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Abstract

Fractional stochastic differential equations (FSDEs) play an important role in the modeling
of numerous complicated processes in several sectors of science and engineering. FSDEs
theory and applications were examined. Furthermore, numerous academics have produced
interest in systems with memory or after effects. There appears to be some difficulty in mod-
eling a variety of modern-world systems, such as trying to characterize the physical system
and differing viewpoints on its properties. The fuzzy set theory will be utilized to resolve
this issue. It can handle linguistic claims like “large” and “cold” mathematically using this
approach. A fuzzy set provides the ability to examine fuzzy differential equations (FDEs) in
representing a variety of phenomena, including imprecision. For example, fuzzy stochastic
differential equations (FSDEs) could be used to explore a wide range of economic and tech-
nical problems involving two types of uncertainty: randomness and fuzziness. Therefore,
in this thesis we develop this concept of fuzzy fractional stochastic differential equations by
studying some results about existence, uniqueness and stability of solution of several types
of fuzzy FSDEs.
This thesis consists of two parts: In the first part we study three types of equations. Pre-
cisely, in Chapter 2, we study the existence, uniqueness and stability of solutions for fuzzy
fractional stochastic differential equations (FFSDEs) driven by a fractional Brownian motion
(fBm) under the Lipschitzian condition. Also, we investigate the exponential stability of so-
lutions. In Chapter 3, we present results regarding the existence and controllability of the
solutions of fuzzy neutral stochastic differential equations (FNSDEs) with impulses. For the
last chapter of this part, we establish the existence and stability results of solutions for a
coupled system of equations called fuzzy fractional pantograph stochastic differential equa-
tions.
The second part is devoted to the justification of the averaging technique in the setting of
fuzzy stochastic and fuzzy fractional stochastic differential equations. Therefore, in Chapter
5we prove that the solutions of fuzzy stochastic differential equations can be approximated
by solutions of averaged fuzzy stochastic system under certain assumptions. In Chapter 6,
we investigate the existence and averaging principle results for class of fuzzy fractional pan-
tograph stochastic differential equations. Finally, in Chapter 7 we investigate a novel class
of nonlinear Hilfer fuzzy fractional stochastic differential equations with time-delays. We
discover an averaging principle for the system’s solution under a few assumptions.

Keywords: Fuzzy fractional stochastic differential equations, stability of solution, panto-
graph stochastic differential equations, controllability result, Ulam-Hyers stability, Banach
fixed point theorem, Cauchy–Schwarz inequality, Schauder fixed point theorem, Hölder in-
equality, averaging principle.
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Résumé

Les équations différentielles stochastiques fractionnaires (EDSF) jouent un rôle important
dans la modélisation de nombreux complexes processus dans plusieurs secteurs de la sci-
ence et de l’ingénierie. La théorie et les applications des EDSF ont été examinées. De plus,
de nombreux universitaires sont intéressés aux systèmes avec mémoire ou séquelles. Il sem-
ble y avoir des difficultés à modéliser une variété de systèmes du monde moderne, comme
essayer de caractériser le système physique et des points de vue divergents sur ses pro-
priétés. La théorie des ensembles flous sera utilisée pour résoudre ce problème. Il peut gérer
mathématiquement des revendications linguistiques telles que "grand" et "froid" en utilisant
cette approche. Un ensemble flou offre la possibilité d’examiner des équations différentielles
floues (EDF) en représentant une variété de phénomènes, y compris l’imprécision. Par ex-
emple, les équations différentielles stochastiques floues (EDSF) pourrait être utilisé pour
explorer un large éventail d’opportunités économiques et techniques des problèmes impli-
quant deux types d’incertitude : l’aléatoire et le flou. Ainsi, dans cette thèse, nous dévelop-
pons ce concept d’équations différentielles stochastiques fractionnaires floues (EDSFF) en
étudiant certains résultats sur l’existence, l’unicité et la stabilité de la solution de plusieurs
types d’EDSFF.
Cette thèse se compose de deux parties : Dans la première partie, nous étudions trois types
d’équations. Précisément, dans le Chapitre 2, nous étudions l’existence, l’unicité et la stabil-
ité de la solution d’une équations différentielles stochastiques fractionnaires floues (EDSFF)
dirigées par un mouvement Brownien fractionnaire (mBf) sous la condition Lipschitzienne.
De plus, nous étudions la stabilité exponentielle de la solution. Dans le Chapitre 3, nous
présentons des résultats concernant l’existence et la contrôlabilité de la solution d’une équa-
tion différentielles stochastique neutre floue (EDSNF) avec impulsions. Pour le dernier
chapitre de cette partie, nous établissons les résultats d’existence et de stabilité de la so-
lution d’un système couplé d’équations différentielles stochastiques pantographe fraction-
naires floues (EDSPFF).
La deuxième partie est consacrée à la justification de la technique du calcul de la moyenne
dans le cadre des équations différentielles stochastiques floues et fractionnaires floues. Par
conséquent, dans le Chapitre 5, nous prouvons que la solution d’équations différentielles
stochastiques floues peut être approximée par la solution d’une équation différentielle stochas-
tique floue moyennée sous certaines hypothèses. Dans le Chapitre 6, nous étudions les résul-
tats d’existence et du principe de moyennisation pour une classe d’équations différentielles
stochastiques pantographe fractionnaires floues. Enfin, dans le Chapitre 7, nous étudions
une nouvelle classe d’équations différentielles stochastiques fractionnaires floues de Hilfer
non linéaires avec des retards temporels. Nous découvrons un principe de moyennisation
pour la solution du système sous quelques hypothèses.
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General Introduction

This thesis mainly works on the existence and asymptotic approximation of solutions of

fuzzy fractional stochastic differential equations. We attempt to investigate existence and

uniqueness of solutions, controllability of solutions, averaging principle and stability prop-

erties such as asymptotic stability, exponential stability and Ulam-Hyers stability. We con-

centrate on various types of fuzzy stochastic and fuzzy fractional stochastic differential

equations such as fuzzy stochastic differential equations, fuzzy neutral stochastic differen-

tial equations, fuzzy fractional stochastic differential equations with fractional Brownian

motions and fuzzy fractional pantograph stochastic differential equations.

0.1 Organization of the thesis

This thesis is structured in 7 chapters. It is arranged as follows :

Chapter 1 : We recall some standard concepts of fuzzy sets and exhibit some extensions,

definitions and other useful notations. Next, we define the fuzzy fractional differentiation

and give some practical properties and lemmas. Finally, we introduce basic notations of

probability theory and fuzzy stochastic calculus.

Chapter 2: The existence, uniqueness and stability of solutions for fuzzy fractional stochastic

differential equations driven by a fractional Brownian motion under the Lipschitzian condi-

tion are studied. Finally, we investigate the exponential stability of solutions.

Chapter 3: By using the Banach fixed point analysis approach and using the fuzzy numbers

whose values are normal, upper semicontinuous, convex and compact, the existence and

controllability of solutions for fuzzy neutral stochastic differential equations with impulses

are considered.

Chapter 4: We investigate a novel class of coupled system of fuzzy fractional pantograph

stochastic differential equations, whose derivative is based on Caputo fractional derivative.

Firstly, we convert the system under consideration into an analogous integral system. Sec-

ondly, using Banach fixed point theorem, the existence and uniqueness results of solutions

for the system under consideration are then established. Additionally, we explore the Ulam-

Hyers stability result.

Chapter 5: An averaging principle for fuzzy stochastic differential equations is studied.

1
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By using Gronwall inequality, we prove that the solutions of fuzzy stochastic differential

equations can be approximated in the sense of mean square by solutions of averaged fuzzy

stochastic system under certain assumptions.

Chapter 6: Fuzzy fractional pantograph stochastic differential equations is investigated

here. We first establish by using Banach fixed point theorem the existence and uniqueness

of solutions. Then, under suitable conditions, we will prove that the solutions of the system

under consideration can be approximated in the sense of mean square by the solutions of

averaged fuzzy fractional stochastic system.

Chapter 7: We investigate a novel class of nonlinear Hilfer fuzzy fractional stochastic dif-

ferential equations with time-delays. We discover an averaging principle for the system’s

solution under a few assumptions. Based on fuzzy fractional calculus, Cauchy-Schwarz

inequality and Gronwall–Bellman inequality, we prove that the solution of averaged sys-

tem nonlinear Hilfer fuzzy fractional stochastic differential equations converge to that of the

standard one in the sense of mean square.

FACULTY OF SCIENCES AND TECHNOLOGIES 2 SULTAN MOULAY SLIMANE UNIVERSITY



Chapter 1

Preliminaries

Contents
1.1 Fuzzy sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Basic definitions and properties . . . . . . . . . . . . . . . . . . . . . . 4

1.1.2 Fuzzy differentiation and integration . . . . . . . . . . . . . . . . . . 7

1.2 Fuzzy stochastic calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.1 Basic Notations of Probability Theory . . . . . . . . . . . . . . . . . . 10

1.2.2 Brownian Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.3 Fractional Brownian motion . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.4 Stochastic Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.5 Fuzzy background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

In this chapter, we give an introduction to the several concepts that are of a particular interest

in what follows. First, we introduce fuzzy sets and exhibit some extensions, definitions, and

other useful notations. Next, we define the fuzzy fractional differentiation and give some

practical properties and lemmas. Finally, we introduce basic notations of probability theory

and fuzzy stochastic calculus.

1.1 Fuzzy sets

In contrast to odd and even numbers which can be classified as belonging to exactly one

class, in many engineering tasks, we are faced with classes such as �tall�, �speed�, �age�,

etc. All of these convey a useful semantic meaning that is obvious to a certain community.

However, a borderline between the belonging or not of a given object to such classes is not

evident. Twovalued logic, used in describing these classes of situations, might be not well-

suited,

3
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Figure 1.1: Crisp VS fuzzy membership logic.

1.1.1 Basic definitions and properties

Let’s start by summarizing the fundamental concepts of fuzzy sets, fuzzy sets of num-

bers, and fuzzy logic. Additional support and applications for this theory can be found

in [68, 121, 122].

Let En indicates the fuzzy subsets on Rn, defined as ζ : Rn −→ [0, 1], which satisfies:

(1) ζ is normal, i.e ∃z0 ∈ Rn such that ζ(z0) = 1,

(2) ζ is a convex fuzzy set, i.e for 0 ≤ β ≤ 1

min {ζ(z1), ζ(z2)} ≤ ζ
(
βz1 + (1− β)z2

)
, ∀z1, z2 ∈ Rn,

(3) ζ is upper semicontinous on Rn,

(4) [ζ]0 = cl{z ∈ Rn : ζ(z) > 0} is compact, where cl represents the closure of a set.

Let γ ∈ (0, 1], we define [ζ]γ = {z ∈ Rn|ζ(z) ≥ γ} and [ζ]0 = {z ∈ Rn|ζ(z) > 0}. From the

conditions (1) to (4) the set [ζ]γ are convex compact subsets of Rn for all γ ∈ (0, 1].

The notation [ζ]γ = [ζ(γ), ζ(γ)], denote the γ-cut set of ζ, for all γ ∈ [0, 1]. We denote by ζ

and ζ as the left and right end point of ζ, respectively. For ζ ∈ En, we define the lengh of the

γ-cut set of ζ as len([ζ]γ) = ζ(γ) − ζ(γ).

Remark 1.1.1 The fuzzy zero is defined by

0̂(z) =

 1 if z = 0,

0 if z ̸= 0.

Definition 1.1.2 A fuzzy number ζ in the parametric form is a pair
(
ζ(γ), ζ(γ)

)
of functions ζ, ζ

for γ ∈ [0, 1], which satisfy the following conditions

• ζ is a bounded increasing left continuous function in (0, 1] and right continuous at 0,

FACULTY OF SCIENCES AND TECHNOLOGIES 4 SULTAN MOULAY SLIMANE UNIVERSITY
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• ζ is a bounded decreasing left continuous function in (0, 1] and right continuous at 0,

• we have ζ(γ) ≤ ζ(γ), for all γ ∈ [0, 1].

The characteristic function of a set A is denoted φ : A −→ {0, 1} such that

φ(z) =

 1 if z ∈ A,
0 if z /∈ A.

A trapezoid fuzzy membership function µ : A −→ [0, 1] verifies

µ(z) =


0 if z ≤ a,
z−a
b−a

if a ≤ z ≤ b,
d−z
d−c

if c ≤ z ≤ d,
0 if z ≥ d,

such as [a, d] ⊂ A. Below a crisp membership function is plot on Figure 1.2 and a fuzzy

membership function is plot on Figure 1.3.

Figure 1.2: Example of a crisp membership function.

Figure 1.3: Example of a fuzzy membership function.
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Operations on fuzzy numbers

The following standard operations, based on Zadeh’s extension principle, define a semilin-

ear structure on En. (
u⊕ v

)
(x) = sup

y+z=x

min {u(y), v(z)} ,

λ⊙ u(x) =

 u( x
λ
) if λ ̸= 0,

0̂ if λ = 0,

Hukuhara Difference

The Hausdorff distance between the fuzzy numbers is denoted by D∞ : En ×En −→ [0,+∞)

such that

D∞(ζ1, ζ2) = sup
0≤γ≤1

{
|ζ
1
(γ) − ζ

2
(γ)|, |ζ1(γ) − ζ2(γ)|

}
,

= sup
0≤γ≤1

DH

(
[ζ1]

γ, [ζ2]
γ
)
.

We know that (En,D∞) is complet metric space and satisfies:

D∞(ζ1 + ζ3, ζ2 + ζ3) = D∞(ζ1, ζ2),
D∞(aζ1, aζ2) = |a|D∞(ζ1, ζ2),

D∞(ζ1, ζ2) ≤ D∞(ζ1, ζ3)+ D∞(ζ3, ζ2),
for all ζ1, ζ2, ζ3 ∈ En and a ∈ Rn.

Definition 1.1.3 Let u, v ∈ En, if there exists w ∈ En such that u = v + w then w is called the

Hukuhara difference of u and v and it is denoted by u⊖ v and called H-difference.

Remark 1.1.4 Note that the sign ⊖ stands for H-difference and u⊖ v ̸= u+ (−1)v.

Let C
(
[a, b],En

)
denote the set of all continuous fuzzy functions andAC

(
[a, b],En

)
the set of

all absolutely continuous fuzzy functions on [a, b] with value in En and AC(n−1)
(
[a, b],En

)
the set of all absolutely continuously H-derivatives fuzzy functions up to order n− 1 on the

interval [a, b] with value in En. Also, we denote by L
(
[a, b],En

)
the space of all Lebesgue

integrable fuzzy valued functions on [a, b].
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1.1.2 Fuzzy differentiation and integration

Definition 1.1.5 A function f : (a, b) −→ En is called H-differentiable on u0 ∈ (a, b) if for k > 0

sufficiently small there exist H-differences f(u0 + k) ⊖ f(u0), f(u0) ⊖ f(u0 − k) and an element

f ′(u0) ∈ En such that

lim
k−→0D∞

(
f(u0 + k)⊖ f(u0)

k
, f ′(u0)

)
= lim

k−→0D∞
(
f(u0)⊖ f(u0 − k)

k
, f ′(u0)

)
= 0

This usual concept of differentiability has some shortcoming. Then, Bede et al [23], defined

a generalised concept of differentiability.

Definition 1.1.6 Let f : (a, b) −→ En and u0 ∈ (a, b). We say that f is strongly generalised

differentiable on u0 if there exists an element f ′(u0) ∈ En, such that for all k > 0 sufficiently small,

we have

(1)

f ′(u0) = lim
k−→0

f(u0 + k)⊖ f(u0)
k

= lim
k−→0

f(u0)⊖ f(u0 − k)
k

,

(2)

f ′(u0) = lim
k−→0

f(u0)⊖ f(u0 + k)
−k

= lim
k−→0

f(u0 − k)⊖ f(u0)
−k

.

Definition 1.1.7 [12] Let f ∈ C
(
[0, 1],En

)
∩ L
(
[0, 1],En

)
. The fuzzy fractional integral of the

fuzzy-valued function f is defined by

Iαf(z;γ) =
[
Iαf(z;γ), Iαf(z;γ)

]
, γ ∈ [0, 1],

where

Iαf(z;γ) = 1

Γ(α)

∫ z
0

(z− s)α−1f(s;γ)ds,

Iαf(z;γ) = 1

Γ(α)

∫ z
0

(z− s)α−1f(s;γ)ds.

Remark 1.1.8 In [23], the authors considered four cases for derivative up to second order. Following

[23] and for the sake of convenience, we only consider two cases. The other cases are trivial because

they can be reduced to crisp elements.

Definition 1.1.9 [12] Let f ∈ C(n)
(
[0, 1],En

)
∩ L
(
[0, 1],En

)
, u0 ∈ (0, 1) and ϕ(z) = 1

Γ(α)

∫ z
0

(z −

s)α−n+1f(s)ds where n = [α] + 1. We say that f is fuzzy Riemann-Liouville fractional differentiable

of order α at u0, if there exists an element (Dα
0 )f(u0) ∈ En, such that for all k > 0 sufficiently small,

we have

(1)

(Dα
0 f)(u0) = lim

k−→0
ϕ(n−1)(u0 + k)⊖ ϕ(n−1)(u0)

k
= lim

k−→0
ϕ(n−1)(u0)⊖ ϕ(n−1)(u0 − k)

k
,

(2)

(Dα
0 f)(u0) = lim

k−→0
ϕ(n−1)(u0)⊖ ϕ(n−1)(u0 + k)

−k
= lim

k−→0
ϕ(n−1)(u0 − k)⊖ ϕ(n−1)(u0)

−k
.
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Let C(n−1)
(
[0, a],En

)
denote the space of fuzzy-value functions f on the interval [0, a] which

have continuous H-derivative up to order n− 2 such that f(n−1) ∈ C
(
[0, a],En

)
.

Remark 1.1.10 The space C(n−1)
(
[0, a],En

)
is a complete metric space endowed by the metric D

such that for every f, g ∈ C(n−1)
(
[0, a],En

)
D(f, g) =

n−1∑
i=0

sup
t∈[0,a]

D∞
(
f(i)(t), g(i)(t)

)
.

Notation: In the rest of this chapter, we say that a fuzzy-valued function f is [(1) − γ]RL-

differentiable if it is differentiable as in Definition 1.1.9 case (1) and is [(2)−γ]RL-differentiable

if it is differentiable as in Definition 1.1.9 case (2).

Definition 1.1.11 [12] Let f ∈ C(n)
(
[0, 1],En

)
∩ L
(
[0, 1],En

)
, u0 ∈ (0, 1) and ϕ(z) = 1

Γ(α)

∫ z
0

(z −

s)α−n+1f(s)ds where n = [γ] + 1, then

(1) if f is [(1) − γ]RL-differentiable fuzzy valued function, then

(Dα
0 f)(u0;γ) =

[
(Dα

0 f)(u0;γ), (Dα
0 f)(u0;γ)

]
,

(2) if f is [(2) − γ]RL-differentiable fuzzy valued function, then

(Dα
0 f)(u0;γ) =

[
(Dα

0 f)(u0;γ), (Dα
0 f)(u0;γ)

]
,

where

(Dα
0 f)(u0;γ) =

[
1

Γ(n− α)

( d
dz

)n ∫ z
0

(z− t)n−α−1f(t;γ)dt

]
z=u0

,

(Dα
0 f)(u0;γ) =

[
1

Γ(n− α)

( d
dz

)n ∫ z
0

(z− t)n−α−1f(t;γ)dt

]
z=u0

.

For δ ∈ (0, 1), let Cδ
(
[a, b],En

)
the space of continuous functions defined by

Cδ := {z ∈ (a, b] −→ En : (u− s)1−δz(u) ∈ C[a, b]}.

Denote by L
(
[a, b],En

)
the set of all fuzzy functions z : [a, b] −→ En such thatu 7→ D∞[z(u), 0̂]

belong to L1[a, b].

Definition 1.1.12 [57] The Riemann–Liouville fractional integral of order γ > 0 of a continuous

function is defined by

Iγa+z(u) =
1

Γ(γ)

∫u
a

(u− s)γ−1z(s)ds.

Definition 1.1.13 [57] The Caputo fractional derivative of order γ > 0 of a absolutely continuous

derivatives function up to order (n− 1) is define as follow:

CDγf(u) =
1

Γ(n− γ)

∫u
0

(u− v)n−γ−1(f)(n)(v)dv.
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Definition 1.1.14 [57] The Riemann–Liouville fractional derivative of order γ > 0 of a continuous

function z is given by

RLDγ
a+z(u) : = DnIn−γa+ z(u),

=
1

Γ(n− γ)

(
d

du

)n ∫u
a

(u− s)n−γ−1z(s)ds,

where n = [γ] + 1.

For z ∈ L
(
[a, b],En

)
, we define the Riemann–Liouville fractional integral of order γ of the

fuzzy function z:

zγ(u) := Iγa+z(u) =
1

Γ(γ)

∫u
a

(u− s)γ−1z(s)ds, u ≥ a.

