the effective transformation behavior of shape memory alloy composites has been
investigated. The considered composite is consisting of a shape memory alloys matrix reinforced
by elastic inclusions. The transformation behavior of the composite is predicted based on the
Mori-Tanaka model and the concept of the coated inclusions combined with the constitutive
equations describing the transformation behavior of shape memory alloy materials. The obtained
results are compared with those obtained based on the finite element method.
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Chapter 7

7. Summary and conclusion

The wuse of smart composite materials such as piezoelectric, piezomagnetic,
magnetoelectroelastic and shape memory alloy composites etc. continue to grow in many
industrial fields: biomedical, automotive, aerospace, civil engineering and many other industries.
Because of the potential of smart composite materials for novel application, it is of great interest
to develop efficient models predicting accurately the effective behavior of these kinds of
composites with respect to shape and types of reinforcements. These models will be helpful to
design new multifunctional materials with optimized properties. Contributions have been made

in this dissertation toward these goals.

7.1 Summary of the results

Micromechanical models were developed to predict the effective behavior of different kinds of
smart composite materials such as: magnetoelectroelastic composites, piezoelectric composites,

shape memory alloy composites.

In chapter 2, the effective behavior of magnetoelectroelastic composites is investigated based on
various micromechanical models. The modeling is developed for N-phase magnetoelectroelastic
composites and the numerical results are presented for two-phase and three-phase
magnetoelectroelastic composites. It is shown that Self Consistent micromechanical model
underestimates the prediction of the effective moduli at high volume fraction of inclusions. Also,
for magnetoelectroelastic composites with void inclusion the prediction of the Self Consistent
model is limited for small volume fraction of inclusions. To overcome the underestimation and
anomalies presented by the classical Self Consistent an N-phase Incremental Self Consistent is
developed. This model has shown its efficiency for high volume fraction of inclusions and also
for magnetoelectroelastic composites with void inclusions. An N-phase Mori-Tanaka and Dilute
model have been developed to predict the effective properties for two-phase and three-phase

magnetoelectroelastic composite with and without voids.

Note that the effective properties of composite materials may be influenced by the presence of an
interphase between the matrix and inclusions. For efficient prediction of the effective properties
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the type and the structure of the interphase have to be taken into account in the modeling.
Chapter 3 investigates the effective properties of magnetoelectroelastic composites with multi-
coated and functionally graded interphases based on different micromechanical models:
Incremental Self Consistent, Self Consistent, Mori-Tanaka and Dilute. The modeling has been
developed for the general case of anisotropic materials and ellipsoidal inclusions with
nonhomothetic coatings. For the case of functionally graded interphase the formulation is given
for the case of anisotropic materials and ellipsoidal inclusions with homothetic growing. The
developed micromechanical modeling consists of two steps: the localization step which is based
on the solution of the integral equation and on the interfacial operators, and the homogenization
step which is based on the averaging techniques. Two kinds of magnetoelectroelastic composite
materials are analyzed. The effective properties of magnetoelectroelastic composite consisting of
glass inclusions surrounded by void and piezoelectric interphase layer embedded in
piezomagnetic matrix are predicted and then compared to the effective properties of the same
composite without void phase. Secondly, the effective properties of magnetoelectroelastic
composite consisting of piezoelectric inclusions, piezomagnetic matrix where the properties of
interphases vary continuously between the matrix and inclusions are predicted. The effect of
shape of reinforcements, thickness of the interphase and functionally graded interphase

parameters are shown on the effective properties.

The effective viscoelectroelastic behavior of piezoelectric composites is investigated in chapter
4. The modeling is developed for two-phase piezoelectric composite consisting of piezoelectric
inclusions embedded in a viscoelastic matrix and for multi-coated piezoelectric composite
consisting of multi-coated piezoelectric inclusions embedded in a viscoelastic matrix. Based on
the linear correspondence principle of piezoelectricity the Mori-Tanaka micromechanical model
is extended to the Carson domain. The effective properties are first derived in Carson domain
and then inverted numerically to the time domain. For numerical results, two kinds of composites
are investigated. One is consisting of piezoelectric inclusions embedded in a viscoelastic matrix.
The other one is consisting of glass inclusions surrounded with a piezoelectric coating layer
embedded in a viscoelastic matrix. The piezoelectric and glass material properties are considered
to be time independent. The numerical results are presented both in frequency and time domain.
The effects of volume fraction and shape of inclusions as well as of the thickness of the coating

layer are shown on the effective properties. It is clearly shown from the numerical results that
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even if the piezoelectric coefficients of the piezoelectric material are assumed to be time
independent, the effective piezoelectric moduli of composites show time dependence. This is
explained by the fact that the viscoelastic behavior of the matrix affects the whole behavior of
the composite.