Since [z(u)]α =
[
z(u,α), z(u,α)

]
, we can define the fuzzy Riemann–Liouville fractional

integral of fuzzy function z based on lower and upper functions

[Iγa+z(u)]α =
[
Iγa+z(u,α), Iγa+z(u,α)

]
, u ≥ a.

Where

Iγa+z(u,α) =
1

Γ(γ)

∫u
a

(u− s)γ−1z(s, α)ds,

and

Iγa+z(u,α) =
1

Γ(γ)

∫u
a

(u− s)γ−1z(s, α)ds.

It follows that the operator zγ(u) is linear and bounded fromC
(
[a, b],En

)
toC

(
[a, b],En

)
.

Definition 1.1.15 [99] Let Df ∈ C(J,En) ∩ L(J,En). The fuzzy fractional Caputo diffentiability of

f is given by:
CDγf(u) = I1−γc+ (Df)(u) =

1

Γ(1− γ)

∫u
0

(u− v)−γ(Df)(v)dv.

Definition 1.1.16 [69] The fuzzy Hilfer fractional derivative of order γ and parameter β of a func-

tion z ∈ C1−δ[a, b] is defined by

HDγ,β
a+ z(u) = Iβ(n−γ)a+

(
d

du

)n
I(1−β)(n−γ)
a+ z(u),

if the gH-derivative z ′

1−δ(u) exists, where n− 1 < γ < n, and 0 ≤ β ≤ 1.

Definition 1.1.17 [57] Mittag-Leffler function with two parameter is defined as

Mγ,β(u) =

∞∑
j=0

uj

Γ(γj+ β)
, γ, β > 0.

Particularly, when β = 1, two parameter will degenerate into one parameter function, i.e Mγ,1(u) =

Mγ(u).
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1.2 Fuzzy stochastic calculus

Fuzzy stochastic calculus has come to play an important role in many branches of science

and technology where day by day more and more mathematician have encountered in this

field. Fuzzy stochastic calculus is the area of mathematics that deals with processes con-

taining a stochastic component and thus allows the modeling of random systems. Many

stochastic processes are based on functions which are continuous, but nowhere differen-

tiable. This rules out differential equations that require the use of derivative terms, since

they are unable to be defined on non-smooth functions. Instead, a theory of integration is

required where integral equations do not need the direct definition of derivative terms.

1.2.1 Basic Notations of Probability Theory

Let (Ω,A,P) be the probability space [72]. Here Ω is the sample space and A is the σ-

algebra ofΩ and P is the probability measure defined on A. A probability measure P on the

measurable space (Ω,A) is a function P : A −→ [0, 1] such that

(1) P(Ω) = 1,

(2) for any disjoint sequence Ai ⊂ A, that is, Ai ∩Aj = ∅, i ̸= j,

P(∪Ai) =
∞∑
i=1

P(Ai).

Let E(X) =
∫
Ω
X(ω)dP(ω) denote the expectation of X.

1.2.2 Brownian Motions

The name of the Brownian motion is given to the irregular movement of pollen grains, sus-

pended in water, observed by the Scottish botanist Robert Brown in 1828 [72]. The motion

was later explained by the random collisions with the molecules of water. To describe the

motion mathematically it is natural to use the concept of a stochastic process Bt(ω), inter-

preted as the position of the pollen grainω at time t. Brownian motion is the actual physical

motion of these particles, the Wiener process is the mathematical interpretation of this pro-

cess. Let us now give the mathematical defition of Brownian motion [72].

Definition 1.2.1 Let (Ω,A,P) be a probability space with a filtration {At}. A standard one-dimensional

Brownian motion is a real-valued continuous {At}-adapted process noted by {Bt}t≥0 with the follow-

ing properties:

(1) B0 = 0 a.s,

(2) for 0 ≤ s ≤ t < ∞ the increment Bt − Bs is normally distributed with mean zero and variance

t− s,

(3) for 0 ≤ s ≤ t <∞ the increment Bt − Bs is independent of As.
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1.2.3 Fractional Brownian motion

In the modeling of many stochastic systems, the fractional Brownian motion (fBm) which

shows a long-range dependence, is suggested to replace the Brownian motion as the driving

process. The fBm with H ∈ (0, 1) as Hurst parameter is a Gaussian process with benefi-

cial properties, long-range dependence, self-similarity and stationary of increments. This

process is appropriate for the analysis of phenomena which present long-range and scale-

invariant correlations. Nevertheless, when H ̸= 1
2
, the fBm is not a semimartingale.

Definition 1.2.2 [59] The fBm BH = {BH(t), t ∈ [0, T ]} with Hurst parameter H ∈ (0, 1) is a zero

mean Gaussian process with the following covariance function:

RBH(t, s) = E
(
BH(t)BH(s)

)
=
1

2

(
s2H + t2H− | t− s |2H

)
.

This process was introduced in [65] and studied in [83], where a stochastic integral repre-

sentation was established in terms of the Brownian motion. The long-range dependence

and self-similarity properties of this process, for H > 1
2
, yield a suitable driving noise in

stochastic models, such as networks, finance and physics.

Remark 1.2.3 In [83] a representation of BH(t) was given as follows:

BH(t) =
1

Γ(1+ α)

( ∫ 0
−∞[(t− s)α − (−s)α]dW(s) + BH(t)

)
,

whereW is a Brownian motion, α = H− 1
2

and BH(t) =
∫ t
0

(t− s)αdW(s). The process BH(t), with

H ∈ (0, 1) is called the Liouville form of a fractional Brownian motion (LfBm) which holds many

properties of the fBm except that it has non-stationary of increments.

Remark 1.2.4 In [59] the Malliavin calculus technique was used to approximate BH(t) by a semi-

martingale processas follows:

BH,ε(t) = α

∫ t
0

ϕε(s)ds+ εαB(t), (1.2.1)

where

ϕε(t) =

∫ t
0

(t− s+ ε)α−1dB(s). (1.2.2)

1.2.4 Stochastic Integral

Now we consider how to define the stochastic integral
∫ T
0

f(t)dBH(t) where BH(t) = BH is

the fBm. Here f(t) = f(t,ω) : [0,∞) × Ω −→ R is a measurable function. Since BH(t) is

not of bounded variation, we cannot define
∫ T
0

f(t)dBH(t) by using usual Riemanm-Stieltjes

integration method. We need to introduce other way to define the stochastic integral. Two
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approaches have been used to define stochastic integrals with respect to fBm. In the first

one, the Riemann–Stieltjes stochastic integral can be defined using Young’s integral [119] in

the case of H > 1
2
. The second approach is based on the Malliavin calculus (see [31, 33]).

1.2.5 Fuzzy background

In this subsection, we provide some preliminaries on fuzzy random variable, fuzzy stochas-

tic process and fuzzy stochastic integral (see [34, 70, 76]).

Let us denote by K(Rn) the family of all nonempty, compact and convex subsets of Rn. Or,

the space K(Rn) is a complete and separable metric space with respect to DH.

Definition 1.2.5 [59] Let (Ω,A,P) be a probability space. The mapping F : Ω −→ K(Rn) is called

A-measurable if it satisfies {ω ∈ Ω : F(ω) ∩ C ̸= ∅} ∈ A, for every closed set C ⊂ Rn.

Let M(Ω,A;K(Rn)) denote a family of A-measurable multifunctions with values in K(Rn).

Definition 1.2.6 [59] A multifunction F ∈ M(Ω,A;K(Rn)) is said to be Lp-integrably bounded,

for p ≥ 1, if ∃h ∈ Lp(Ω,A,P;Rn) such that ∥|F|∥ ≤ h P-a.e and ∥|F|∥ = DH

(
F, 0̂
)
.

Remark 1.2.7 It is well known that F ∈ M
(
Ω,A;K(Rn)

)
is Lp-integrably bounded if and only if

∥|F|∥ ∈ Lp(Ω,A,P;Rn) (see [59]).

Let us denote Lp
(
Ω,A,P;K(Rn)

)
=

{
F ∈ M(Ω,A;K(Rn)) : ∥|F|∥ ∈ Lp(Ω,A,P;Rn)

}
. One

can define the distance

dp(A,B) :=
(
Dp
H(A,B)

) 1
p for A,B ∈ Lp

(
Ω,A,P;K(Rn)

)
, p ≥ 1.

In fact Dp is a metric in the set Lp
(
Ω,A,P;K(Rn)

)
.

Proposition 1.2.8 [81] For p ≥ 1 the space Lp
(
Ω,A,P;K(Rn)

)
is a complete metric space with

respect to the metric dp.

Definition 1.2.9 [119] Let (Ω,A,P) be a probability space. A fuzzy random variable is a function

X : Ω −→ En, if the mapping [X]γ : Ω −→ K(Rn) is an A-measurable multifunction for all

γ ∈ [0, 1].

Let us consider a metric ρ in the set En, and σ-algebra Bρ generated by the topology induced

by ρ.

Remark 1.2.10 [59] A fuzzy random variable can be viewed as a measurable mapping between two

measurable spaces, namely (Ω,A) and (En,Bρ), we call X is A|Bρ-measurable.

Definition 1.2.11 [59] A fuzzy random variable X : Ω −→ En, is Lp-integrably bounded, for p ≥ 1,
if [X]γ ∈ Lp

(
Ω,A,P;K(Rn)

)
for every γ ∈ [0, 1].
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Let us denote by Lp
(
Ω,A,P;En

)
the set of all Lp-integrably bounded fuzzy random variables.

We can define a metric in Lp
(
Ω,A,P;En

)
in the following way

Dp(x, y) := sup
0≤γ≤1

dp
(
[x]γ, [y]γ

)
.

Proposition 1.2.12 [81] For p ≥ 1 the space Lp
(
Ω,A,P;En

)
is a complete metric space with respect

to the metric Dp.

Remark 1.2.13 The random variables X, Y ∈ Lp
(
Ω,A,P;En

)
are identical if P

(
D∞(X, Y) = 0

)
=

1.

Proposition 1.2.14 [59] For a fuzzy random variable X : Ω −→ En, and p ≥ 1, the following

conditions are equivalent:

(i) X ∈ Lp
(
Ω,A,P;En

)
,

(ii) [X]0 ∈ Lp
(
Ω,A,P;K(Rn)

)
,

(iii) ∥|[X]0|∥ ∈ Lp(Ω,A,P;Rn).

Definition 1.2.15 [59] If the mapping X(t) : Ω −→ En, for every t ∈ J := [0, T ], is a fuzzy random

variable, then X : J×Ω −→ En is a fuzzy stochastic process.

Definition 1.2.16 [59] A fuzzy stochastic process X is D∞-continuous, if almost all its trajectories,

i.e. the mappings X(.,ω) : J×Ω −→ En are D∞-continuous functions.

Definition 1.2.17 [59] A fuzzy stochastic process X is a measurable, if [X]γ : J × Ω −→ K(Rn)
is B(J) ⊗ A-measurable multifunction for all γ ∈ [0, 1] where B(J) denotes the Borel σ-algebra of

subsets of J.

Definition 1.2.18 [59] A process X is nonanticipating if and only if for every γ ∈ [0, 1] the multi-

function [X]γ is measurable with respect to the σ-algebra N :=
{
A ∈ B(J)⊗A : At ∈ At ∀t ∈ J

}
,

where At = {ω : (t,ω) ∈ A}.

Definition 1.2.19 [59] A fuzzy stochastic process X is called Lp-integrably bounded (p ≥ 1), if

there exists a real-valued stochastic process h ∈ Lp
(
J×Ω,N ;Rn

)
such that

∥|[X(t,ω)]0|∥ ≤ h(t,ω),

for almost all (t,ω) ∈ J×Ω.
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Let us denote by Lp
(
J×Ω,N ;En

)
the set of nonanticipating and Lp-integrably bounded fuzzy

stochastic processes.

Notation: The set Rn can be embedded into En by using the following embedding
〈
.
〉

:

Rn −→ En such that for x ∈ Rn we have

〈
x
〉
(b) =

 1 , b = x,

0 , b ̸= x.

If X : Ω −→ Rn is a random variable on the probability space (Ω,A,P), then ⟨X⟩ : Ω −→ En

is a fuzzy random variable. For stochastic processes we have a similar property.

We define the fuzzy stochastic Itô integral by using the fuzzy random variable as〈 ∫ T
0

X(s)dB(s)
〉
,

where B is a Wiener process.

Notations: Let L2(Ω,En) be the collection of all strongly measurable square integrable (Ω,En)-

valued random variable, which is a complete metric space equipped with the following

metric

D2(Λ1, Λ2) = ED2∞(Λ1, Λ2).

Let C
(
J, L2(Ω,En)

)
be the Banach space of all continuous process from J into L2(Ω,En) such

that ED2∞(Λ1, Λ2) < ∞. Denote by K := C(J, L2(Ω,En)) the closed bounded subspace

of all continuous fuzzy process Λ in L2(Ω,En) consists of At-adapted measurable process

{Λ(t), t ∈ J} equipped with the norm

D2∞(Λ1, Λ2) = sup
0≤t≤T

ED2∞(Λ1(t), Λ2(t)).

Remark 1.2.20 Note that (K,D∞) is a complete metric space.

Lemma 1.2.21 [114] The nonnegative functionsMγ andMγ,γ given by

Mγ(t) =

∞∑
k=0

tk

Γ(γk+ 1)
,

Mγ,γ(t) =

∞∑
k=0

tk

Γ(γk+ γ)
,

have the following properties:

1− ∀A > 0 and t ∈ J
Mγ(At

γ) ≤ 1,
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Mγ,γ(At
γ) ≤ 1

Γ(γ)
,

andMγ(0) = 1,Mγ,γ(0) =
1
Γ(γ)
.

2− ∀A > 0 and t1, t2 ∈ J such that t1 ≤ t2:

Mγ(At
γ
2) ≤Mγ(At

γ
1),

Mγ,γ(At
γ
2) ≤Mγ,γ(At

γ
1).

Definition 1.2.22 [57] Mittag-Leffler function with two parameter is defined as

Mγ,β(u) =

∞∑
j=0

uj

Γ(γj+ β)
, γ, β > 0.

Particularly, when β = 1, two parameter will degenerate into one parameter function, i.e Mγ,1(u) =

Mγ(u).

Proposition 1.2.23 [59] Assume that the function X : J −→ Rn satisfies
∫ T
0

∥X(s)∥2ds <∞. Then,

the fuzzy stochastic Itô integral
〈 ∫ t

0

X(s)dBH(s)
〉
∈ L2(J×Ω,N ;En).

Proposition 1.2.24 [59] For f ∈ Lp(J × Ω,N;En) and p ≥ 1. We have, J × Ω ∋ (t, υ) 7−→∫ t
0

f(s, υ)ds ∈ Lp(J×Ω,N;En) and D∞-continuous.

Proposition 1.2.25 [59] For f, g ∈ Lp(J×Ω,N;En) and p ≥ 1, we have

E sup
a∈[0,t]

Dp∞
(∫a

0

f(u)du,

∫a
0

g(u)du

)
≤ tp−1

∫ t
0

EDp∞(f(u), g(u))du.

Proposition 1.2.26 [42] Let ψ : J −→ Rn, then for t ∈ J;

sup
a∈[0,t]

E
ww ∫a

0

ψ(s)dBH(s)
ww2 ≤ ∫ t

0

∥ψ(s)∥2ds.

Proposition 1.2.27 [59] Assume that the functionψ : J −→ Rn satisfies
∫T
0
∥ψ(v)∥2dv <∞. Then:

(i) The fuzzy stochastic Itô integral
〈 ∫ v

0

ψ(u)dBH(u)
〉
∈ L2(J×Ω,N;En),

(ii) For x ∈ L2(J×Ω,N;En) we have, for u ≤ v ∈ J,

D∞
(∫ v

0

x(s)ds+

∫ v
0

ψ(s)dBH(s),

∫u
0

x(s)ds+

∫u
0

ψ(s)dBH(s)

)

= D∞
(∫ v

u

x(s)ds+

∫ v
u

ψ(s)dBH(s), 0̂

)
.
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Proposition 1.2.28 [110] For f, g ∈ Lp(J,En) and t ∈ J we have

E sup
a∈[0,t]

Dp∞
(〈 ∫a

0

f(u)dW(u)
〉
,
〈 ∫a

0

g(u)dW(u)
〉)

≤
∫ t
0

EDp∞(f(u), g(u))du.

Lemma 1.2.29 Let γ ∈ (0, 1) and 0 ≤ u < s, we get

u2γ−1 − s2γ−1 ≤ (u− s)2γ−1.

Proof. We have

u2γ−1 − s2γ−1 = (2γ− 1)

∫u
s

z2γ−2dz,

and

(u− s)2γ−1 = (2γ− 1)

∫u
s

(z− s)2γ−2dz.

Since s ≤ z ≤ u and −2 < 2γ − 2 < 0, we have z2γ−2 ≤ (z − s)2γ−2. Then, u2γ−1 − s2γ−1 ≤
(u− s)2γ−1.
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Chapter 2

Existence and stability of solutions of
fuzzy fractional stochastic differential
equations with fractional Brownian
motions

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Existence and uniqueness results . . . . . . . . . . . . . . . . . . . . . 20

2.2.2 Stability result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.1 Introduction

A stochastic dynamical system can be frequently described by some stochastic differential

equations. The equation of a given system specifies its behaviour overany given short pe-

riod of time. To determine the system’s behaviour for a long period, we often study the

integration of the equations. When we investigate real world systems, we are interested in

settling the system into its typical behaviour. The subset of the phase space of the dynamical

system corresponding to the typical behaviour is the attractor, also known as the attracting

set. In the mathematical field of dynamical systems, an attractor is a set of numerical values

toward which a system tends to evolve, for a wide variety of starting conditions of the sys-

tem.

There appears to be confusion of various kinds in the modeling of several real world sys-

tems, such as trying to characterize a physical system and opinions on its parameters. To

deal with this ambiguity, the fuzzy set theory will be used [120]. It is able to handle such

linguitic statements mathematically using this theory, such as, ’large’ and ’less ’ etc. The

capacity to investigate fuzzy differential equations (FDEs) in modeling numerous phenom-

18
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ena, including imprecision, is provided by a fuzzy set. In particular, the fuzzy stochastic

differential equations (FSDEs), in instance, might be used to investigate a variety of eco-

nomics and engineering problems that involve two types of uncertainty: randomness and

fuzziness.

The fuzzy Itô stochastic integral was powered in [81, 82]. Therefore, in [78, 79] the fuzzy

stochastic integral is driven by the Wiener process as a fuzzy adapted stochastic process.

Also, in [38], Fei et al. studied the existence and uniqueness of solutions to the FSDEs with

non-Lipschitzian condition. In [59] Jafari et al. study FSDEs driven by fBm. Jialu Zhu et

al. in [124] prove existence of solutions to SDEs with fBm. Ding and Nieto [36] investigated

analytical solutions of multi-time scale FSDEs driven by fBm, Vas’kovskii at al. [111] prove

that the pth moments, p ≥ 1, of strong solutions of a mixed-type SDEs driven by a standard

Brownian motion and a fBm. Despite the fact that some research exists on the problem of the

uniqueness and existence of solutions to SDEs and FSDEs which are disturbed by Brownian

motions or semi martingales, ([39, 40, 41, 80, 89, 78]), a kind of the (FFSDEs) driven by a

fBm has not been investigated. Agarwal et al. [3, 4] considered the concept of solution for

FDEs with uncertainty and some results on FFDEs and optimal control nonlocal evolution

equations. Recently, Zhou et al in [125, 58, 46] are given some important works on the stabil-

ity analysis of such SFDEs. Motivated by the above discussions and based on the result in

[43], we are interested by the existence, uniqueness and stability of solution of the FFSDEs

defines in the next section. This chapter is organized as follows: In the first subsection, the

existence and uniqueness of solution to the FFSDEs are proved. The second subsection will

be devoted to the stability of solution.

2.2 Main results

In this section, we shall formulate and prove sufficient conditions for the existence, unique-

ness and stability of solution of the FFSDEs defines by (2.2.1). We first prove the existence

and uniqueness of solution. Then, we show that under certain assumptions, the solution

of (2.2.1) exists and it is unique. Afterwards, we examine the stability of the solution with

respect to initial values.
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2.2.1 Existence and uniqueness results

Now, we are interested in the existence and uniqueness results of the following FFSDEs

driven by an fBm 
CDαx(s) = f(s, x(s))ds+

〈
g(s, x(s))dBH(s)

〉
,

x(0) = x0,

(2.2.1)

where:

f : J×Ω× En −→ En,

g : J×Ω× En −→ Rn,

x0 : Ω −→ En,

CDα is a Caputo fractional derivative of order 0 < α < 1 and {BH(s)}s∈J is a fBm defined on

(Ω,A, {AH
s }s∈J,P) with Hirst index H ∈ ( 1

2
, 1).

Definition 2.2.1 A solution of problem (2.2.1) is a fuzzy process x : J ×Ω −→ En satisfying the

following conditions

(i) x ∈ L2(J×Ω,N;En),

(ii) x is D∞-continuous,

(iii) we have

x(t) = x0 +
1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

1

Γ(α)

〈 ∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉
. (2.2.2)

Remark 2.2.2 We call a solution x : J × Ω −→ En of problem (2.2.1) is unique, if x(t) = z(t),

where a fuzzy process z : J×Ω −→ En is any solution of problem (2.2.1).

We will assume that all through this chapter, f : (J × Ω) × En −→ En is BdS ⊗ N | BD∞-

measurable.

We consider the following hypotheses:

(H1) x0 is A0-measurable, such that

ED2∞(x0, 0̂) <∞,
(H2) For all u ∈ En and t ∈ J, ∃C > 0 such that

max
{
ED2∞

(
f(t, u), 0̂

)
,
∥∥g(t, u)∥∥2} ≤ C.
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(H3) For all u, v ∈ En and t ∈ J, ∃L > 0 such that

max
{
ED2∞

(
f(t, u), f(t, v)

)
,E
∥∥g(t, u) − g(t, v)∥2} ≤ LED2∞(u, v),

Let us now introduce the main theorem in this part.

Theorem 2.2.3 Under hypotheses (H1)-(H3) and x0 ∈ L2(Ω,A0,P;En), the problem (2.2.1) has a

unique solution x(t).

Proof. Consider the FFSDE (2.2.2)

x(t) = x0 +
1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

1

Γ(α)

〈 ∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉
. (2.2.3)

By Eq. (1.2.1), we can write

x(t) = x0 +
1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

1

Γ(α)

〈 ∫ t
0

αϕε(s)g(s, x(s))

(t− s)1−α
ds+

∫ t
0

εαg(s, x(s))

(t− s)1−α
dW(s)

〉
.

(2.2.4)

The method of successive approximations will be used to demonstrate the existence of solu-

tion of problem (2.2.1). Therefore, defined a sequence xn : J×Ω −→ En, as below:

x0(t) = x0, (2.2.5)

and for n = 1, ...,

xn(t) = x0+
1

Γ(α)

∫ t
0

f(s, xn−1(s))

(t− s)1−α
ds+

1

Γ(α)

〈 ∫ t
0

αϕε(s)g(s, xn−1(s))

(t− s)1−α
ds+

∫ t
0

εαg(s, xn−1(s))

(t− s)1−α
dW(s)

〉
.

(2.2.6)

It’s clear that xn’s are in L2(J ×Ω,N;En) and D∞-continuous. Indeed, we have x0 ∈ L2(J ×
Ω,N;En) and x0 is D∞-continuous.

Let us define for n ∈ N and t ∈ J, Kn(t) = sup
0≤u≤t

ED2∞(xn(u), xn−1(u)). Then, from Propo-
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sitions 1.2.23-1.2.28, Cauchy–Schwarz inequality and hypotheses (H1)-(H3), we have:

K1(t) = sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, x0)

(u− s)1−α
ds+

〈 1

Γ(α)

∫u
0

g(s, x0)

(u− s)1−α
dBH(s)

〉
, 0̂

)
,

≤ 3 sup
0≤u≤t

[
ED2∞

(
1

Γ(α)

∫u
0

f(s, x0)

(u− s)1−α
ds, 0̂

)
+ ED2∞

(〈 1

Γ(α)

∫u
0

αφε(s)g(s, x0)

(u− s)1−α
ds
〉
, 0̂

)]
+ 3 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

εαg(s, x0)

(u− s)1−α
dW(s)

〉
, 0̂

)
,

≤ 6 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, x0)

(u− s)1−α
ds,

1

Γ(α)

∫u
0

f(s, 0̂)

(u− s)1−α
ds

)

+ 6 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, 0̂)

(u− s)1−α
ds, 0̂

)
+ 6 sup

u∈[0,t]

[
ε2αCt2α−1

(2α− 1)Γ 2(α)

∫u
0

ED2∞(g(s, x0), 0̂)ds]
+ 6 sup

u∈[0,t]

[
α2Ct2α−1

(2α− 1)Γ 2(α)
ED2∞

(∫u
0

〈
φε(s)g(s, x0)ds

〉
, 0̂

)]
,

≤ 6T 2α−1

(2α− 1)Γ 2(α)

∫ t
0

ED2∞ (f(s, x0), f(s, 0̂))ds+ 6T 2α−1

(2α− 1)Γ 2(α)

∫ t
0

ED2∞ (f(s, 0̂), 0̂)ds
+

6ε2αCT 2α−1

(2α− 1)Γ 2(α)

∫u
0

ED2∞(g(s, x0), 0̂)ds+ 6 [ α2Ct2α−1

(2α− 1)Γ 2(α)
ED2∞

(∫u
0

〈
φε(s)g(s, x0)ds

〉
, 0̂

)]
,

≤ 6T 2αL

(2α− 1)Γ 2(α)
D2∞(x0, 0̂) +

6T 2αC

(2α− 1)Γ 2(α)
+

6ε2αCT 2α

(2α− 1)Γ 2(α)
+

6α2CLT 2α

(2α− 1)Γ 2(α)
:= l1T

2α,

where l1 = 6L
(2α−1)Γ2(α)

D2∞(x0, 0̂) +
6C

(2α−1)Γ2(α)
+ 6ε2αC

(2α−1)Γ2(α)
+ 6α2CL

(2α−1)Γ2(α)
. Moreover, similarly we

have:

Kn+1(t) = sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, xn(s))

(u− s)1−α
ds+

〈 1

Γ(α)

∫u
0

g(s, xn)

(u− s)1−α
dBH(s)

〉
,

1

Γ(α)

∫u
0

f(s, xn−1(s))

(u− s)1−α
ds+

〈 1

Γ(α)

∫u
0

g(s, xn−1)

(u− s)1−α
dBH(s)

〉)
,

≤ 2 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, xn(s))

(u− s)1−α
ds,

∫u
0

f(s, xn−1(s))

(u− s)1−α
ds

)
+ 2 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

g(s, xn)

(u− s)1−α
dBH(s)

〉
,
〈 1

Γ(α)

∫u
0

g(s, xn−1)

(u− s)1−α
dBH(s)

〉)
,

≤ l2
∫ t
0

sup
u∈[0,s]

ED2∞(xn(s), xn−1(s))ds,

≤ l2
∫ t
0

Kn(s)ds,

where l2 = 6L
(2α−1)Γ2(α)

ED2∞(x0, 0̂) +
6C

(2α−1)Γ2(α)
+ 6ε2αC

(2α−1)Γ2(α)
+ 6α2CL

(2α−1)Γ2(α)
. Thus, we get

Kn(t) ≤
l1

l2

(l2t
α)n

n!Γ(α+ 1)
, ∀t ∈ J, n ∈ N, (2.2.7)

where l2 = 2Tc.

Hence, from Chebyshev’s inequality and (2.2.7), we get

P

(
sup
u∈J

D2∞(xn(u), xn−1(u)) >
1

4n

)
≤ l1

l2

(4l2T
2α)n

n!
,
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since the series
∑

n≥1
(4l2T

2α)n

n!
is converge, according to Borel-Cantelli lemma we get

P

(
sup
u∈J

D∞(xn(u), xn−1(u)) >
1

4n

)
= 0.

Thus, the sequence {xn(., υ)} is uniformly convergent to x̃(., υ) : J −→ Rn for υ ∈ Ωc, where

Ωc ∈ A and P(Ωc) = 1. Then

lim
n−→∞ sup

t∈J
ED2∞(xn(t), x̃(t)) = 0. (2.2.8)

Let us define x : J×Ω −→ En as bellow:

x(., υ) =

 x̃(., υ) , if υ ∈ Ωc,

freely chosen , if υ ∈ υ ∈ Ω\Ωc.

We can observe that for each 0 ≤ α ≤ 1 and t ∈ J, we have

lim
n−→∞DH([xn(, υ)]

α, [xn−1(, υ)]
α) = 0.

Then [x(t, .)]α : Ω −→ K(Rn) is At-measurable. Hence x is nonanticipating. By (2.2.8), we

have

lim
n−→∞ sup

t∈J
ED2∞(xn(t), x(t)) = 0, (2.2.9)

which show that ∃λ > 0 independent of n ∈ N such that

sup
t∈J

ED2∞(xn(t), x(t)) ≤ λ. (2.2.10)

Since xn ∈ L2(J ×Ω,N;En), we have xn(t) ∈ L2(Ω,A,P;En). In addition, we can prove that

x ∈ L2(J×Ω,N;En). Indeed, for all n ∈ N and t ∈ J, let us denote

ψn(t) = sup
0≤u≤t

ED2∞(xn(u), 0̂).

Then, we get

ψn(t) ≤ 3ED2∞(x0, 0̂) + 3 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

(u− s)α−1f(s, xn−1(s))ds, 0̂

)
+ 3 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

(u− s)α−1g(s, xn−1(s))dBH(s)
〉
, 0̂

)
.

By using Propositions 1.2.26, 1.2.27, Cauchy–Schwarz inequality and hypotheses (H1)-(H3),
we have

ψn(t) ≤ 3ED2∞(x0, 0̂) +
6t2α−1

(2α− 1)Γ 2(α)

∫ t
0

[
ED2∞(f(s, xn−1(s)), f(s, 0̂))+ ED2∞(f(s, 0̂), 0̂)]ds

+ 3ED2∞
(〈 1

Γ(α)

∫u
0

αφε(s)g(s, x0)

(u− s)1−α
ds
〉
, 0̂

)
+ 3 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

εαg(s, x0)

(u− s)1−α
dW(s)

〉
, 0̂

)
.
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We get

ψn(t) ≤ A1 +A2
∫ t
0

ψn−1(s)ds,

where A1 = 6L
(2α−1)Γ2(α)

ED2∞(x0, 0̂) +
6C

(2α−1)Γ2(α)
+ 6ε2αC

(2α−1)Γ2(α)
+ 6α2CL

(2α−1)Γ2(α)
and A2 = 6t2α−1C

(2α−1)Γ2(α)
.

According to Gronwall’s inequality, we get

ψn(t) ≤ A1eA2t, ∀t ∈ J. (2.2.11)

Due to the hypothesis (H1), Eqs. (2.2.10) and (2.2.11), we get

sup
0≤s≤t

ED2∞(x(s), 0̂) ≤ 2 sup
0≤s≤t

ED2∞(x(s), xn(s)) + 2 sup
0≤s≤t

ED2∞(xn(s), 0̂),

≤ 2λ+ 2A1eA2t <∞,
which implies ∫ T

0

ED2∞(x(s), 0̂)ds ≤ T sup
t∈J

ED2∞(x(t), 0̂) <∞.
Thus, we get x ∈ L2(J×Ω,N;En).

On the other hand, we have

sup
t∈J

ED2∞
(
x(t), x0 +

1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉)
= 0. (2.2.12)

Indeed, we observe that

sup
t∈J

ED2∞
(
x(t), x0 +

1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉)
≤ 3
[

sup
t∈J

ED2∞ (x(t), xn(t))

+ sup
t∈J

ED2∞
(
xn(t), x0 +

1

Γ(α)

∫ t
0

f(s, xn−1(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, xn−1(s))

(t− s)1−α
dBH(s)

〉)
+ sup

t∈J
ED2∞

(
x0 +

1

Γ(α)

∫ t
0

f(s, xn−1(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, xn−1)

(t− s)1−α
dBH(s)

〉
, x0+

1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉)]
:= I1 + I2 + I3,

where limn−→∞ I1 = 0 and I2 = 0.

For I3, by using Propositions 1.2.26, 1.2.27, Cauchy–Schwarz inequality, hypothesis (H3) and

Eq. (2.2.9), we have

lim
n−→∞ I3 ≤ lim

n−→∞
(

T 2αC

(2α− 1)Γ 2(α)
sup
t∈J

ED2∞(x(t), xn−1(t))du

)
= 0.

Hence, we get (2.2.12), which implies Eq. (2.2.2) holds. Therefore, from the definition 2.2.1,

x(t) is a solution to Eq. (2.2.1).
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For the uniqueness of solution, we suppose that x, z : J×Ω −→ En are solutions to problem

(2.2.1). Let K(t) := sup
v∈J ED2∞(x(v), z(v)). So for each t ∈ J, we have

K(t) = sup
v∈J

ED2∞
(
x0 +

1

Γ(α)

∫ t
0

f(s, x(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, x(s))

(t− s)1−α
dBH(s)

〉
, x0+

1

Γ(α)

∫ t
0

f(s, z(s))

(t− s)1−α
ds+

〈 1

Γ(α)

∫ t
0

g(s, z(s))

(t− s)1−α
dBH(s)

〉)
,

then, by computations similar to the existence case, we have

K(t) ≤ 6t2α−1C

(2α− 1)Γ 2(α)

∫ t
0

K(s)ds.

Thus, by Gronwall’s inequality, we have for t ∈ J, K(t) ≡ 0. Which implies

sup
t∈J

D∞(x(t), z(t)) = 0,

which completes the proof.□

2.2.2 Stability result

In this part, we examine the stability of the solution with respect to initial values. Namely,

we explore the continuity (called the stability by Malinowski [82]) of the solution with re-

spect to the initial value. This kind of continuity shows that in the case of replacement of

x0 by its approximate value z0, the solution of equation with initial value z0 does not differ

much from the solution of equation with initial value x0. Indeed, let x, z denote the solutions

of the followings FFSDEs CDαx(s) = f(s, x(s))ds+
〈
g(s, x(s))dBH(s)

〉
,

x(0) = x0,
(2.2.13)

 CDαz(s) = f(s, z(s))ds+
〈
g(s, z(s))dBH(s)

〉
,

z(0) = z0,
(2.2.14)

respectively.

Proposition 2.2.4 Suppose that x0, z0 ∈ L2(Ω,A0,P;En), f : J×Ω× En −→ En and g : J×Ω×
En −→ Rn satisfy (H1)-(H3). Then

sup
0≤u≤t

ED2∞(x(u), z(u)) ≤ λ0eλ1t,

where λ0 = 3ED2∞(x0, z0), λ1 =
(3T2α−1C+6ε2α)

(2α−1)Γ2(α)
. Especially x(t) = z(t) if x0 = z0.
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Proof. Suppose that x, z : J × Ω −→ En are solutions of problems (2.2.13) and (2.2.14)

respectively. So let K(t) := sup
0≤u≤t

ED2∞(x(u), z(u)). By using Propositions 1.2.26, 1.2.27,

Cauchy–Schwarz inequality and hypothesis (H3), we have

K(t) ≤ 3ED2∞(x0, z0) +
3T 2α−1C

(2α− 1)Γ 2(α)

∫ t
0

ED2∞(x(s), z(s))ds
+ 3 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

g(s, xn(s))

(u− s)1−α
dBH(s)

〉
,
〈 1

Γ(α)

∫u
0

g(s, xn−1(s))

(u− s)1−α
dBH(s)

〉)
,

≤ 3ED2∞(x0, z0) +
(3T 2α−1C+ 6ε2α)

(2α− 1)Γ 2(α)

∫ t
0

sup
0≤u≤t

ED2∞(x(u), z(u))du,
= 3ED2∞(x0, z0) +

(3T 2α−1C+ 6ε2α)

(2α− 1)Γ 2(α)

∫ t
0

K(s)ds

:= λ0 + λ1

∫ t
0

K(s)ds,

then, according to Gronwall’s inequality, we have

K(t) ≤ λ0eλ1t, ∀t ∈ J.

Then, λ0 = 0 if x0 = z0. Therefor, we know that x(t) = z(t).□

Finally, we examine the exponential stability of solutions to the FFSDEs disturbed an

fBm with respect to f and g. Thus, let x, xn denote solutions to the following FFSDEs
CDαx(s) = f(s, x(s))ds+

〈
g(s, x(s))dBH(s)

〉
,

x(0) = x0,

(2.2.15)


CDαxn(s) = fn(s, xn(s))ds+

〈
gn(s, xn(s))dBH(s)

〉
,

xn(0) = x0,

(2.2.16)

respectively.

Proposition 2.2.5 Suppose that x0 ∈ L2(Ω,A0,P;En), f, fn : J × Ω × En −→ En and g, gn :

J×Ω× En −→ Rn (n ∈ N) satisfy (H1)-(H3). Furthermore, assume that

lim
n−→∞

(∫ t
0

ED2∞((t, x), fn(t, x))dt

)
= 0. (2.2.17)

lim
n−→∞

(∫ t
0

E∥gn(s, x) − g(s, x)∥2ds
)

= 0. (2.2.18)

Then, we have

lim
n−→∞

(
sup
t∈J

ED2∞(x(t), xn(t))) = 0, (2.2.19)

where x, xn : J×Ω −→ En are solutions of problems (2.2.15) and (2.2.16), respectively.
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Proof. According to Theorem 2.2.3, the solutions x and xn are unique and exists. From

Propositions 1.2.26, 1.2.27, Cauchy–Schwarz inequality and hypotheses (H1)-(H3), we have

that for every t ∈ J

sup
0≤u≤t

ED2∞(x(u), xn(u))

≤ 2 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, x(s))

(u− s)1−α
ds,

1

Γ(α)

∫u
0

fn(s, xn(s))

(u− s)1−α
ds

)
+ 2 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

g(s, x(s))

(u− s)1−α
dBH(s)

〉
,
〈 1

Γ(α)

∫u
0

gn(s, xn(s))

(u− s)1−α
dBH(s)

〉)
,

≤ 4 sup
0≤u≤t

ED2∞
(

1

Γ(α)

∫u
0

f(s, x(s))

(u− s)1−α
ds,

1

Γ(α)

∫u
0

fn(s, x(s))

(u− s)1−α
ds

)
+ 4 sup

0≤u≤t
ED2∞

(
1

Γ(α)

∫u
0

fn(s, x(s))

(u− s)1−α
ds,

1

Γ(α)

∫u
0

fn(s, xn(s))

(u− s)1−α
ds

)
+ 4 sup

0≤u≤t
ED2∞

(〈 1

Γ(α)

∫u
0

αφεg(s, x(s))

(u− s)1−α
ds
〉
,
〈 1

Γ(α)

∫u
0

αφεgn(s, xn(s))

(u− s)1−α
ds
〉)

+ 4 sup
0≤u≤t

ED2∞
(〈 1

Γ(α)

∫u
0

εαg(s, x(s))

(u− s)1−α
dW(s)

〉
,
〈 1

Γ(α)

∫u
0

εαgn(s, xn(s))

(u− s)1−α
dW(s)

〉)
,

≤ 4Ct2α−1

(2α− 1)Γ 2(α)

∫ t
0

ED2∞(x(s), xn(s))ds+
4(t2α−1 + α2)

(2α− 1)Γ 2(α)

∫ t
0

ED2∞(f(s, x(s)), fn(s, x(s)))ds

+
4Lε2αt2α−1

(2α− 1)Γ 2(α)

∫ t
0

∥g(s, x(s)) − gn(s, x(s))∥2ds,

≤ βn1 + β2
∫ t
0

sup
0≤u≤s

ED2∞(x(u), xn(s))ds,

where

βn1 :=
4(t2α−1 + α2)

(2α− 1)Γ 2(α)

∫ t
0

ED2∞(f(s, x(s)), fn(s, x(s)))ds+
4Lε2αt2α−1

(2α− 1)Γ 2(α)

∫ t
0

∥g(s, x(s)) − gn(s, x(s))∥2ds,

β2 :=
4Ct2α−1

(2α−1)Γ2(α)
. Then, according to Gronwall’s inequality, we get

sup
u∈[0,t]

ED2∞(x(u), xn(u)) ≤ βn1 eβ2T .

Hence, from (2.2.17) and (2.2.18), we get lim
n−→∞βn1 = 0. Thus the proof is complete.□
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Existence and controllability results for
fuzzy neutral stochastic differential
equations with impulses
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3.1 Introduction

In economics, chemistry, finance, and other fields, stochastic differential equations are uti-

lized to create more realistic models. As a result, stochastic differential equations can be

used to describe numerous real world problems. On the other hand, the fuzzy stochastic

differential equations could be used to investigate a variety of technical and economic diffi-

culties when phenomena are subjected to both randomness and fuzziness at the same time.

The best type of equations with dispersed arguments is neutral differential equations, they

naturally emerge in applied issues with a recurring property in their expression. Processes

that are subjected to adrupt changes at particular points are described using impulsive dif-

ferential equations. The impulsive effects can be found in a wide range of real world appli-

cations including electronics, neural network, economics and so on (see [21, 24, 25]). Then, a

theory of impulsive differential equations has received a lot of attention in connection with

this development.

Controllability is an important notion in both deterministic and stochastic control theory

since it is one of the fundamental concepts in mathematical control theory (see [8, 9, 19, 29,

44, 90]). The notion "controllability" refers to ability to control a dynamical system from any

28
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initial state to any final state using the set of admissible controls.