In chapter 5, the effective viscomagnetoelectroelastic behavior of magnetoelectroelastic
composites is investigated. The modeling is developed for multi-phase magnetoelectroelastic
composites consisting with piezoelectric and piezomagnetic inclusions embedded in a
viscoelastic matrix and for multi-coated magnetoelectroelastic composites consisting of
multicoated magnetoelectroelastic inclusions embedded in a viscoelastic matrix. Based on the
correspondence principle of linear magnetoelectroelasticity, the Mori-Tanaka model is extended
to the Carson domain. For multi-phase composites, a composite consisting of piezoelectric and
piezomagnetic inclusions embedded in a viscoelastic matrix is considered. For multi-coated
composites a composite consisting of piezoelectric inclusions surrounded by piezomagnetic
coatings embedded in viscoelastic matrix is considered. The effective properties of the
considered composites are presented with respect to time, frequency as well as shape and volume
fraction of the reinforcement. It is shown that even the piezoelectric and piezomagnetic phase
properties are assumed to be time independent, the effective piezomagnetic and magnetoelectric

moduli of the composite are time dependent.

From the work done in chapters 4 and 5 one can see that the time dependent behavior could be
introduced to piezoelectric and magnetoelectroelastic composites by adding viscoelastic phases
to the composite materials. This leads to new hybrid multifunctional materials that will be of
great interest for active and passive controls as well as to sensing and actuating multifunctional

materials.

The nonlinear behavior of shape memory alloy composite materials is investigated in chapter 6.
The effective properties of shape memory alloy composites consisting of elastic inclusions
embedded in a shape memory alloy matrix. The transformation behavior of the matrix is taken
into account by using the Mori-Tanaka coated micromechanical model. The martensitic phase
that appears after sufficient loading on the composite is considered as a coating layer around the
inclusion. This martensitic coating layer grows until the matrix which is initially austenitic

disappears and takes its place. The transformation effective behavior of the considered composite
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is predicted by combining the constitutive equations of shape memory alloy materials with the
coated Mori-Tanaka model. The results obtained by the coated Mori-Tanaka model is compared
with the ones obtained by the Mori-Tanaka model that does not consider the martensitic phase as
a coating layer around the inclusion. It is shown that the coated Mori-Tanaka model captures the
effective behavior of the composite better than the simple Mori-Tanka model. However by
comparing the obtained results with the ones obtained based on the finite element method it is
seen that the results obtained by the coated Mori-Tanaka model still does not coincide with the
ones obtained by the finite element method.

7.2 Directions for future works

» Multi-site approach

The micromechanical models developed in this dissertation are called mono-site
micromechanical models which do not take into account the interactions between inclusions but
the reinforcement are supposed to be far from each other so that the interaction between them is
neglected. An alternative micromechanical formulation cloud be developed based on the multi-
site formulation of the micromechanical models. The multi-site formulation allows taking into

account the morphology and the topology of reinforcements.
» Improved interface effects

The developed multi-coated micromechanical models in this thesis are based on the solution of
the integral equation and the on the interfacial operators. This developed micromechanical
models give good results only for thin coatings. To overcome this limitation an alternative
approach could be used based on the Green functions techniques and the concept of the interior

and exterior-point Eshelby tensors for an ellipsoidal inclusion embedded in an infinite matrix.
> Nonlinear effective properties

In chapter 6, the Mori-Tanaka micromechanical model is combined with the constitutive
behavior of shape memory alloys materials. It is shown that the obtained results based on the
Mori-Tanaka model still do not coincide with the ones obtained based on the finite element
method. It is known that the Incremental Self Consistent is more adapted for nonlinear behavior

of composite materials. For future work the Incremental Self Consistent will be combined with
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the constitutive behavior of shape memory alloy materials to predict the effective transformation

behavior of the considered shape memory alloy composites.
> Nonlinear time dependent behaviors

In chapter 4 and 5, the linear viscoelastic behavior of the polymer phase is considered. For future
work the nonlinear behavior of the viscoelastic polymer will be considered and micromechanical
modelings will be developed to investigate the nonlinear time dependent behavior of various

composites materials.
» Nano composite effective properties

In the work of this thesis, the micromechanical modelings are developed for composite materials
where the reinforcements are considered to be at a micro level. In a future work we intend to
investigate the effective properties of composite materials reinforced with nano inclusions. For
nano composites the inclusions are separated in two regions: the core inclusions and the
interphase layer that separates the core inclusions from the matrix. The interphase properties
have to be determined at atomistic scale. Once the interphase properties are determined then the
developed micromechanical models in this these cloud be used to investigate the effective
properties of nano composites.
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Appendix 3.A

Consider an interface between two homogenous magnetoelectroelastic medium made of two
different phases whose magnetoelectroelastic moduli are denoted by EX"* and EX. In the context
of continuum mechanics, the interface is assumed to be mathematical surface across whish
material properties change discontinuously. With the perfect bounding assumption, the

continuity of the generalized potential fieldU,, , the interfacial tension, electric displacement and

magnetic induction are expressed as:

[U,]=U;, U, =0 (3A.1)

[0 IN, = (25 —X5)N, =0 (3A2)

where the normal unit vector is given by:

n,  (J=123)
N,=41  (J=4) (3A.3)
1 (J=5)

in which n; is the outward unit normal of the interface.