We wish to mention that the theory of fuzzy neutral stochastic differential equations with

impulses have recently been the subject of important studies. As, for the controllability

of fuzzy stochastic differential equations, even less has been done, with only a few works

published in this topic as far as we know. In [103, 104] Sakthivel et al. studied the approxi-

mate controllability of nonlinear impulsive differential systems and stochastic systems with

unbounded delay. Bouffoussi et al. [27] studied the existence, uniqueness and asymptotic

behavior of mild solutions for the neutral stochastic differential equations with finite de-

lay. In [19] Arhrrabi et al studied the existence and stability of solutions of fuzzy fractional

stochastic differential equations with fractional brownian motions. Park et al. [94] proved

the existence and uniqueness of fuzzy solutions and controllability for the impulsive semi-

linear fuzzy integrodifferential equations. In [28] Bouzahir et al. discussed the controlla-

bility of neutral functional differential equations with infinite delay. Ahmed [6, 7] studied

the controllability of impulsive neutral stochastic differential equations with finite delay and

fractional Browian motion in a Hilbert space. Achary et al. [1] studied the controllability of

fuzzy solutions for first order nonlocal impulsive neutral functional differential equations by

using the Banach fixed point theorem. Chalishajar et al. [29] proved the existence, unique-

ness and controllability for impulsive fuzzy neutral functional integrodifferential equations.

Our results are inspired by the one in [90] where the approximate controllability of impul-

sive neutral fuzzy stochastic differential equations with nonlocal condition in Banach space

is studied.

This chapter is organized as follows: The existence and uniqueness results of solution for

fuzzy neutral stochastic differential equations with impulses are proved in the first subsec-

tion, in the second subsection, the controllability result are discussed. Finally, an example is

given to illustrate the results.

3.2 Main results

In this section, we investigate the existence, uniqueness and controllability results for FNS-

DEs with impulses given by
d
[
y(t) − f(t, y(t))

]
=
[
Ay(t) + g(t, y(t)) + v(t)

]
dt+

〈
h(t)dBH(t)

〉
, t ∈ J = [0, T ].

∆y(tk) = Ik(y(t
−
k )), k = 1, ...,m t ̸= tk.

y(t) = y0,

(3.2.1)

where A : J −→ En is a fuzzy coefficient, f, g : J × En −→ En are nonlinear continuous

functions, h : J −→ Rn, v : J −→ En is an admissible control function and BH is a fractional

Browian motion defined on a filtered probability space
(
Ω,A, {AH

t }0≤t≤T ,P
)
, the initial data
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y0 ∈ En and Ik ∈ C
(
En,En

)
are bounded functions, ∆y(tk) = y(t+k )−y(t

−
k ) represents the left

and right limits of y(t) at t = tk respectively, k = 1, ..,m.

3.2.1 Existence and uniqueness results

In this subsection, we show the existence and uniqueness of fuzzy solution for FNSDEs with

impulses given by (3.2.1) (v ≡ 0).

Definition 3.2.1 A fuzzy process
{
y(t), t ∈ J

}
is said to be solution of system (3.2.1) if:

(i) y(·) ∈ C
(
J,En

)
,

(ii) y(0) = y0,

(iii) for t ∈ J, we have

y(t) =G(t)
[
y0 − f(0, y0)

]
+ f(t, y(t)) +

∫ t
0

AG(t− s)f(s, y(s))ds+

∫ t
0

G(t− s)g(s, y(s))ds

+

〈 ∫ t
0

G(t− s)h(s)dBH(s)

〉
+

t∑
tk=0

G(t− tk)Ik(y(t
−
k )). (3.2.2)

Let us introduce the following hypotheses.

(H1) Let G(t) ∈ En, such that[
G(t)

]α
=
[
Gα(t), G

α
(t)
]
, G(0) = I,

and Gα, G
α

are continuous such that max{|Gα(t)|, |Gα(t)|} ≤M and |AG(t)| ≤ N, ∀t ∈ J.

(H2) The functions f, g : J × En −→ En are continuous and there exists a finite constants

λ, γ > 0 such that

DH

(
[f(t, y(t))]α , [f(t, z(t))]α

)
≤ λDH

(
[y(t)]α, [z(t)]α

)
,

and

DH

(
[g(t, y(t))]α , [g(t, z(t))]α

)
≤ γDH

(
[y(t)]α, [z(t)]α

)
,

for all y, z ∈ En and t ∈ J.

(H3) For each y, z ∈ En, there exist a constant µ > 0 such that

DH

(
[Ik(y(t

−
k ))]

α, [Ik(z(t
−
k ))]

α
)
≤ µDH

(
[y(t)]α, [z(t)]α

)
, k = 1, ..,m.

(H4) λ+ λNT + (γ+ µ)MT < 1.
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Theorem 3.2.2 Suppose that the hypotheses (H1)-(H4) holds, then, for all T > 0, the system (3.2.1)

(v ≡ 0) has a unique fuzzy solution on J.

Proof. For each y ∈ En and t ∈ J, define ϕ : C(J,En) −→ C(J,En) by

ϕy(t) = G(t)
[
y0 − f(0, y0)

]
+ f(t, y(t)) +

∫ t
0

AG(t− s)f(s, y(s))ds+

∫ t
0

G(t− s)g(s, y(s))ds

+
〈 ∫ t

0

G(t− s)h(s)dBH(s)
〉
+

t∑
tk=0

G(t− tk)Ik(y(t
−
k )).

Since Gα, G
α

are continuous, ϕy : J −→ En is continuous, so ϕ is a mapping from C(J,En)

into itself. Now, for y, z ∈ C(J,En), we have:

DH

([
ϕy(t)

]α
,
[
ϕz(t)

]α)
= DH

([
G(t){y0 − f(0, y0)}+ f(t, y(t)) +

∫ t
0

AG(t− s)f(s, y(s))ds

+

∫ t
0

G(t− s)g(s, y(s))ds+
〈 ∫ t

0

G(t− s)h(s)dBH(s)
〉

+

t∑
tk=0

G(t− tk)Ik(y(t
−
k ))

]α
,

[
G(t){y0 − f(0, y0)}+ f(t, z(t)) +

∫ t
0

AG(t− s)f(s, z(s))ds

+

∫ t
0

G(t− s)g(s, z(s))ds+
〈 ∫ t

0

G(t− s)h(s)dBH(s)
〉
+

t∑
tk=0

G(t− tk)Ik(z(t
−
k ))

]α)
,

= DH

([
G(t){y0 − f(0, y0)}

]α
+
[
f(t, y(t))

]α
+
[ ∫ t

0

AG(t− s)f(s, y(s))ds
]α

+
[ ∫ t

0

G(t− s)g(s, y(s))ds
]α

+
[〈 ∫ t

0

G(t− s)h(s)dBH(s)
〉]α

+
[ t∑
tk=0

G
(
t− tk

)
Ik
(
y(t−k )

)]α
,
[
G(t){y0 − f(0, y0)}

]α
+
[
f(t, z(t))

]α
+
[ ∫ t

0

AG(t− s)f(s, z(s))ds
]α

+
[ ∫ t

0

G(t− s)g(s, z(s))ds
]α

+
[〈 ∫ t

0

G(t− s)h(s)dBH(s)
〉]α

+
[ t∑
tk=0

G(t− tk)Ik(z(t
−
k ))
]α)

,
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then:

DH

([
ϕy(t)

]α
,
[
ϕz(t)

]α)
≤

∫ t
0

DH

([
AG(t− s)f(s, y(s))

]α
,
[
AG(t− s)f(s, y(s))

]α)
ds

+ DH

([
f(t, y(t))

]α
,
[
f(t, z(t))

]α)
+

∫ t
0

DH

([
G(t− s)g(s, y(s))

]α
,
[
G(t− s)g(s, z(s))

]α)
ds

+ DH

([ t∑
tk=0

G(t− tk)Ik(y(t
−
k ))
]α
,
[ t∑
tk=0

G(t− tk)Ik(z(t
−
k ))
]α)

,

≤
∫ t
0

∣∣∣AG(t− s)∣∣∣DH

([
f(s, y(s))

]α
,
[
f(s, z(s))

]α)
ds+ λDH

([
y(t)

]α
,
[
z(t)

]α)
+

∫ t
0

∣∣∣G(t− s)∣∣∣DH

([
g(s, y(s))

]α
,
[
g(s, z(s))

]α)
ds

+

t∑
tk=0

∣∣∣G(t− tk)∣∣∣DH

([
Ik(y(t

−
k ))
]α
,
[
Ik(z(t

−
k ))
]α)

,

≤ λN
∫ t
0

DH

([
y(s)

]α
,
[
z(s)

]α)
ds+ λDH

([
y(t)

]α
,
[
z(t)

]α)
+ γM

∫ t
0

DH

([
y(s)

]α
,
[
z(s)

]α)
ds+ µMDH

([
y(t)

]α
,
[
z(t)

]α)
,

therefore:

D∞
(
ϕy(t), ϕz(t)

)
= sup

0≤α≤1
DH

([
ϕy(t)

]α
,
[
ϕz(t)

]α)
≤ λ sup

0≤α≤1
DH

([
y(t)

]α
,
[
z(t)

]α)
+ λN

∫ t
0

sup
0≤α≤1

DH

([
y(s)

]α
,
[
z(s)

]α)
ds

+ γM

∫ t
0

sup
0≤α≤1

DH

([
y(s)

]α
,
[
z(s)

]α)
ds+ µM sup

0≤α≤1
DH

([
y(t)

]α
,
[
z(t)

]α)
,

≤ λD∞
(
y(t), z(t)

)
+ λN

∫ t
0

D∞
(
y(s), z(s)

)
ds

+ γM

∫ t
0

D∞
(
y(s), z(s)

)
ds+ µMD∞

(
y(t), z(t)

)
,

or we have

D
(
ϕy,ϕz

)
= sup

0≤t≤T
D∞(ϕy(t), ϕz(t)),

then:

D
(
ϕy,ϕz

)
≤ λ sup

0≤t≤T
D∞

(
y(t), z(t)

)
+ λN

∫ t
0

sup
0≤s≤T

D∞
(
y(s), z(s)

)
ds

+ γM

∫ t
0

sup
0≤s≤T

D∞
(
y(s), z(s)

)
ds+ µM sup

0≤t≤T
D∞

(
y(t), z(t)

)
,

≤
(
λ+ λNT + (γ+ µ)MT

)
D
(
y, z
)
.

So, by the hypothesis (H4), ϕ is a contraction mapping. Hence, by Banach fixed point

Theorem, the fuzzy neutral stochastic differential equations (3.2.1) has a unique fixed point

y ∈ C(J,En).□
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3.2.2 Controllability result

In this subsection, we state the controllability result for fuzzy neutral stochastic differential

equations with impulses (3.2.1) by using Banach fixed point theorem.

Definition 3.2.3 [28] The system (3.2.1) is said to be controllable on J, if there exist a fuzzy control

function v(t) such that a fuzzy solution y(t) of (3.2.1) satisfies y(T) = y1, i.e. [y(T)]α = [y1]
α,

where y1 ∈ En is a target set.

Defined the fuzzy mapping W : P(R) −→ En by

W(v) =


∫ T
0

G(T − s)v(s)ds , v ⊂ Γ v,

0 , otherwise,

where Γ v is the closure of support v and P(R) is a nonempty fuzzy subset of R. Then, the

α-level of W is given by

Wα(v) =

∫ T
0

Gα(T − s)v(s)ds, v(s) ∈ [vα(s), v1(s)],

Wα
(v) =

∫ T
0

G
α
(T − s)v(s)ds, v(s) ∈ [v1(s), vα(s)].

We assume that W ,W are bijective mappings. Hence, We can introduce α-level set of v(s)

given by:

[v(s)]α =
[
vα(s), vα(s)

]
,

=

[
(Wα)−1

(
yα
1
−Gα(T)

{
y0
α − fα(0, y0)

}
−

∫ T
0

AαGα(T − s)fα(s, yα(s))ds

− fα(T, yα(T)) −

∫ T
0

Gα(T − s)gα(s, yα(s))ds−

∫ T
0

Gα(T − s)hα(s)dBH(s)

−

T∑
tk=0

Gα(T − tk)I
α
k(y

α(t−k ))
)
, (Wα

)−1
(
yα1 −G

α
(T)

{
y0
α − f

α
(0, y0)

}
−

∫ T
0

A
α
G
α
(T − s)f

α
(s, yα(s))ds− f

α
(T, yα(T)) −

∫ T
0

G
α
(T − s)gα(s, yα(s))ds

−

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) −

T∑
tk=0

G
α
(T − tk)I

α

k(y
α(t−k ))

)]
.
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Then, substitute this expression into the Eq. (3.2.2) yields α-level of y(T), we get

[
y(T)

]α
=

[
G(T)

[
y0 − f(0, y0)

]
+ f(T, y(t)) +

∫ T
0

AG(T − s)f(s, y(s))ds

+

∫ T
0

G(T − s)g(s, y(s))ds+

〈 ∫ T
0

G(T − s)h(s)dBH(s)

〉
+

T∑
tk=0

G(T − tk)Ik(y(t
−
k )) +

∫ T
0

G(T − s)W−1

(
y1 −G(T)[y0 − f(0, y0)]

− f(T, y(t)) −

∫ T
0

AG(T − s)f(s, y(s))ds−

∫ T
0

G(T − s)g(s, y(s))ds

−
〈 ∫ T

0

G(T − s)h(s)dBH(s)
〉
−

T∑
tk=0

G(T − tk)Ik(y(t
−
k ))

)
ds

]α
,

=

[
Gα(T)

{
y0
α − fα(0, y0)

}
+ fα(T, yα(T)) +

∫ T
0

AαGα(T − s)fα(s, yα(s))ds

+

∫ T
0

Gα(T − s)gα(s, yα(s))ds+

∫ T
0

Gα(T − s)hα(s)dBH(s)

+

T∑
tk=0

Gα(T − tk)I
α
k(y

α(t−k )) +

∫ T
0

G(T − s)(Wα)−1

(
yα
1
−Gα(T)

{
y0
α − fα(0, y0)

}
− fα(T, yα(T)) −

∫ T
0

AαGα(T − s)fα(s, yα(s))ds−

∫ T
0

Gα(T − s)gα(s, yα(s))ds

−

∫ T
0

Gα(T − s)hα(s)dBH(s) −

T∑
tk=0

Gα(T − tk)I
α
k(y

α(t−k ))

)
ds,G

α
(T)

{
y0
α − f

α
(0, y0)

}
+

∫ T
0

A
α
G
α
(T − s)f

α
(s, yα(s))ds+ f

α
(T, yα(T)) +

∫ T
0

G
α
(T − s)gα(s, yα(s))ds

+

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) +

T∑
tk=0

G
α
(T − tk)I

α

k(y
α(t−k ))

+

∫ T
0

G((T − s))(Wα
)−1

(
yα1 −G

α
(T)

{
y0
α − f

α
(0, y0)

}
−

∫ T
0

A
α
G
α
(T − s)f

α
(s, yα(s))ds− f

α
(T, yα(T)) −

∫ T
0

G
α
(T − s)gα(s, yα(s))ds

−

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) −

T∑
tk=0

G
α
(T − tk)I

α

k(y
α(t−k ))

)
ds

]
,
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then, we have

[
y(T)

]α
=

[
Gα(T)

{
y0
α − fα(0, y0)

}
+ fα(T, yα(T)) +

∫ T
0

AαGα(T − s)fα(s, yα(s))ds

+

∫ T
0

Gα(T − s)gα(s, yα(s))ds+

∫ T
0

Gα(T − s)hα(s)dBH(s)

+

T∑
tk=0

Gα(T − tk)I
α
k(y

α(t−k )) + (Wα)(Wα)−1

(
yα
1
−Gα(T)

{
y0
α − fα(0, y0)

}
− fα(T, yα(T)) −

∫ T
0

AαGα(T − s)fα(s, yα(s))ds−

∫ T
0

Gα(T − s)gα(s, yα(s))ds

−

∫ T
0

Gα(T − s)hα(s)dBH(s) −

T∑
tk=0

Gα(T − tk)I
α
k(y

α(t−k ))

)
, G

α
(T)

{
y0
α − f

α
(0, y0)

}
+

∫ T
0

A
α
G
α
(T − s)f

α
(s, yα(s))ds+ f

α
(T, yα(T)) +

∫ T
0

G
α
(T − s)gα(s, yα(s))ds

+

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) +

T∑
tk=0

G
α
(T − tk)I

α

k(y
α(t−k ))

+ (Wα
)(Wα

)−1

(
yα1 −G

α
(T)

{
y0
α − f

α
(0, y0)

}
−

∫ T
0

A
α
G
α
(T − s)f

α
(s, yα(s))ds− f

α
(T, yα(T)) −

∫ T
0

G
α
(T − s)gα(s, yα(s))ds

−

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) −

T∑
tk=0

G
α
(T − tk)I

α

k(y
α(t−k ))

)]
=
[
yα
1
, yα1

]
=
[
y1

]α
.

Now, we set

(Πy)(t) = G(t)
[
y0 − f(0, y0)

]
+ f(t, y(t)) +

∫ t
0

AG(t− s)f(s, y(s))ds

+

∫ t
0

G(t− s)g(s, y(s))ds+

〈 ∫ t
0

G(t− s)h(s)dBH(s)

〉
+

t∑
tk=0

G(t− tk)Ik(y(t
−
k )) +

∫ t
0

G(t− s)W−1

(
y1 −G(T)[y0 − f(0, y0)]

− f(T, y(t)) −

∫ T
0

AG(T − s)f(s, y(s))ds−

∫ T
0

G(T − s)g(s, y(s))ds

−
〈 ∫ T

0

G(T − s)h(s)dBH(s)
〉
−

T∑
tk=0

G(T − tk)Ik(y(t
−
k ))

)
ds, t ∈ J. (3.2.3)

In the following theorem, the controllability result of fuzzy solutions for (3.2.1) is estab-

lished.

Theorem 3.2.4 If the hypotheses (H1)-(H3) are satisfied and λ(1+NT)+MT
(
γ+µ+λ−λNT −

γMT − µM
)
< 1, then for all T > 0, the system (3.2.1) is controllable on J.
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Proof. We can easily check that Π is continuous mapping from C(J,En) to itself. For

y, z ∈ C(J,En), we have

DH

(
[Πy(t)]α, [Πz(t)]α

)
= DH

([
G(t) {y0 − f(0, y0)}

]α
+

[ ∫ t
0

AG(t− s)f(s, y(s))ds

]α
+

[
f(t, y(t))

]α
+

[ ∫ t
0

G(t− s)g(s, y(s))ds

]α
+

[〈 ∫ t
0

G(t− s)h(s)dBH(s)

〉]α
+

[ t∑
tk=0

G(t− tk)Ik(y(t
−
k ))

]α
+

[ ∫ t
0

G(t− s)W−1

(
y1 −G(T){y0 − f(0, y0)}

− f(T, y(t)) −

∫ T
0

AG(T − s)f(s, y(s))ds−

∫ T
0

G(T − s)g(s, y(s))ds

−

〈 ∫ T
0

G(T − s)h(s)dBH(s)

〉
−

t∑
tk=0

G(T − tk)Ik(y(t
−
k ))

)
ds

]α
,

[
G(t){y0

− f(0, y0)}

]α
+

[ ∫ t
0

AG(t− s)f(s, z(s))ds

]α
+

[ ∫ t
0

G(t− s)g(s, z(s))ds

]α
+

[
f(t, z(t))

]α
+

[〈 ∫ t
0

G(t− s)h(s)dBH(s)

〉]α
+

[ t∑
tk=0

G(t− tk)Ik(z(t
−
k ))

]α
+

[ ∫ t
0

G(t− s)W−1

(
y1 −G(T){y0 − f(0, y0)}− f(T, z(t)) −

∫ T
0

AG(T − s)f(s, z(s))ds

−

∫ T
0

G(T − s)g(s, z(s))ds−

〈 ∫ T
0

G(T − s)h(s)dBH(s)

〉
−

t∑
tk=0

G(T − tk)Ik(y(t
−
k ))

)
ds

]α)
,

≤ λDH

(
[y(t)]α, [z(t)]α

)
+ λN

∫ t
0

DH

(
[y(s)]α, [z(s)]α

)
ds

+ γM

∫ t
0

DH

(
[y(s)]α, [z(s)]α

)
ds+ µMDH

(
[y(t)]α, [z(t)]α

)
+M

∫ t
0

(
λDH

(
[y(t)]α, [z(t)]α

)
− λN

∫ T
0

DH

(
[y(s)]α, [z(s)]α

)
ds

− γM

∫ T
0

DH

(
[y(s)]α, [z(s)]α

)
ds− µMDH

(
[y(s)]α, [z(s)]α

))
ds.
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Therefore,

D∞
(
Πy(t), Πz(t)

)
= sup

0≤α≤1
DH

(
[Πy(t)]α, [Πz(t)]α

)
,

≤ λ sup
0≤α≤1

DH

(
[y(t)]α, [z(t)]α

)
+ λN

∫ t
0

sup
0≤α≤1

DH

(
[y(s)]α, [z(s)]α

)
ds

+ γM

∫ t
0

sup
0≤α≤1

DH

(
[y(s)]α, [z(s)]α

)
ds+ µM sup

0≤α≤1
DH

(
[y(t)]α, [z(t)]α

)
+M

∫ t
0

(
λ sup
0≤α≤1

DH

(
[y(t)]α, [z(t)]α

)
− µM sup

0≤α≤1
DH

(
[y(s)]α, [z(s)]α

)
− λN

∫ T
0

sup
0≤α≤1

DH

(
[y(s)]α, [z(s)]α

)
ds

− γM

∫ T
0

sup
0≤α≤1

DH

(
[y(s)]α, [z(s)]α

)
ds

)
ds,

≤ λD∞
(
y(t), z(t)

)
+ λN

∫ t
0

D∞
(
y(s), z(s)

)
ds

+ γM

∫ t
0

D∞
(
y(s), z(s)

)
ds+ µMD∞

(
y(t), z(t)

)
+M

∫ t
0

(
λD∞

(
y(t), z(t)

)
− λN

∫ T
0

D∞
(
y(s), z(s)

)
ds

− γM

∫ T
0

D∞
(
y(s), z(s)

)
ds− µMD∞

(
y(s), z(s)

))
ds.

Hence,

D
(
Πy,Πz

)
= sup

0≤t≤T
D∞

(
Πy(t), Πz(t)

)
≤ λ sup

0≤t≤T
D∞

(
y(t), z(t)

)
+ λN

∫ t
0

sup
0≤s≤T

D∞
(
y(s), z(s)

)
ds

+ γM

∫ t
0

sup
0≤s≤T

D∞
(
y(s), z(s)

)
ds+ µM sup

0≤t≤T
D∞

(
y(t), z(t)

)
+M

∫ t
0

(
λ sup
0≤s≤T

D∞
(
y(t), z(t)

)
− λN

∫ T
0

sup
0≤s≤T

D∞
(
y(s), z(s)

)
ds

− γM

∫ T
0

sup
0≤s≤T

D∞(y(s), z(s))ds− µM sup
0≤s≤T

D∞
(
y(s), z(s)

))
ds,

≤ λD
(
y, z
)
+ λNTD

(
y, z
)
+ γMTD

(
y, z
)
+ µMD

(
y, z
)
+MT

(
λD
(
y, z
)

− λNTD
(
y, z
)
− γMTD

(
y, z
)
− µMD

(
y, z
))
,

≤
(
λ(1+NT) +MT

(
γ+ µ+ λ− λNT − γMT − µM

))
D
(
y, z
)
.

Then, Π is a contraction mapping. So, by Banach fixed point Theorem, Eq. (3.2.3) has a

unique fixed point x ∈ C(J,En). Thus, the system (3.2.1) is controllable on J.□
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3.3 Example

In this section, we give an example to illustrate our results. let
d
dt

[
y(t) − 3ty3(t)

]
= 2y(t) + 2ty3(t) + v(t) +

〈
h(t)dBH(t)

〉
, t ∈ J,

Ik(y(t
−
k )) =

2
2+y(tk)

,

y(0) = 0 ∈ En.

(3.3.1)

Then, we set f(t, y(t)) = 3ty3(t) and g(t, y(t)) = 2ty3(t). Hence, α-level of f is[
f(t, y(t))

]α
=
[
3ty3(t)

]α
,

=
[
t(α+ 2)(yα(t))3, t(4− α)(yα(t))3

]
, ∀α ∈ [0, 1].

Therefore, we have

DH

([
f(t,y(t))

]α
,
[
f(t, z(t))

]α)
= DH

([
t(α+ 2)(yα(t))3, t(4− α)

(
yα(t)

)3]α
,
[
t(α+ 2)

(
zα(t)

)3
, t(4− α)

(
zα(t)

)3]α)
,

≤ tmax
{
(α+ 2)|(yα(t))3 − (zα(t))3|, (4− α)|(yα(t))3 − (zα(t))3|

}
,

≤ 4t
(
(yα(t))2 + yα(t)zα(t) + (zα(t))2

)
max

{
|yα(t) − zα(t)|, |yα(t) − zα(t)|

}
,

≤ K1DH

(
[y(t)]α, [z(t)]α

)
,

where K1 = 4t
(
(yα(t))2 + yα(t)zα(t) + (zα(t))2

)
> 0.

On the other hand, the α-level of g is given by:[
g(t, y(t))

]α
=
[
2ty3(t)

]α
=
[
t(α+ 1)(yα(t))3, t(3− α)(yα(t))3

]
, ∀α ∈ [0, 1].

Therefore, we get:

DH

([
g(t,y(t))

]α
,
[
g(t, z(t))

]α)
= DH

([
t(α+ 1)(yα(t))3, t(3− α)(yα(t))3

]
,
[
t(α+ 1)

(zα(t))3, t(3− α)(zα(t))3
])
,

≤ tmax
{
(α+ 1)|(yα(t))3 − (zα(t))3|, (3− α)|(yα(t))3 − (zα(t))3|

}
,

≤ 3t
(
(yα(t))2 + yα(t)zα(t) + (zα(t))2

)
max

{
|yα(t) − zα(t)|, |yα(t) − zα(t)|

}
,

≤ K2DH

(
[y(t)]α, [z(t)]α

)
,

where K2 = 3t
(
(yα(t))2 + yα(t)zα(t) + (zα(t))2

)
> 0. And, the α-level of I is given by:

[
Ik(y(t

−
k ))
]α

=

[
2

2+ yα(tk)
,

2

2+ yα(tk)

]
, ∀α ∈ [0, 1].
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Then, we have:

DH

([
Ik(y(t

−
k ))
]α
,
[
Ik(z(t

−
k ))
]α)

= DH

([ 2

2+ yα(tk)
,

2

2+ yα(tk)

]
,
[ 2

2+ zα(tk)
,

2

2+ zα(tk)

])
,

≤ max
{∣∣∣∣ 2

2+ yα(t−k )
−

2

2+ zα(t−k )

∣∣∣∣, ∣∣∣∣ 2

2+ yα(t−k )
−

2

2+ zα(t−k )

∣∣∣∣} ,
≤ K3DH

([
y(t)

]α
,
[
z(t)

]α)
,

where K3 = 2
(2+yα(t−k ))(2+zα(t−k ))

> 0. Hence, the constants k1, K2, K3 are satisfied the hypotheses

(H1)-(H4). Thus, the conditions of theorem 3.2.2 are satisfied. Therefore, systeme (3.3.1) has

a unique fuzzy solution.

Now, we examine the controllability result, then, let’s consider the target state y1 = 3 ∈ En.[
v(s)

]α
=
[
vα(s), vα(s)

]
,

=

[
(Wα)−1

(
(α+ 2) − T(α+ 2)yα(T) −

∫ T
0

G(α+ 1)Gα(T − s)(α+ 2)yα(s)ds

−

∫ T
0

sGα(T − s)(α+ 1)yα(s)ds−

∫ T
0

Gα(T − s)hα(s)dBH(s)

− 2

t∑
tk=0

Gα(T − tk)

2+ yα(t−k )

)
, (Wα

)−1
(
(4− α) − T(4− α)yα(T)

−

∫ T
0

G(3− α)G
α
(T − s)(4− α)yα(s)ds−

∫ T
0

sG
α
(T − s)(3− α)yα(s)ds

−

∫ T
0

G
α
(T − s)h

α
(s)dBH(s) − 2

t∑
tk=0

G
α
(T − tk)

2+ yα(t−k )

)]
.

Further, by remplacing the above derived values into the integral equation with respect to

system (3.3.1), we obtain [y(T)]α = [3]α. Hence, all conditions of theorem 3.2.4 are fulfilled.

Therefore, the system (3.3.1) is controllable.
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Chapter 4
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coupled system of fuzzy fractional
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4.1 Introduction

The most significant area of practical mathematics that converts all currently available integer-

order operators to arbitrary-order ones is fractional calculus. This significance results from

the excellent precision of fractional operators in the simulation of numerous real-world oc-

currences in the context of various fractional boundary value problems.

Pantograph differential equations are functional differential equations with proportional de-

lays. Because these equations have numerous real-world applications in areas like electro-

dynamics, astrophysics, and cell development, many researchers have explored them nu-

merically and analytically.

On the other hand, one essential qualitative theory for dynamical systems is the notion of

stability. As a result, the theory of stability characteristics has attracted significant interest

through applications in a number of study domains.

Particularly, many scholars have looked into the Ulam-Hyers (UH) stability analysis and its

applicability to many kinds of differential equations. We wish to mention that the theory of

fuzzy fractional pantograph stochastic differential equations (FFPSDEs) have recently been
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the subject of important studies. As, for the UH stability of this type of system, even less has

been done, with only a few works published in this topic as for as we know.

In [60], Jameel et al. studied approximate solution fuzzy pantograph equation by using ho-

motopy perturbation method. Mikaeilvand et al. [88] introduced a numerical method based

on the Taylor polynomials for the approximate solution of fuzzy pantograph equation. Hos-

seinzadet et al. [53] studied the pantograph volterra fuzzy integrodifferential equation. In

[5] Agilan et al. proved the existence of solutions of fuzzy fractional panto-graph equations.

Recently, Priyadharsini et al. [58] proposed a new type of equation nemely fuzzy fractional

stochastic pantograph delay differential system. Then, Arhrrabi et al. [19, 16, 17, 18] stud-

ied the existence and stability of solutions of fuzzy fractional stochastic differential equa-

tions with fractional Brownian motions, averaging principle for fuzzy stochastic differential

equations, fuzzy fractional boundary value problem and existence and uniqueness results of

fuzzy fractional stochastic differential equations with impulsive. Melliani et al. [87] studied

Ulam-Hyers-Rassias stability for fuzzy fractional integrodifferential equations under Ca-

puto gH-differentiability. On the other hand, UH stability is another interesting topic for

mathematicians researchers. Then, stability theory research is currently fairly common and

many articles have been published. Sajedi et al. [101] investigate the existence, unique-

ness and UH stability of solutions of an impulsive coupled system of fractional differential

equation with Caputo-Katugampola fuzzy fractional derivative. For more details, references

[97, 98, 99, 100] are some of the studies on the UH stability. Chalishajar et al. [30] studied

existence and stability of solutions for a coupled system of fractional differential equation.

Nabil [91] established the existence and Ulam stability of nonlinear coupled system of frac-

tional differential equation including generalized Caputo fractional derivative. For more

details, references [63, 13, 64, 92, 123, 47] are some of important studies on the coupled sys-

tem of FDEs.

Motivated by the above mentioned works and its importance in many applied fields, it is

interesting to study the coupled system of FFPSDEs. In this chapter we have two results:

The first one is the existence and uniqueness of solutions, this result is given in the first

subsection. In the second subsection, UH stability result is proved.
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4.2 Main results

In this section, we will study the existence, uniqueness and UH stability of the following

coupled system
CDγ1x(t) = Ax(t) + f1

(
t, x(t), x(λ1t), y(t)

)
+
〈 ∫ t

0

g1
(
s, x(s), x(λ1s), y(s)

)
dB(s)

〉
,

CDγ2y(t) = Ay(t) + f2
(
t, y(t), y(λ2t), x(t)

)
+
〈 ∫ t

0

g2
(
s, y(s), y(λ2s), x(s)

)
dB(s)

〉
,

x(0) = x0 ∈ En and y(0) = y0 ∈ En,
(4.2.1)

where CDγ1 , CDγ2 denote the Caputo fractional derivative of order γ1 and γ2 respectively, A

isn×nmatrix, the functions f1, f2 : J×En×En×En −→ En and g1, g2 : J×En×En×En −→ Rn×m

are continuous on J, B(t) is standard Brownian motion with n-dimensional.

4.2.1 Existence and uniqueness results

In this subsection, we show the existence and uniqueness of fuzzy solution for a coupled

system (4.2.1).

Definition 4.2.1 A couple (x, y) is a solution of problem (4.2.1) if it satisfies
CDγ1x(t) = Ax(t) + f1

(
t, x(t), x(λ1t), y(t)

)
+
〈 ∫ t

0

g1
(
s, x(s), x(λ1s), y(s)

)
dB(s)

〉
,

CDγ2y(t) = Ay(t) + f2
(
t, y(t), y(λ2t), x(t)

)
+
〈 ∫ t

0

g2
(
s, y(s), y(λ2s), x(s)

)
dB(s)

〉
,

and the conditions initial x(0) = x0, y(0) = y0.

It follows from [95], that the solution of (4.2.1) can be expressed as follows:

x(t) =Mγ1(At
γ1)x0 +

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds.

y(t) =Mγ2(At
γ2)y0 +

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)
f2
(
s, y(s), y(λ2s), x(s)

)
ds

+

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)〈 ∫ s
0

g2
(
u, y(u), y(λ2u), x(u)

)
dB(u)

〉
ds.

We will study the proposed system under the following assumptions:

(A1) The functions f1, f2 are continuous and ∃L1, L2 > 0 such that

ED2∞
(
f1(t, x, y, z), f1(t, u, v,w)

)
≤ L1

(
ED2∞(x, u) + ED2∞(y, v) + ED2∞(z,w)

)
.
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ED2∞
(
f2(t, x, y, z), f2(t, u, v,w)

)
≤ L2

(
ED2∞(x, u) + ED2∞(y, v) + ED2∞(z,w)

)
.

(A2) The functions g1, g2 are continuous and ∃N1, N2 > 0 such that

E
∥∥g1(t, x, y, z) − g1(t, u, v,w)∥∥2 ≤ N1

(
ED2∞(x, u) + ED2∞(y, v) + ED2∞(z,w)

)
.

E
∥∥g2(t, x, y, z) − g2(t, u, v,w)∥∥2 ≤ N2

(
ED2∞(x, u) + ED2∞(y, v) + ED2∞(z,w)

)
.

(A3) For all t ∈ J , ∃Q1, Q2 > 0 such that

ED2∞
(
f1(t, 0̂, 0̂, 0̂), 0̂

)
≤ Q1 and ED2∞

(
f2(t, 0̂, 0̂, 0̂), 0̂

)
≤ Q2.

(A4) For all t ∈ J , ∃P1, P2 > 0 such that

E
∥∥g1(t, 0̂, 0̂, 0̂)∥∥2 ≤ P1 and E

∥∥g2(t, 0̂, 0̂, 0̂)∥∥2 ≤ P2.

Theorem 4.2.2 Assume that the assumptions (A1)-(A4) holds. Then the system (4.2.1) has a

unique solution provided that

6(L1 + L2)T
2γ1

(2γ1 − 1)(Γ(γ1))2
+
6(N1 +N2)T

2γ1+1

(2γ1 − 1)(Γ(γ1))2
< 1.

Proof. We define the operator F : K×K −→ K×K by

F(x, y)(t) =
(
T1(x, y)(t), T2(x, y)(t)

)
,

where

T1(x, y)(t) =Mγ1(At
γ1)x0 +

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds.

T2(x, y)(t) =Mγ2(At
γ2)y0 +

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)
f2
(
s, y(s), y(λ2s), x(s)

)
ds

+

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)〈 ∫ s
0

g2
(
u, y(u), y(λ2u), x(u)

)
dB(u)

〉
ds.

Then, the fixed point of the operator F coincides with a solution of coupled system (4.2.1).

For each positive number r, we define

Br =
{
(x, y) ∈ K×K : ED2∞((x, y), 0̂) ≤ r}.

We divide the subsequent proof into two steps.

Step 1: We prove that F(Br) ⊆ Br. We choose

r ≥ 3ED2∞(x0, 0̂) + 3ED2∞(y0, 0̂) + J1 + K1
1− J2 − K2

.
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By using the assumptions (A1)-(A4), Cauchy–Schwarz inequality and Itô isometry, we get

ED2∞(T1(x, y)(t), 0̂) = ED2∞
(
Mγ1(At

γ1)x0 +

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds, 0̂

)
,

≤ 3ED2∞(Mγ1(At
γ1)x0, 0̂

)
+ 3ED2∞

( ∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s), x(λ1s), y(s)

)
ds, 0̂

)
+ 3ED2∞

( ∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds, 0̂

)
,

≤ 3ED2∞(x0, 0̂)+ 6T 2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

ED2∞
(
f1
(
s, x(s), x(λ1s), y(s)

)
, f1
(
s, 0̂, 0̂, 0̂

))
ds

+
6T 2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

ED2∞
(
f1
(
s, 0̂, 0̂, 0̂

)
, 0̂

)
ds

+
6T 2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

( ∫ s
0

E
wwwwg1(u, x(u), x(λ1u), y(u))− g1(u, 0̂, 0̂, 0̂)wwww2du)ds

+
6CTT

2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

( ∫ s
0

E
wwwwg1(u, 0̂, 0̂, 0̂)wwww2du)ds,

≤ 3ED2∞(x0, 0̂)+ 6L1T
2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

[
ED2∞(x(s), 0̂)+ ED2∞(x(λ1s), 0̂)+ ED2∞(y(s), 0̂)]ds

+
6N1T

2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

(t− s)γ1−1
( ∫ s

0

[
ED2∞(x(u), 0̂)+ ED2∞(x(λ1u), 0̂)+ ED2∞(y(u), 0̂)]du)ds

+
6Q1T

2γ1

(2γ1 − 1)(Γ(γ1))2
+

3P1CTT
2γ1+1

(2γ1 − 1)(Γ(γ1))2
,

≤ 3ED2∞(x0, 0̂)+ 6L1T
2γ1r

(2γ1 − 1)(Γ(γ1))2
+

6Q1T
2γ1

(2γ1 − 1)(Γ(γ1))2
+

6N1T
2γ1+1r

(2γ1 − 1)(Γ(γ1))2
+

3P1CTT
2γ1+1

(2γ1 − 1)(Γ(γ1))2
,

≤ 3ED2∞(x0, 0̂)+ 6Q1T
2γ1

(2γ1 − 1)(Γ(γ1))2
+

3P1CTT
2γ1+1

(2γ1 − 1)(Γ(γ1))2
+

(
6L1T

2γ1

(2γ1 − 1)(Γ(γ1))2
+

6N1T
2γ1+1

(2γ1 − 1)(Γ(γ1))2

)
r,

≤ 3ED2∞(x0, 0̂)+ J1 + J2r,
where

J1 =
6Q1T

2γ1

(2γ1 − 1)(Γ(γ1))2
+

3P1CTT
2γ1+1

(2γ1 − 1)(Γ(γ1))2
and J2 =

6L1T
2γ1

(2γ1 − 1)(Γ(γ1))2
+

6N1T
2γ1+1

(2γ1 − 1)(Γ(γ1))2
.

In the same way, we can obtain that:

ED2∞(T2(x, y)(t), 0̂) ≤ 3ED2∞(y0, 0̂)+ K1 + K2r,
where

K1 =
6Q2T

2γ2

(2γ2 − 1)(Γ(γ2))2
+

3P2CTT
2γ2+1

(2γ2 − 1)(Γ(γ2))2
and K2 =

6L2T
2γ2

(2γ2 − 1)(Γ(γ2))2
+

6N2T
2γ2+1

(2γ2 − 1)(Γ(γ2))2
.

Finally, we have

ED2∞(F(x, y)(t), 0̂) ≤ ED2∞(T1(x, y)(t), 0̂)+ ED2∞(T2(x, y)(t), 0̂) ≤ r,
which implies that F(Br) ⊆ Br.
Step 2: We show that F is a contraction operator. For (x, y), (x ′, y ′) ∈ K×K and t ∈ J, using
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the assumptions (A1)-(A4), Cauchy–Schwarz inequality and Itô isometry, we have

ED2∞(T1(x, y)(t), T1(x ′, y ′)(t)
)
= ED2∞

(
Mγ1(At

γ1)x0 +

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s),

x(λ1s), y(s)
)
ds+

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds,Mγ1(At

γ1)x0

+

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x ′(s), x ′(λ1s), y

′(s)
)
ds

+

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x ′(u), x ′(λ1u), y

′(u)
)
dB(u)

〉
ds

)
,

≤ 2ED2∞
( ∫ t

0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s), x(λ1s), y(s)

)
ds,

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x ′(s), x ′(λ1s), y

′(s)
)
ds

)
+ 2ED2∞

( ∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x(u),

x(λ1u), y(u)
)
dB(u)

〉
ds,

∫ t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫ s
0

g1
(
u, x ′(u), x ′(λ1u), y

′(u)
)
dB(u)

〉
ds

)
,

≤ 2T 2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

ED2∞
(
f1
(
s, x(s), x(λ1(s)), y(s)

)
, f1
(
s, x ′(s), x ′(λ1(s)), y

′(s)
))
ds

+
2T 2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

( ∫ s
0

E
wwwwg1(u, x(u), x(λ1u), y(u))− g1(u, x ′(u), x ′(λ1u), y ′(u)

)wwww2du)ds,
≤ 2L1T

2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

(
ED2∞(x(s), x ′(s))+ ED2∞(x(λ1s), x ′(λ1s))+ ED2∞(y(s), y ′(s)

))
ds,

+
2N1T

2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫ t
0

( ∫ s
0

[
ED2∞(x(s), x ′(s))+ ED2∞(x(λ1s), x ′(λ1s))+ ED2∞(y(s), y ′(s)

)]
du

)
ds,

≤ 6L1T
2γ1

(2γ1 − 1)(Γ(γ1))2

(
ED2∞(x, x ′)+ ED2∞(y, y ′))+

6N1T
2γ1+1

(2γ1 − 1)(Γ(γ1))2

(
ED2∞(x, x ′)+ ED2∞(y, y ′)),

≤
(

6L1T
2γ1

(2γ1 − 1)(Γ(γ1))2
+

6N1T
2γ1+1

(2γ1 − 1)(Γ(γ1))2

)(
ED2∞(x, x ′)+ ED2∞(y, y ′)).