At an arbitrary point r(x) of the interface, the compatibility condition du, =u;;dx;,
do® = pjdx;and do™ = ¢ldx; added to the continuity of the displacement, electric and magnetic
potential field along the boundary impose the relations: [u;;]dx; =0, |¢°; |dx; =0 and
[gpmﬂdxj =0. Sincen;dx; =0, the displacement, electric and magnetic potential gradient are
proportional to the unit normal [ui’j]:&nj, [(peyj]zﬂenj and [(pm'j:l=/1mnj where A4, A%and

A™ are the proportionality vector and scalars.

The generalized strain field jump is expressed as:
[Zun] = 2Ny (3A.4)

The magnitude of the jump A,, is defined by:
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A (M =12,3)

Ay =1-4° (M =4) (3A.5)
A" (M =5)

The continuity equation (3A.2) leads to

(EiwnZun — EiwnZun)N; =0 (3A.6)

iJMn
Which is equivalent to  Ejii [Zy [Ny =—-AES 9Zy, N, where AES =Ef —Ely,, . By
introducing the Christoffel’s matrix K, (*=k+1 or k) defined by:
K = EonN; Ny (3A.7)
The magnitude of the jJump A4,, is given by:
Ay =—KETAEKVOZE N = KK AEKKDZ AN (3A.8)
The generalized strain field jump is evaluated in terms of the generalized strain field on both

sides of the interface via a pair of equivalent formulae expressed as:
Zyn = Zyy = Poun (B N)AE RV Z

(3A.9)
Zym = Zyn = Poun (B, N)AES 7

190



Appendix 3.B

Consider an infinite media with magnetoelectroelastic moduli E’,,, which contains a single

composite inclusion of volume ,_, and magnetoelectroelastic moduli Ej%: assumed to be

constant inside the volume Q, , .

Q. Q.
Qk—l'z k1, E k-1

Figure 3.B.1: representative volume element of the infinite magnetoelectroelastic media

containing a single composite inclusion.

The generalized strain field is given, as follow:
Zu () =23 — [ Ty (r—r)AEGOZ0dv (3.B.1)
where Z“is the uniform generalized strain inside the composite inclusion, I'is the modified

magnetoelectroelastic Green’s tensor of the reference media of magnetoelectroelastic

moduli ES,,, .

The generalized strain field Z,,(r) by Z(r*) where r approaches the interface from the outside

of the composite inclusion is defined by:

Zq (M) =28 — [ Tiua(r —r)AESOZ0mdv (3B.2)
Similarly, the generalized strain field inside the composite inclusion is defined by:

Zy (N =28 — [ Ty (= r)AES 9z 5 1dv (3.B.3)
Since r"*eQ, ,, J.QHFUK, (r* —rYdv'=T.% is uniform, so that:

Zy (r'H = Zl?lk& = Z|c<)| _-I_iﬁkfl(EO)AE(QH/O)Z&T1 (3.B.4)

iJMn

Form (3.B.2) and (3.B.4) one obtains:

Zy (rk) - Zﬁkfl = |:Ti§I2(kll (EO) _IQHFUM (rk —r)av l] AEi(ng\ilkﬁﬂO)Zl\(Azrkfl (3.B.5)
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On the other hand, the generalized strain  Z(r*) and Z(r*?)can be linked using the
magnetoelectroelastic interfacial operators see Eq. (3.36), so that:

Zyo (1) = Zyy (r'") = Py (E° N)AEREOZ 2 (3.B.6)
From (3.B.5) and (3.B.6) one can write:

Po (E°,N) =T (E%) — jQHrUKI (r—r)dv’ (3.B.7)

By integrating (3.B.7) over the volume V, , one obtains:

[ P (E®,N)AV =V T (B~ [ [ T (r*—r)av v (3B.8)

Vi Vie Q4
Using the fact that o, =2, 4 +V,, we can write:

[ T =rydvidv = [ [ Tyg(r=r)aviav - [ [ Ty (rt=r)dv dv (3.B.9)
Vi @y Q Q4 Q1

Due to the uniformity of the tensors

_[ L (rk —rav’ zTi?kal(Eo) and .[ L (rk —r)av’ :Ti?Kkl (EO)

Qk—l Qk

We obtain:

_[ J. Cia (r=r)av'dV = Q, (T3 (E”) - Ty (E%)) (3.B.10)
Vi Q4

By substituting (3.B.10) into (3.B.8), one gets:

_[ Pa (E°,N)AV =V, T35 (E") - Q, , (T (E") ~ Ty (E7)) (3.B.11)
Vi

Finally, according to the definition of the tensor T*** the following relationship is obtained:

Q
Tié(KI (E“) :Tiaglszl(Ek) - Vk_l iI?IE(Ek) _Tigﬁfl(Ek)) (3.B.12)

k
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