With a similar method, we also get:

ED2∞(T2(x, y)(t), T2(x ′, y ′)(t)
)
≤
(

6L2T
2γ2

(2γ2 − 1)(Γ(γ2))2
+

6N2T
2γ2+1

(2γ2 − 1)(Γ(γ2))2

)(
ED2∞(x, x ′)+ED2∞(y, y ′)).

Finally, we can get:

ED2∞(F(x, y)(t), F(x ′, y ′)(t)
)
≤
(
6(L1 + L2)T

2γ1

(2γ1 − 1)(Γ(γ1))2
+
6(N1 +N2)T

2γ1+1

(2γ1 − 1)(Γ(γ1))2

)(
ED2∞(x, x ′)+ ED2∞(y, y ′)).

So, since 6(L1+L2)T
2γ1

(2γ1−1)(Γ(γ1))2
+ 6(N1+N2)T

2γ1+1

(2γ1−1)(Γ(γ1))2
< 1, then F is a contraction operator. Therefore, by

using Banach’s contraction mapping principle, we conclude that F has a fixed point which

is the unique solution of (4.2.1).□

4.2.2 Stability result

In this subsection, we study Ulam’s type stability for the coupled system (4.2.1). First, we

recall the definition of those types of Ulam stability.

FACULTY OF SCIENCES AND TECHNOLOGIES 45 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

Definition 4.2.3 [30] The coupled system (4.2.1) is said to be UH stable if there exists a constant
ω = (ω1,ω2) > 0 such that for each ϵ = (ϵ1, ϵ2) > 0 and solution (x, y) ∈ K×K of the following
inequality

ED2∞
(

CDγ1x(t), Ax(t) + f1
(
t, x(t), x(λ1t), y(t)

)
+

〈 ∫ t
0

g1
(
s, x(s), x(λ1s), y(s)

)
dB(s)

〉)
≤ ϵ1,

ED2∞
(

CDγ2y(t), Ay(t) + f2
(
t, y(t), y(λ2t), x(t)

)
+

〈 ∫ t
0

g2
(
s, y(s), y(λ2s), x(s)

)
dB(s)

〉)
≤ ϵ2,

(4.2.2)

there exists a solution (v, k) ∈ K×K of system (4.2.1), such that

ED2∞
(
(x, y)(t), (v, k)(t)

)
≤ ωϵ, t ∈ J.

Definition 4.2.4 [30] The system (4.2.1) is said to be generalized UH (GUH) stable if there exists

φ ∈ C1
(
J,En

)
,φ(0) = 0 such that for each solution (x, y) ∈ K×K of (4.2.2), there exists a solution

(v, k) ∈ K×K of system (4.2.1) such that

ED2∞
(
(x, y)(t), (v, k)(t)

)
≤ φ(ϵ), t ∈ J.

Remark 4.2.5 A couple (x, y) ∈ K×K is a solution of (4.2.2) if and only if ∃(ϕ,ψ) ∈ K×K such

that

(i)- ED2∞(ϕ(t), 0̂) ≤ ϵ1, and ED2∞(ψ(t), 0̂) ≤ ϵ2, t ∈ J.

(ii)- For t ∈ J,

CDγ1x(t) = Ax(t) + f1
(
t, x(t), x(λ1t), y(t)

)
+

〈 ∫ t
0

g1
(
s, x(s), x(λ1s), y(s)

)
dB(s)

〉
+ ϕ(t),

CDγ2y(t) = Ay(t) + f2
(
t, y(t), y(λ2t), x(t)

)
+

〈 ∫ t
0

g2
(
s, y(s), y(λ2s), x(s)

)
dB(s)

〉
+ψ(t).

Lemma 4.2.6 Suppose that (x, y) ∈ K × K is a solution of the inequality system (4.2.2). So, we
have

ED2∞[x(t), L(t)] ≤ T 2γ1−1

(2γ1 − 1)(Γ(γ1))2
ϵ1 and ED2∞[y(t), P(t)] ≤ T 2γ2−1

(2γ2 − 1)(Γ(γ2))2
ϵ2

Proof. By remark 4.2.5, we have
CDγ1x(t) = Ax(t) + f1

(
t, x(t), x(λ1t), y(t)

)
+
〈 ∫ t

0

g1
(
s, x(s), x(λ1s), y(s)

)
dB(s)

〉
+ ϕ(t),

CDγ2y(t) = Ay(t) + f2
(
t, y(t), y(λ2t), x(t)

)
+
〈 ∫ t

0

g2
(
s, y(s), y(λ2s), x(s)

)
dB(s)

〉
+ψ(t).

(4.2.3)
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Thanks to Definition 4.2.1, the solution of system (4.2.3) can be reformulated immediately
as

x(t) =Mγ1(At
γ1)x0 +

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)〈 ∫ s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds

+

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
ϕ(s)ds,

:= L(t) +

∫ t
0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
ϕ(s)ds.

y(t) =Mγ2(At
γ2)y0 +

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)
f2
(
s, y(s), y(λ2s), x(s)

)
ds

+

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)〈 ∫ s
0

g2
(
u, y(u), y(λ2u), x(u)

)
dB(u)

〉
ds

+

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)
ψ(s)ds,

:= P(t) +

∫ t
0

(t− s)γ2−1Mγ2,γ2

(
A(t− s)γ2

)
ψ(s)ds.

Then, using Cauchy–Schwarz inequality and Itô isometry, we get

ED2∞[x(t), L(t)] = ED2∞
[ ∫ t

0

(t− s)γ1−1Mγ1,γ1

(
A(t− s)γ1

)
ϕ(s)ds, 0̂

]
,

≤ T 2γ1−1

(2γ1 − 1)(Γ(γ1))2
ED2∞[ϕ, 0̂] ≤ T 2γ1−1

(2γ1 − 1)(Γ(γ1))2
ϵ1.

Similarly, we find

ED2∞[y(t), P(t)] ≤ T 2γ2−1

(2γ2 − 1)(Γ(γ2))2
ϵ2.

Now, we prove the UH stability for the system (4.2.1).

Theorem 4.2.7 Assume that the assumptions (A1) and (A2) holds. Then, the system (4.2.1) will

be UH stable and consequently GUH stable.

Proof. Let (x, y) be the solution of the system (4.2.2) and (v, k) be the solution of the pro-
posed system (4.2.1). Using Cauchy–Schwarz inequality, Lemma 4.2.6 and Itô isometry, we
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get

ED2∞(x(t), v(t)) = ED2∞
(
x(t),Mγ1

(Atγ1)x0 +

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, v(s), v(λ1s), k(s)

)
ds

+

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫s
0

g1
(
u, v(u), v(λ1u), k(u)

)
dB(u)

〉
ds

)
,

≤ 2ED2∞
(
x(t),Mγ1

(Atγ1)x0 +

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds

)
+ 2ED2∞

(
Mγ1

(Atγ1)x0 +

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, x(s), x(λ1s), y(s)

)
ds

+

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫s
0

g1
(
u, x(u), x(λ1u), y(u)

)
dB(u)

〉
ds,Mγ1

(Atγ1)x0

+

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

f1
(
s, v(s), v(λ1s), k(s)

)
ds+

∫t
0

Mγ1,γ1

(
A(t− s)γ1

)
(t− s)1−γ1

〈 ∫s
0

g1
(
u, v(u), v(λ1u), k(u)

)
dB(u)

〉
ds

)
,

≤ T2γ1−1ϵ1

(2γ1 − 1)(Γ(γ1))2
+

2T2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫t
0

ED2∞
(
f1
(
x(s), x(λ1s), y(s)

)
, f1
(
v(s), v(λ1s), k(s)

))
ds

+
2T2γ1−1

(2γ1 − 1)(Γ(γ1))2

∫t
0

( ∫s
0

E
wwwwg1(x(s), x(λ1s), y(s))− g1(v(s), v(λ1s), k(s))wwww2

du

)
ds,

≤ T2γ1−1ϵ1

(2γ1 − 1)(Γ(γ1))2
+

2T2γ1−1L1

(2γ1 − 1)(Γ(γ1))2

∫t
0

(
ED2∞(x(s), v(s))+ ED2∞(x(λ1s), v(λ1s))+ ED2∞(y(s), k(s)))ds

+
2T2γ1−1N1

(2γ1 − 1)(Γ(γ1))2

∫t
0

[ ∫s
0

(
ED2∞(x(u), v(u))+ ED2∞(x(λ1u), v(λ1u))+ ED2∞(y(u), k(u)))du]ds,

≤ T2γ1−1ϵ1

(2γ1 − 1)(Γ(γ1))2
+

6T2γ1L1

(2γ1 − 1)(Γ(γ1))2

(
ED2∞(x, v)+ ED2∞(y, k))

+
6T2γ1+1N1

(2γ1 − 1)(Γ(γ1))2

(
ED2∞(x, v)+ ED2∞(y, k)),

≤ T2γ1−1ϵ1

(2γ1 − 1)(Γ(γ1))2
+

(
6T2γ1L1

(2γ1 − 1)(Γ(γ1))2
+

6T2γ1+1N1

(2γ1 − 1)(Γ(γ1))2

)(
ED2∞(x, v)+ ED2∞(y, k)),

≤ T2γ1−1ϵ1

(2γ1 − 1)(Γ(γ1))2
+ ξ1

(
ED2∞(x, v)+ ED2∞(y, k)),where ξ1 :=

6T2γ1L1

(2γ1 − 1)(Γ(γ1))2
+

6T2γ1+1N1

(2γ1 − 1)(Γ(γ1))2
.

With a similar method, we get

ED2∞(y(t), k(t)) ≤ T 2γ2−1ϵ2
(2γ2 − 1)(Γ(γ2))2

+ ξ2

(
ED2∞(x, v)+ ED2∞(y, k)),

where ξ2 := 6T2γ2L2
(2γ2−1)(Γ(γ2))2

+ 6T2γ2+1N2

(2γ2−1)(Γ(γ2))2
.

Let ϵ = max(ϵ1, ϵ2) and ξ = max(ξ1, ξ2), hence

ED2∞((x, y)(t), (v, k)(t)) ≤ Rϵ+ ξED2∞
(
(x, y)(t), (v, k)(t)

)
,

where R := T2γ1−1

(2γ1−1)(Γ(γ1))2
+ T2γ2−1

(2γ2−1)(Γ(γ2))2
. Then

ED2∞((x, y)(t), (v, k)(t)) ≤ R

1− ξ
ϵ := ωϵ.

Hence the system (4.2.1) is UH stable. Therefore, if we put φ(ϵ) = ωϵ, we have φ(0) = 0

and ED2∞((x, y)(t), (v, k)(t)) ≤ φ(ϵ). Then, the system (4.2.1) is GUH stable.□
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Chapter 5

The averaging principle for fuzzy
stochastic differential equations

Contents
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.2.1 Existence and uniqueness results . . . . . . . . . . . . . . . . . . . . . 51

5.2.2 Averaging result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.3 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.1 Introduction

The averaging concept is a powerful tool for investigating the qualitative property of dy-

namical system, physics and variety of other fields. This method shows the connection

between the solutions of averaged systems and the solutions of a standard form [117, 118].

Nevertheless, up to now, the averaging principle for fuzzy stochastic differential equations

(FSDEs) still has a big challenge to face. So, we will make the first attempt to study this

method for this type of equations, therefore, this result will be enriched the averaging results

for FSDEs. For crisp stochastic differential equations (SDEs), the first results on averaging

principle are [61, 62, 107]. Tan et al. [109] established an averaging method for stochastic dif-

ferential delay equations (SDDEs) under non-Lipschitz conditions. In [85, 116] the authors

investigated the averaging principle for SDDEs with Jumps and with fractional Brownian

motion.

Recently, Guo et al. [48] established the averaging method for a class of SDEs with nonlinear

terms satisfying the monotone condition, and Luo et al. [73, 74] investigated an averaging

principle for a class of stochastic fractional differential equations (SFDEs) with time-delays.

Ahmed et al. [10] established the averaging principle of Hilfer fractional stochastic delay

differential equations with Poisson jumps.
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On the other hand, FSDEs are utilised is real world system where the phenomena are con-

nected to randomness and fuzziness as two types of uncertainty. There are several articles

on FSDEs, each of which takes a different approach. For example, in [59, 19] the authors

presented a definition of the fuzzy stochastic Itô integral using a method that allows to em-

bedding a crisp Itô stochastic integral into fuzzy space to build a fuzzy random variable.

Motivated by the above mentioned works and its importance in many applied fields, it is

interesting to extend the averaging principle to the FSDEs. This chapter is organized as fol-

lows: In the first subsection, the existence and uniqueness of solution of problem (5.2.1) are

proved. The second subsection will be devoted to an averaging principle for the considered

system is studied.

5.2 Main results

In this section, we investigate the existence, uniqueness and averaging principle results for

FSDEs given by 
dx(s) = f(t, x(t))dt+

〈
g(t, x(t))dB(t)

〉
,

x(0) = x0 ∈ En,

(5.2.1)

where

f : J× En −→ En,

g : J× En −→ Rn×m

x0 : Ω −→ En

is a fuzzy random variable and B(t) is standard Brownian motion with n-dimensional..

5.2.1 Existence and uniqueness results

In this subsection, we are interested in the existence and uniqueness results of system (5.2.1).

Definition 5.2.1 A fuzzy process x : J ×Ω −→ En is said to be a solution of system (5.2.1) if the

following holds:

(i) x ∈ L2(J×Ω,N;En),

(ii) x is D∞-continuous,

(iii) we have

x(t) = x0 +

∫ t
0

f(s, x(s))ds+

〈 ∫ t
0

g(s, x(s))dB(s)

〉
, t ∈ J. (5.2.2)
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Remark 5.2.2 We call a solution x : J × Ω −→ En of system (5.2.1) is unique, if x(t) JP.1
= z(t),

where a fuzzy process z : J×Ω −→ En is any solution of (5.2.1).

We will assume that all through this chapter, f : (J ×Ω) × En −→ En is BdS ⊗ N | BD∞-

measurable.

In order, we apply a conditions on the coefficient functions to ensure that the solution of

(5.2.1) exists and is unique.

(A1) There exists a constant C1 > 0 such that for all t ∈ J and x ∈ En we have

ED2∞(f(t, x), 0̂) ≤ C21(1+ ED2∞(x, 0̂)
)
.wwg(t, x)ww2 := ED2∞(⟨g(t, x)⟩, 0̂) ≤ C21(1+ ED2∞(x, 0̂)

)
.

(A2) There exists a constant C2 > 0 such that for all t ∈ I and for all x, y ∈ En we have

D2∞(f(t, x), f(t, y)) ≤ C22D2∞(x, y).wwg(t, x) − g(t, y)ww2 = ED2∞(⟨g(t, x)⟩, ⟨g(t, y)⟩) ≤ C22ED2∞(x, y).

Theorem 5.2.3 [81] Under assumptions (A1)-(A2) and x0 ∈ L2(Ω,A0,P;En), the system (5.2.1)

has a unique solution x(t).

Proof. let us define a Picard type sequence xn : J×Ω −→ En as follows

for n = 0

x0(t) = x0,

and for n = 1, 2, ...

xn(t) = x0 +

∫ t
0

f(s, xn−1(s))ds+

〈 ∫ t
0

g(s, xn−1(s))dB(s)

〉
.

It is easy to known that xn’s are the well defined D∞-continuous fuzzy stochastic processes

from L2(J×Ω,N;En). In fact, we have that x0 ∈ L2(J×Ω,N;En) and x0 is D∞-continuous.

Let us define Kn(t) = ED2∞(xn(t), xn−1(t)) for n ∈ N and t ∈ J. Thus, by Propositions
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1.2.25,1.2.27 and assumptions (A1)-(A2), we obtain for t ∈ J

K1(t) = ED2∞
(
x0 +

∫ t
0

f(s, x0)ds+

〈 ∫ t
0

g(s, x0)dB(s)

〉
, x0

)
,

= ED2∞
( ∫ t

0

f(s, x0)ds+

〈 ∫ t
0

g(s, x0)dB(s)

〉
, 0̂

)
,

≤ 2ED2∞
( ∫ t

0

f(s, x0)ds, 0̂

)
+ 2ED2∞

(〈 ∫ t
0

g(s, x0)dB(s)

〉
, 0̂

)
,

≤ 2t
∫ t
0

ED2∞(f(s, x0), 0̂)ds+ 2 ∫ t
0

∥g(s, x0)∥2ds,

≤ 2TC21(1+ T)ED2∞(x0, 0̂) := l1,
<∞.

Moreover, similarly we have

Kn(t) = ED2∞
(
x0 +

∫ t
0

f(s, xn−1(s))ds+

〈 ∫ t
0

g(s, xn−1(s))dB(s)

〉
, x0 +

∫ t
0

f(s, xn−2(s))ds

+

〈 ∫ t
0

g(s, xn−2(s))dB(s)

〉)
,

≤ 2ED2∞
( ∫ t

0

f(s, xn−1(s))ds,

∫ t
0

f(s, xn−2(s))ds

)
+ 2ED2∞

(〈 ∫ t
0

g(s, xn−1(s))dB(s)

〉
,

〈 ∫ t
0

g(s, xn−2(s))dB(s)

〉)
,

≤ 2C22(1+ T)
∫ t
0

ED2∞
(
f(s, xn−1), f(s, xn−2)

)
ds := l2

∫ t
0

ED2∞
(
f(s, xn−1), f(s, xn−2)

)
ds.

Thus, we have

Kn(t) ≤
l1

l2

(l2T)
n

n!
<∞.

Therefore xn(t) ∈ L2(J ×Ω,N;En) for every n and every t. Moreover, for every n the map-

ping xn(·) is continuous with respect to the metric D∞.

In the sequel we will show that the sequence (xn(t))
∞
n=0 satisfies Cauchy condition uniformly

in t. Notice that

ED2∞(xn(t), xm(t)) ≤ (l1l2
) 1

2

n∑
k=m+1

((l2T)k
k!

) 1
2

,

and the series
∑∞

k=0

(
xk

k!

) 1
2

is convergent for every x ∈ R. Hence for any ϵ > 0 there exists

n0 ∈ N such that for any n,m ≥ n0 it holds

sup
t∈[0,T ]

ED2∞(xn(t), xm(t)) ≤ ϵ.
Therefore, Thus (xn(t))

∞
n=0 is uniformly convergent to some fuzzy stochastic process x : J ×

Ω −→ En which is {At}-adapted and D∞-continuous. Thus, we have x ∈ L2(J ×Ω,N;En).
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Finally, we want to show that this limit process is a solution to (5.2.1). In order to do this, we
show that x satisfies (5.2.2). Indeed, for every t ∈ J, we have

ED2∞
(
x(t), x0 +

∫t
0

f(s, x(s))ds+
〈 ∫t

0

g(s, x(s))dB(s)
〉)

≤ 3ED2∞(x(t), xn(t))+ 3ED2∞
(
xn(t), x0 +

∫t
0

f(s, xn−1(s))ds+
〈 ∫t

0

g(s, xn−1(s))dB(s)
〉)

+ 3ED2∞
(
x0 +

∫t
0

f(s, xn−1(s))ds+
〈 ∫t

0

g(s, xn−1(s))dB(s)
〉
, x0 +

∫t
0

f(s, x(s))ds+
〈 ∫t

0

g(s, x(s))dB(s)
〉)
,

:= S1 + S2 + S3,

where S1 converge to zero and S2 is equal to zero. For the third term S3, according to
Propositions 1.2.25,1.2.27 and assumption (A2), we get

S3 ≤2D2∞
( ∫t

0

f(s, xn−1(s))ds,

∫t
0

f(s, x(s))ds
)
+ 2D2∞

(〈 ∫t
0

g(s, xn−1(s))dB(s)
〉
,
〈 ∫t

0

g(s, x(s))dB(s)
〉)
,

≤ 2C2
2(1+ T)

∫t
0

D2∞(xn−1(s), x(s)
)
ds,

≤ 2C2
2(1+ T)T sup

0≤t≤T

ED2∞(xn−1(t), x(t)
)
−→ 0, as n −→ ∞.

Therefore,

ED2∞
(
x(t), x0 +

∫ t
0

f(s, x(s))ds+
〈 ∫ t

0

g(s, x(s))dB(s)
〉)

= 0.

Hence, (5.2.2) holds. Then, due to the Definition 5.2.1, x(t) is a solution of (5.2.1).

Finally, we will show the uniqueness of solution. Assume that x : J × Ω −→ En and y :

J×Ω −→ En are two solutions to (5.2.1). Then, let us notice that

ED2∞(x(t), y(t)) ≤ 2C22(1+ T) ∫ t
0

ED2∞(x(s), y(s))ds.
Thus, by Gronwall’s inequality, we obtain ED2∞(x(t), y(t)) ≡ 0 for every t ∈ J. This implies

that for every t ∈ J it holds P
(
[x(t)]α = [y(t)]α ∀α ∈ [0, 1]

)
= 1.□

5.2.2 Averaging result

The construction of an averaging principle for system (5.2.1) is the focus of this subsection.

First, we look at the standard form of Eq. (5.2.2)

xϵ(t) = x0 + ϵ

∫ t
0

f(s, xϵ(s))ds+
√
ϵ

〈 ∫ t
0

g(s, xϵ(s))dB(s)

〉
, (5.2.3)

where the initial value x0, functions f and g have the same conditions as in system (5.2.1)

and ϵ ∈ (0, ϵ0) is a positive small parameter with ϵ0 a fixed number.

Based on the existence and uniqueness results, the Eq. (5.2.3) also has a unique solution

xϵ(t) for every fixed ϵ ∈ (0, ϵ0) and t ∈ J.
In order, we set certain assumptions on the coefficients to see if the solution xϵ(t) can be

approximated by a small process to a simple process.

Let f̃ : En −→ En and g̃ : En −→ Rn be measurable functions satisfying (A1)-(A2) and the
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following additional inequalities:

(A3) For x ∈ En and T ′ ∈ Jwe have

1

T ′

∫ T ′

0

ED2∞
(
f(s, x), f̃(x)

)
ds ≤ β1(T ′)

(
1+ ED2∞(x, 0̂)

)
,

1

T ′

∫ T ′

0

E
wwg(s, x) − g̃(x)ww2ds ≤ β2(T ′)

(
1+ ED2∞(x, 0̂)

)
,

where lim
T ′−→∞βi(T ′) = 0, i = 1, 2.

With the appropriate preparations above, we will show that the solution xϵ converge as

ϵ −→ 0, to the solution yϵ of the following averaged FSDEs

yϵ(t) = x0 + ϵ

∫ t
0

f̃(yϵ(s))ds+
√
ϵ

〈 ∫ t
0

g̃(yϵ(s))dB(s)

〉
. (5.2.4)

Clearly, under similar assumptions as Eq. (5.2.3), the Eq. (5.2.4) also has a unique solution

yϵ.

The main result of this subsection is now presented, in which we consider the connections

between the process xϵ and yϵ.

Theorem 5.2.4 Assume that the assumptions (A1)-(A3) are satisfied. For a given arbitrarily small

number ∆ > 0 and a constant k > 0, α ∈ (0, 1), there exist ϵ1 ∈ (0, ϵ0] such that ∀ϵ ∈ (0, ϵ1], we

have

sup
t∈[0,kϵ−α]

ED2∞(xϵ(t), yϵ(t)) ≤ ∆.
Proof. For any t ∈ [0, u] ⊂ J, we have

sup
t∈[0,u]

ED2∞(xϵ(t), yϵ(t)) = sup
t∈[0,u]

ED2∞
(
x0 + ϵ

∫ t
0

f(s, xϵ(s))ds+
√
ϵ

〈 ∫ t
0

g(s, xϵ(s))dB(s)

〉
,

x0 + ϵ

∫ t
0

f̃(yϵ(s))ds+
√
ϵ

〈 ∫ t
0

g̃(yϵ(s))dB(s)

〉)
,

≤ 2ϵ2 sup
t∈[0,u]

ED2∞
( ∫ t

0

f(s, xϵ(s))ds,

∫ t
0

f̃(yϵ(s))ds

)
+ 2ϵ sup

t∈[0,u]
ED2∞

(〈 ∫ t
0

g(s, xϵ(s))dB(s)

〉
,

〈 ∫ t
0

g̃(yϵ(s))dB(s)

〉)
.

Denote by

J1 = 2ϵ
2 sup
t∈[0,u]

ED2∞
( ∫ t

0

f(s, xϵ(s))ds,

∫ t
0

f̃(yϵ(s))ds

)
,

J2 = 2ϵ sup
t∈[0,u]

ED2∞
(〈 ∫ t

0

g(s, xϵ(s))dB(s)

〉
,

〈 ∫ t
0

g̃(yϵ(s))dB(s)

〉)
.
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Then, using the properties of the metric D∞, we get

J1 ≤ 4ϵ2 sup
t∈[0,u]

ED2∞
( ∫ t

0

f(s, xϵ(s))ds,

∫ t
0

f(s, yϵ(s))ds,

)
+ 4ϵ2 sup

t∈[0,u]
ED2∞

( ∫ t
0

f(s, yϵ(s))ds,

∫ t
0

f̃(yϵ(s))ds,

)
,

:= J11 + J12.

By using the Proposition 1.2.25 and the assumption (A2), we have

J11 ≤ 4ϵ2 sup
t∈[0,u]

(
t

∫ t
0

ED2∞(f(s, xϵ(s)), f(s, yϵ(s)))ds),
≤ 4ϵ2C2u

∫u
0

ED2∞(xϵ(s), yϵ(s))ds.
For J12, we use the Proposition 1.2.25 and the assumption (A3), we get

J12 ≤ 4ϵ2 sup
t∈[0,u]

(
t

∫ t
0

ED2∞(f(s, yϵ(s)), f̃(yϵ(s)))ds),
≤ 4ϵ2 sup

t∈[0,u]

(
t2
1

t

∫ t
0

ED2∞(f(s, yϵ(s)), f̃(yϵ(s)))ds),
≤ 4ϵ2u2β1(u)

[
1+ sup

t∈[0,u]
ED2∞(yϵ(t), 0̂)] := 4ϵ2u2λ1.

Therefore

J1 ≤ 4ϵ2C2u
∫u
0

ED2∞(xϵ(s), yϵ(s))ds+ 4ϵ2u2λ1. (5.2.5)

For the second term J2, by using the Proposition 1.2.26, we have

J2 ≤ 2ϵ sup
t∈[0,u]

∫ t
0

E
wwg(s, xϵ(s)) − g̃(yϵ(s))ww2ds,

≤ 4ϵ sup
t∈[0,u]

∫ t
0

E
wwg(s, xϵ(s)) − g(s, yϵ(s))ww2ds

+ 4ϵ sup
t∈[0,u]

∫ t
0

E
wwg(s, yϵ(s)) − g̃(yϵ(s))ww2ds,

:= J21 + J22.

Using the assumption (A2), we get

J21 ≤ 4ϵC2
∫u
0

ED2∞(xϵ(s), yϵ(s))ds.
Also, we use the assumption (A3), we have

J22 ≤ 4ϵ sup
t∈[0,u]

(
t
1

t

∫ t
0

E
wwg(s, yϵ(s)) − g̃(yϵ(s))ww2ds),

≤ 4ϵuβ2(u)
[
1+ sup

t∈[0,u]
ED2∞(yϵ(t), 0̂)] := 4ϵuλ2.
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Therefore

J2 ≤ 4ϵC2
∫u
0

ED2∞(xϵ(s), yϵ(s))ds+ 4ϵuλ2. (5.2.6)

So, combining (5.2.5) and (5.2.6) together, we get

sup
t∈[0,u]

ED2∞(xϵ(t),yϵ(t)) ≤ 4ϵu(λ2 + ϵuλ1)+ 4ϵC2(1+ ϵu) ∫u
0

ED2∞(xϵ(s), yϵ(s))ds,
≤ 4ϵu

(
λ2 + ϵuλ1

)
+ 4ϵC2

(
1+ ϵu

) ∫u
0

sup
v∈[0,s]

ED2∞(xϵ(v), yϵ(v))ds.
Hence, by using the Gronwall inequality, we get

sup
t∈[0,u]

ED2∞(xϵ(t), yϵ(t)) ≤ 4ϵu(λ2 + ϵuλ1)e4ϵC2(1+ϵu).

Choose α ∈ (0, 1) and L > 0 such that for every t ∈ [0, Lϵ−α] ⊆ J, we have

sup
t∈[0,Lϵ−α]

ED2∞(xϵ(t), yϵ(t)) ≤ kLϵ1−α,
where k = 4

(
λ2 + Lϵ

1−αλ1
)

exp
{
4ϵC2

(
1 + Lϵ1−α

)}
is a constant. Therefore, for any given

number ∆, ∃ϵ1 ∈ (0, ϵ0] such that for each ϵ ∈ (0, ϵ1] and t ∈ [0, Lϵ−α], we have

sup
t∈[0,Lϵ−α]

ED2∞(xϵ(t), yϵ(t)) ≤ ∆.
Thus the proof is complete.□

5.3 Example

In this section, we give an example to illustrate our result.

Consider the following FSDEs dX(t) = 4 cos2(t)X(t)dt+
〈
X(t)dB(t)

〉
,

X(0) = 0,
(5.3.1)

So, the corresponding standard form of the above FSDEs is

dXϵ = 4ϵ cos2(t)Xϵdt+
√
ϵ
〈
XϵdB(t)

〉
.

Then, f(t, Xϵ) = 4 cos2(t)Xϵ and g(t, Xϵ) = Xϵ. Hence

f̃(Xϵ) =
1

π

∫π
0

4 cos2(t)Xϵdt = 2Xϵ and g̃(Xϵ) =
1

π

∫π
0

g(t, Xϵ)dt = Xϵ.

Therefore, the averaging form of (5.3.1) is

dYϵ = 2ϵYϵdt+
√
ϵ
〈
YϵdB(t)

〉
. (5.3.2)

The coefficients f(t, Xϵ) and g(t, Xϵ) satisfy the assumptions (A1)-(A2), then the FSDEs

(5.3.1) has a unique fuzzy solution. On the other hand, we can naturally see that the co-

efficient f̃(Xϵ) and g̃(Xϵ) satisfy the assumption (A3), then, according to Theorem 5.2.4, as

ϵ −→ 0, the solution Xϵ and Yϵ to Eqs. (5.3.1) and (5.3.2) are equivalent in the sense of mean

square.
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Fuzzy fractional pantograph stochastic
differential equations: Existence,
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6.1 Introduction

Pantograph equations are a sort of delay differential equation that may be encountered

in physics, medicine, biology, and other domains. The word pantograph come from the

work of Ockendon and Taylor [93]. Many academics have recently explored pantograph

differential equations (PDEs) of fractional order, for example, we recommend the reader to

[22, 37, 49, 50, 55, 5]. Furthermore, multiple writers have demonstrated the existence and

uniqueness of solutions for various fractional pantograph differential equations (FPDEs)

with distinct fractional derivatives, for example see [2, 54, 11, 112, 113].

Recently, PDEs have also been extended to pantograph stochastic differential equations

(PSDEs), see [86, 84], in this context, Priyadharsini et al. [95], extended PSDEs to fuzzy set-

ting, they proposed a new type of equation nemely fuzzy fractional stochastic pantograph

differential equations (FFSPDEs).

On the other hand, the notion of averaging principle has a long history. It’s a great way to

look at the qualitative properties of a dynamical system. Then, the study of this method

for stochastic differential equations (SDEs) has received a lot of attention as theory has pro-

gressed [118, 75, 96, 73, 10] and [74, 45]. Arhrrabi et al. [15] initiated the study of averaging
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principle of fuzzy SDEs, also, arhrrabi et al. [19, 17, 18] studied the existence and stability of

solutions for fuzzy fractional SDEs (FFSDEs) with Brownian motions, existence and unique-

ness results of FFSDEs with impulsive and fuzzy fractional boundary value problem. To our

knowledge, no publication has looked at the averaging principle of fuzzy fractional PSDEs,

instead, numerous studies have looked at the averaging principle of fractional PSDEs in a

crisp case. To close this gap, in this chapter, we will investigate the existence, uniqueness

and averaging principle of solutions for a class of fuzzy fractional PSDEs defined in the next

section.

6.2 Main results

In this section, we investigate the existence, uniqueness and averaging principle results for

FFPSDEs given by
CDγx(u) = f

(
u, x(u), x(λt)

)
+

〈 ∫u
0

g
(
s, x(s), x(λs)

)
dB(s)

〉
, u ∈ J.

x(0) = x0,

(6.2.1)

where CDγ is the Caputo fractional derivative of order γ ∈ (0, 1) and λ ∈ (0, 1). The functions

f : J× En × En −→ En and g : J× En × En −→ Rn×m are continuous on J.

6.2.1 Existence and uniqueness results

In this part, by using Banach’s contraction mapping principle, we will show the existence

and uniqueness of solution for FFPSDEs (6.2.1).

Definition 6.2.1 We say that
{
x(u), u ∈ J

}
is a solution of problem (6.2.1) if

(i) x(·) ∈ C
(
J,En

)
,

(ii) x(0) = x0,

(iii) for 0 ≤ u ≤ T , we have

x(u) = x0 +
1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x(s), x(λs)

)
ds

+
1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g
(
v, x(v), x(λv)

)
dB(v)

〉
ds. (6.2.2)

The following assumptions are being prepared in order to get the primary conclusion in this

subsection:
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(A1) f is continuous and ∃L1 > 0 such that

ED2∞(f(u, x,w), f(u, z ′,w ′)
)
≤ L1

(
ED2∞(x, z ′) + ED2∞(w,w ′)

)
.

(A2) g is continuous and ∃L2 > 0 such that

E
∥∥g(u, x,w) − g(u, z ′,w ′)

∥∥2 ≤ L2(ED2∞(x, z ′) + ED2∞(w,w ′)
)
.

(A3) We have

ED2∞(f(u, 0̂, 0̂), 0̂) ≤ q1 and E∥g(u, 0̂, 0̂)∥2 ≤ q2.

Theorem 6.2.2 Suppose that the assumptions (A1)-(A3) holds, then problem (6.2.1) has a unique

solution provided that
4L1T

2γ

(2γ− 1)(Γ(γ))2
+

2L2T
2γ+1

(2γ− 1)(Γ(γ))2
< 1.

Proof. We define the operator T : K −→ K by

(Tx)(u) = x0 +
1

Γ(γ)

∫u
0

f
(
s, x(s), x(λs)

)
(u− s)1−γ

ds+
1

Γ(γ)

∫u
0

〈 ∫s
0 g
(
u, x(u), x(λu)

)
dB(u)

〉
(u− s)1−γ

ds.

For each positive number r, we define

Br =
{
x ∈ K : ED2∞(x, 0̂) ≤ r}.

We divide the subsequent proof into two steps.

Step 1: T is well defined. For this, we prove that T(Br) ⊆ Br. We choose

r ≥ 3ED2∞(x0, 0̂) + J1
1− J2

.

By using the assumptions above, Propositions 1.2.26,1.2.27, Hölder inequality and Itô iso-
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metric, that for x ∈ Br, we get

ED2∞((Tx)(u), 0̂) = ED2∞
(
x0 +

1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x(s), x(λs)

)
ds

+
1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g
(
u, x(u), x(λu)

)
dB(u)

〉
ds, 0̂

)
,

≤ 3ED2∞(x0, 0̂)+ 3ED2∞
(

1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x(s), x(λs)

)
ds, 0̂

)
+ 3ED2∞

(
1

Γ(γ)

∫u
0

〈 ∫ s
0

(u− s)γ−1g
(
u, x(u), x(λu)

)
dB(u)

〉
ds, 0̂

)
,

≤ 3ED2∞(x0, 0̂)+ 6T 2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞
(
f
(
s, x(s), x(λs)

)
, f
(
s, 0̂, 0̂

))
ds

+
6T 2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞
(
f
(
s, 0̂, 0̂

)
, 0̂

)
ds

+
6T 2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

E
wwwwg(u, x(u), x(λu))− g(u, 0̂, 0̂)wwww2du)ds

+
6CTT

2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

E
wwwwg(u, 0̂, 0̂)wwww2du)ds,

≤ 3ED2∞(x0, 0̂)+ 6L1T
2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

[
ED2∞(x(s), 0̂) + ED2∞(x(λs), 0̂)

]
ds+

6q1T
2γ

(2γ− 1)(Γ(γ))2

+
6T 2γ−1L2

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

[
ED2∞(x(u), 0̂) + ED2∞(x(λu), 0̂)

]
du

)
ds+

3CTT
2γ+1q2

(2γ− 1)(Γ(γ))2

≤ 3ED2∞(x0, 0̂)+ 12L1T
2γr

(2γ− 1)(Γ(γ))2
+

6q1T
2γ

(2γ− 1)(Γ(γ))2
+

6T 2γ+1L2r

(2γ− 1)(Γ(γ))2
+

3CTT
2γ+1q2

(2γ− 1)(Γ(γ))2

≤ 3ED2∞(x0, 0̂)+ J1 + J2r,
where

J1 =
6q1T

2γ

(2γ− 1)(Γ(γ))2
+

3CTT
2γ+1q2

(2γ− 1)(Γ(γ))2
and J2 =

12L1T
2γ

(2γ− 1)(Γ(γ))2
+

6T 2γ+1L2

(2γ− 1)(Γ(γ))2
.

Finally, we have

ED2∞((Tx)(u), 0̂) ≤ r,
which implies that T(Br) ⊆ Br.

Step 2: In this step, we will prove that T is a contraction operator. Using the assumptions
(A1)-(A3), Proposition 1.2.26, 1.2.27, Hölder inequality and Itô isometric, we have for x, x ′ ∈
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Br and u ∈ J

ED2∞((Tx)(u), (Tx ′)(u)) = ED2∞
(
x0 +

1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x(s), x(λs)

)
ds

+
1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g1
(
u, x(u), x(λu)

)
dB(u)

〉
ds, x0

+
1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x ′(s), x ′(λs)

)
ds

+
1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g1
(
u, x ′(u), x ′(λu)

)
dB(u)

〉
ds

)
,

≤ 2ED2∞
(

1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x(s), x(λs)

)
ds,

1

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, x ′(s), x ′(λs)

)
ds

)
+ 2ED2∞

(
1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g
(
u, x(u), x(λu)

)
dB(u)

〉
ds,

1

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g
(
u, x ′(u), x ′(λu)

)
dB(u)

〉
ds

)
,

≤ 2T 2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞
(
f
(
s, x(s), x(λs)

)
, f
(
s, x ′(s), x ′(λs)

))
ds

+
2T 2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

E
wwwwg(u, x(u), x(λu))− g(u, x ′(u), x ′(λu))wwww2du)ds,

≤ 2L1T
2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

(
ED2∞(x(s), x ′(s))+ ED2∞(x(λs), x ′(λs)))ds

+
2L2T

2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

[
ED2∞(x(s), x ′(s))+ ED2∞(x(λs), x ′(λs))]du)ds,

≤ 4L1T
2γ

(2γ− 1)(Γ(γ))2
ED2∞(x, x ′)+ 2L2T

2γ+1

(2γ− 1)(Γ(γ))2
ED2∞(x, x ′),

≤
(

4L1T
2γ

(2γ− 1)(Γ(γ))2
+

2L2T
2γ+1

(2γ− 1)(Γ(γ))2

)
ED2∞(x, x ′).

Finally, we can get

ED2∞((Tx)(u), (Tx ′)(u)) ≤ ( 4L1T
2γ

(2γ− 1)(Γ(γ))2
+

2L2T
2γ+1

(2γ− 1)(Γ(γ))2

)
ED2∞(x, x ′).

So, since 4L1T
2γ

(2γ−1)(Γ(γ))2
+ 2L2T

2γ+1

(2γ−1)(Γ(γ))2
< 1, then T is a contraction operator. Consequently, using

Banach’s contraction mapping principle, we get to the conclusion that T has a fixed point,

which is the unique solution of (6.2.1).□

6.2.2 Averaging result

The construction of an averaging concept for FFPSDEs is the focus of this subsection. First,

we look at the standard form of Eq. (6.2.2).

xϵ(u) = x0 +
ϵ

Γ(γ)

∫u
0

(u− s)γ−1f
(
s, xϵ(s), xϵ(λs)

)
ds

+

√
ϵ

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g
(
u, xϵ(u), xϵ(λu)

)
dB(u)

〉
ds, (6.2.3)

where 0 < ϵ < ϵ0 and ϵ0 is a fixed integer. Moreover x0, f and g have the same requirements

as in Eq. (6.2.2).
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For every fixed 0 < ϵ < ϵ0 and u ∈ J, according to the existence and uniqueness findings,

the Eq. (6.2.3) has a unique solution xϵ(u).

In order to determine if xϵ(u) can be approximated by a small process to a simple process,

we make certain assumptions about the coefficients.

Let f̃ : En×En −→ En and g̃ : En×En −→ Rn×m be measurable functions satisfying (A1)-(A3)
and the following inequalities:

(A4) For K ∈ J and x,w ∈ En, we have

1

K

∫K
0

ED2∞
(
f(s, x,w), f̃(x,w)

)
ds ≤ γ1(K)

(
1+ ED2∞(x, 0̂) + ED2∞(w, 0̂)

)
,

1

K

∫K
0

E
wwg(s, x,w) − g̃(x,w)ww2ds ≤ γ2(K)(1+ ED2∞(x, 0̂) + ED2∞(w, 0̂)

)
,

where lim
K−→∞γi(K) = 0, i = 1, 2.

After making the necessary preparations, we will demonstrate that when the time scale ϵ

approaches zero, the original solution xϵ converges to solution of the following averaged

FFPSDEs

yϵ(u) = x0 +
ϵ

Γ(γ)

∫u
0

(u− s)γ−1f̃
(
yϵ(s), yϵ(λs)

)
ds

+

√
ϵ

Γ(γ)

∫u
0

(u− s)γ−1
〈 ∫ s

0

g̃
(
yϵ(u), yϵ(λu)

)
dB(u)

〉
ds, (6.2.4)

Under the same presumptions as Eq. (6.2.3), it is obvious that Eq. (6.2.4) likewise has a

unique solution yϵ.

As the main outcome of this section, we now examine the connections between the processes

xϵ and yϵ.

Theorem 6.2.3 If the conditions (A1)-(A4) are verified. Then, for a given random tiny number

δ > 0 and a constant k > 0, 0 < γ < 1, there exist 0 < ϵ1 ≤ ϵ0 | ∀ϵ ∈ (0, ϵ1], we have

sup
u∈[0,kϵ−γ]

ED2∞(xϵ(u), yϵ(u)) ≤ δ.
Proof. For 0 < u ≤ v, we have

sup
u∈[0,v]

ED2∞(xϵ(u), yϵ(u)) = sup
u∈[0,v]

ED2∞
(
x0 +

ϵ

Γ(γ)

∫u
0

(u− s)γ−1f(s, xϵ(s), xϵ(λs))ds

+

√
ϵ

Γ(γ)

∫u
0

(u− s)γ−1

〈 ∫s
0

g(s, xϵ(s), xϵ(λs))dB(s)

〉
ds, x0 +

ϵ

Γ(γ)

∫u
0

(u− s)γ−1f(yϵ(s), yϵ(λs))ds

+

√
ϵ

Γ(γ)

∫u
0

(u− s)γ−1

〈 ∫s
0

g(yϵ(s), yϵ(λs))dB(s)

〉
ds

)
,

≤ 2ϵ2

(Γ(γ))2
sup

u∈[0,v]

ED2∞
( ∫u

0

(u− s)γ−1f(s, xϵ(s), xϵ(λs))ds,

∫u
0

(u− s)γ−1f̃(yϵ(s), yϵ(λs))ds

)
+

2ϵ

(Γ(γ))2

sup
u∈[0,v]

ED2∞
( ∫u

0

(u− s)γ−1

〈 ∫s
0

g(s, xϵ(s), xϵ(λs))dB(s)

〉
ds,

∫u
0

(u− s)γ−1

〈 ∫s
0

g(yϵ(s), yϵ(λs))dB(s)

〉
ds

)
.
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Denote by

J1 =
2ϵ2

(Γ(γ))2
sup

u∈[0,v]

ED2∞
( ∫u

0

(u− s)γ−1f(s, xϵ(s), xϵ(λs))ds,

∫u
0

(u− s)γ−1f̃(yϵ(s), yϵ(λs))ds

)
,

J2 =
2ϵ

(Γ(γ))2
sup

u∈[0,v]

ED2∞
( ∫u

0

(u − s)γ−1

〈 ∫s
0

g(s, xϵ(s), xϵ(λs))dB(s)
〉
ds,

∫u
0

(u − s)γ−1

〈 ∫s
0

g(yϵ(s), yϵ(λs))dB(s)

〉
ds

)
.

Then, by utilizing the attributes of the metric D∞, we obtain

J1 ≤ 4ϵ2

(Γ(γ))2
sup

u∈[0,v]

ED2∞
( ∫u

0

(u− s)γ−1f(s, xϵ(s), xϵ(λs))ds,

∫u
0

(u− s)γ−1f(s, yϵ(s), yϵ(λs))ds

)
+

4ϵ2

(Γ(γ))2
sup

u∈[0,v]

ED2∞
( ∫u

0

(u− s)γ−1f(s, yϵ(s), yϵ(λs))ds,

∫u
0

(u− s)γ−1f̃(yϵ(s), yϵ(λs))ds,

)
,

:= J11 + J12.

By using Hölder inequality and assumption (A1), we get

J11 ≤
4ϵ2v2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

( ∫u
0

ED2∞
(
f(s, xϵ(s), xϵ(λs)), f(s, yϵ(s), yϵ(λs))

)
ds

)
,

≤ 4ϵ2L1v
2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

(
ED2∞(xϵ(s), yϵ(s))+ ED2∞(xϵ(λs), yϵ(λs)))ds,

≤ 8ϵ2L1v
2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞(xϵ(s), yϵ(s))ds.
For J12, we use Hölder inequality and assumption (A4), we get

J12 ≤
4ϵ2v2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

( ∫u
0

ED2∞
(
f(s, yϵ(s), yϵ(λs)), f̃(yϵ(s), yϵ(λs))

)
ds

)
,

≤ 4ϵ2v2γ−1

(2γ− 1)(Γ(γ))2
γ1(v)

[
1+ sup

u∈[0,v]
ED2∞(yϵ(u), 0̂)+ sup

u∈[0,v]
ED2∞(yϵ(λt), 0̂)],

≤ 4ϵ2v2γ−1

(2γ− 1)(Γ(γ))2
vγ1(v)

[
1+ 2 sup

u∈[0,v]
ED2∞(yϵ(u), 0̂)],

:= 4ϵ2v2γβ1,

where β1 =
γ1(v)

(2γ−1)(Γ(γ))2

[
1+ 2 sup

u∈[0,u]
ED2∞(yϵ(u), 0̂)].

Therefore

J1 ≤
8ϵ2L1v

2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞(xϵ(s), yϵ(s))ds+ 4ϵ2v2γβ1. (6.2.5)

For the second term J2, by using Proposition 1.2.26, 1.2.27 and Hölder inequality, we have

J2 ≤
2ϵv2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

∫u
0

( ∫ s
0

E
wwg(v, xϵ(v), xϵ(λv)) − g̃(yϵ(v), yϵ(λv))ww2dv)ds,

≤ 4ϵv2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

∫u
0

( ∫ s
0

E
wwg(v, xϵ(v), xϵ(λv)) − g(v, yϵ(v), yϵ(λv))ww2dv)ds

+
4ϵv2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

∫u
0

( ∫ s
0

E
wwg(v, yϵ(v), yϵ(λv)) − g̃(yϵ(v), yϵ(λv))ww2dv)ds,

:= J21 + J22.
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Using assumption (A2), we get

J21 ≤
4ϵL2v

2γ−1

(2γ− 1)(Γ(γ))2

∫u
0

( ∫ s
0

ED2∞(xϵ(v), yϵ(v))+ ED2∞(xϵ(λv), yϵ(λv))dv)ds,
≤ 4ϵL2v

2γ

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞(xϵ(s), yϵ(s))ds.
Also, we use assumption (A4), we have

J22 ≤
4ϵv2γ−1

(2γ− 1)(Γ(γ))2
sup
u∈[0,v]

( ∫u
0

(
s
1

s

∫ v
0

E
wwg(v, yϵ(v), yϵ(λv)) − g̃(yϵ(v), yϵ(λv))ww2dv)ds,

≤ 4ϵv2γ+1

(2γ− 1)(Γ(γ))2
γ2(v)

[
1+ sup

u∈[0,v]
ED2∞(yϵ(u), 0̂)+ sup

u∈[0,v]
ED2∞(yϵ(λt), 0̂)],

≤ 4ϵv2γ+1

(2γ− 1)(Γ(γ))2
γ2(v)

[
1+ 2 sup

u∈[0,v]
ED2∞(yϵ(u), 0̂)],

:= 4ϵv2γ+1β2,

where β2 =
γ2(v)

(2γ−1)(Γ(γ))2

[
1+ 2 sup

u∈[0,u]
ED2∞(yϵ(u), 0̂)].

Therefore

J2 ≤
4ϵL2v

2γ

(2γ− 1)(Γ(γ))2

∫u
0

ED2∞(xϵ(s), yϵ(s))ds+ 4ϵv2γ+1β2. (6.2.6)

So, combining (6.2.5) and (6.2.6) together, we get

sup
u∈[0,v]

ED2∞(xϵ(u),yϵ(u)) ≤ 4ϵv2γ(ϵβ1 + vβ2)+ 4ϵv2γ
(
ϵL1v

−1 + L2
)

(2γ− 1)(Γ(γ))2

∫ v
0

ED2∞(xϵ(s), yϵ(s))ds,
≤ 4ϵv2γ

(
ϵβ1 + vβ2

)
+
4ϵv2γ

(
ϵL1v

−1 + L2
)

(2γ− 1)(Γ(γ))2

∫ v
0

sup
v ′∈[0,s]

ED2∞(xϵ(v ′), yϵ(v ′))dv ′.
Thus, using Gronwall inequality, we obtain

sup
u∈[0,v]

ED2∞(xϵ(u), yϵ(u)) ≤ 4ϵv2γ(ϵβ1 + vβ2)) exp
(
4ϵv2γ

(
ϵL1v

−1 + L2
)

(2γ− 1)(Γ(γ))2

)
.

Choose 0 < γ < 1 and L > 0 such that for every u ∈ [0, Lϵ−γ] ⊆ J, we get

sup
u∈[0,Lϵ−γ]

ED2∞(xϵ(u), yϵ(u)) ≤ kϵ1−γ,
where

k = 4L2γϵ1−2γγ
(
ϵβ1 + Lϵ

−γβ2
)

exp
(
4L2γϵ1−2γγ(L1L

−1ϵ1+γ + L2
(2γ− 1)(Γ(γ))2

)
is a constant. Therefore, for any given number δ, ∃ϵ1 ∈ (0, ϵ0] such that for each ϵ ∈ (0, ϵ1]

and u ∈ [0, Lϵ−γ], we get

sup
u∈[0,Lϵ−γ]

ED2∞(xϵ(u), yϵ(u)) ≤ δ.
Thus the proof is complete.□
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6.3 Example

We give an example to illustrate our findings in this section. Consider the following FFPS-

DEs CDγx(u) = x(u) + x(u)(u
2
− 1)2 +

〈
x(u)dB(u)

〉
, 0 ≤ u ≤ 1, 1

2
< γ < 1.

x(0) = 0,
(6.3.1)

Thus, the appropriate standard form of the FFPSDEs mentioned above is

CDγxϵ = xϵ + xϵ(
u

2
− 1)2 +

〈
xϵdB(u)

〉
.

Then, f(u, xϵ(u), xϵ(λu)) = xϵ + xϵ(u
2
− 1)2 and g(u, xϵ(u), xϵ(λu)) = xϵ. Hence

f̃(xϵ(u), xϵ(λu)) =

∫ 1
0

f(s, xϵ(s), xϵ(λs))ds,

=
19xϵ

12
,

and

g̃(xϵ(u), xϵ(λu)) =

∫ 1
0

g(s, xϵ(s), xϵ(λs))ds = xϵ.

As a result, the average form of (6.3.1) may be expressed as

CDγwϵ =
19xϵ

12
du+

√
ϵ
〈
xϵdB(u)

〉
. (6.3.2)

We can see that the coefficients f and g satisfy the assumptions (A1)-(A3). Then, according

to Theorem 6.2.2 the FFPSDEs (6.3.1) has a unique fuzzy solution. On the other hand, we

can naturally see that the coefficient f̃ and g̃ satisfy the assumption (A4), then, according to

Theorem 6.2.3, as ϵ −→ 0, the solution xϵ and wϵ to Eqs. (6.3.1) and (6.3.2) are equivalent in

the sense of mean square.

Clearly, the reduced system (6.3.2) is much easier to understand than the standard system

(6.3.1). Even better, Theorem 6.2.3 ensures that just a minor mistake is introduced through-

out the substitution procedure.
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Chapter 7

The averaging principle for nonlinear
Hilfer fuzzy fractional stochastic
differential equations
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7.1 Introduction

Due to its extensive use in the fields of technology and applied analysis, fractional calculus

has recently gained assimilated abundant flow and considerable importance. Mathemat-

ical models of thermodynamics, fluid flow, and mathematical biology have all seen fresh

growth thanks to fractional derivative operators [20, 106, 32]. Fractional derivatives were

discovered by Leibnitz in 1695, and since then, a growing number of scientists have dedi-

cated themselves to study of fractional calculus.

The most often used fractional calculus definitions are Riemann-Liouiville definition and

Caputo definition [69, 35, 126]. When Hilfer [57] studied fractional time development in

physical phenomena, he gave a generalization of both Riemann-Liouiville and Caputo deriva-

tive, and many authors call it the Hilfer fractional derivative [56]. Fuzzy analysis and fuzzy

differential equations (FDEs) have recently been proposed as solutions to the uncertainty

imposed by insufficient information in various mathematical models that prodict real-world

situations [52, 108].

The averaging method, however, is an effective tool for studying different types of nonlin-

ear dynamical systems because it makes it possible the replacement of the complex original

67
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time-varying system with a simpler averaged autonomous system, resulting in a reasonable

reduction in complexity. Then, the first step in creating an averaging principle is to identify

the conditions in which the averaged system’s solutions can be sufficiently close to the orig-

inal system’s solution.

The averaging concept has garnered increased attention recently in the field of fractional

stochastic dynamical systems. For example, Liu and Xu [71] derived the averaging princi-

ple for impulsive fractional neutral stochastic differential equations. Under a non-Lipschitz

condition, the averaging principle for the general stochastic differential delay equations is

established by Tan and Lei [109]. Xu et al. [116] derived an averaging principle for a class

of stochastic differential delay equations driven by fractional Brownian motion. Under suit-

able non-Lipschitz conditions, Gao et al. [45] proved the averaging principle for stochastic

pantograph equations. Ahmed and Zhu [10] established an averaging principle for Hilfer

fractional stochastic delay differential equations with Poisson jumps. Arhrrabi et al. [15]

initiated the study of averaging principle of fuzzy stochastic differential equations. To our

knowledge, no publication has looked at the averaging principle of fuzzy fractional stochas-

tic differential equations, instead, numerous studies have looked at the averaging principle

of fractional stochastic differential equations in a crisp case. To close this gap, we will in-

vestigate an averaging principle for a class of fuzzy fractional stochastic differential delay

equations with Hilfer fractional derivative defined by the system (7.2.1).

7.2 Main results

The following nonlinear Hilfer fuzzy fractional stochastic differential equations with time-

delays are discussed in this section.

HDξ,σ
0+ y(u) = Ay(u) + f(u, y(u), y(u− ν))du+

〈 ∫u
0

g(s, y(s), y(s− ν))dB(s)

〉
, u ∈ J

y(u) = ϕ(u), u ∈ [−ν, 0],

I(1−ξ)(1−σ)
0+ y(0) = y0 ∈ En,

(7.2.1)

where HDξ,σ
0+ is the Hilfer fractional derivative with 0 ≤ ξ ≤ 1, 1

2
< σ < 1, A is an n-

dimensional matrix and f : J × En × En −→ En, g : J × En × En −→ Rn×m are continuous

functions, y(u) is fuzzy random variable, ν ∈ R+ represents the delay, B(u) is standard

Brownian motion with n-dimensional, ϕ : [−ν, 0] −→ En is a continuous function satisfying

ED2∞[ϕ(0), 0̂] <∞.
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7.2.1 Existence and uniqueness results

In this part, by using Schauder’s fixed point Theorem, we will show the existence and

uniqueness of solution for Hilfer FFSDEs (7.2.1).

Lemma 7.2.1 According to [110], the system (7.2.1) is equivalent to the following integral equation:

x(u) =



ϕ(u), −τ ≤ u ≤ 0,

Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, x(s), x(s− τ))ds

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫ s
0

g(v, x(v), x(v− τ))dB(v)

〉
ds, u ∈ J.

(7.2.2)

We make the following hypotheses concerning the coefficients of the system under consid-

eration:

(H1) For all φ1, φ2, ψ1, ψ2 ∈ En and for all u ∈ J, we have

ED2∞ [f(u,φ1, ψ1), f(u,φ2, ψ2)]∨ E∥g(u,φ1, ψ1) − g(u,φ2, ψ2)∥2 ≤ H
(
u,ED2∞[φ1, φ2],ED2∞[ψ1, ψ2]

)
,

where H : J × En × En −→ En is a monotone increasing, continuous and concave function

with H(u, 0, 0) = 0 and H(u, x(u), x(u)) = kH(u, x(u)), k is a constant.

(H2) For all u ≥ 0, ∃λ > 0 such that

ED2∞[f(u, 0̂, 0̂), 0̂]∨ E∥g(u, 0̂, 0̂)∥2 ≤ λ.

(H3) For any φ,ψ ∈ En, we suppose that there exists a function h ∈ C(J,En) such that

H
(
u,ED2∞[φ,ψ]

)
≤ h(u)ED2∞[φ,ψ].

We will now use Schauder’s fixed point Theorem to demonstrate our result.

Theorem 7.2.2 Suppose that f : J×En ×En −→ En and g : J×En ×En −→ Rn×m are continuous

and satisfying the hypotheses (H1)-(H3). Then, there exist at least a solution to the system (7.2.1).

Proof. Consider the operator L on K ′ := C
(
[−τ, T ], L2(Ω,En)

)
defined as follows

L(x(u)) =



ϕ(u), u ∈ [−τ, 0],

Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, x(s), x(s− τ))ds

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds, u ∈ J.

(7.2.3)
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To prove this result, we divide the subsequent proof into two steps.

Step 1: L is completely continuous. For this, let us prove that:

a⃝- L is continuous. Indeed, for any integer n ≥ 1, define xn(u) = ϕ(0) for all u ∈ [−τ, 0].

For all u ∈ J

xn(u) =Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, x(s), x(s− τ))ds (7.2.4)

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫ s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds.

Let M1 = sup
0≤u≤T

Mβ,γ(1−β)(Au), with the aid of the hypotheses (H1)-(H3), Propositions 1.2.25-

1.2.26 and Cauchy–Schwarz inequality, we get

ED2∞[L(xn(u)),L(x(u))] = [Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, xn(s), xn(s− τ))ds

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫s
0

g(v, xn(v), xn(v− τ))dB(v)
〉
ds,Mβ,γ(1−β)(Au)ϕ(0)

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, x(s), x(s− τ))ds

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds

]
,

≤ 2ED2∞
[ ∫u

0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, xn(s), xn(s− τ))ds,

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x(s), x(s− τ))ds

]
+ 2ED2∞

[ ∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, xn(v), xn(v− τ))dB(v)
〉
ds,

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β〈 ∫s

0

g(v, x(v), x(v− τ))dB(v)
〉
ds

]
,

≤ 2T2β−1M
2

1

2β− 1

∫u
0

ED2∞[f(s, xn(s), xn(s− τ)), f(s, x(s), x(s− τ))]ds
+
2T2β−1M

2

1

2β− 1

∫u
0

∫s
0

E∥g(v, xn(v), xn(v− τ)) − g(v, x(v), x(v− τ))∥2dvds,

≤ 2T2β−1M
2

1

2β− 1

∫u
0

H
(
s,ED2∞[xn(s), x(s)],ED2∞[xn(s− τ), x(s− τ)])ds

+
2T2β−1M

2

1

2β− 1

∫u
0

∫s
0

H
(
v,ED2∞[xn(v), x(v)],ED2∞[xn(v− τ), x(v− τ)])dvds,

where, by using the definition of D∞, we have

D∞[xn(s− τ), x(s− τ)] = sup
0≤r≤1

max
0≤s≤u

{| xn(s− τ, r) − x(s− τ, r) |, | xn(s− τ, r) − x(s− τ, r) |},

= sup
0≤r≤1

max
−τ≤µ≤u−τ

{| xn(µ, r) − x(µ, r) |, | xn(µ, r) − x(µ, r) |},

≤ sup
0≤r≤1

max
−τ≤µ≤0

{| xn(µ, r) − x(µ, r) |, | xn(µ, r) − x(µ, r) |}

+ sup
0≤r≤1

max
0≤µ≤u−τ

{| xn(µ, r) − x(µ, r) |, | xn(µ, r) − x(µ, r) |},

≤ sup
0≤r≤1

max
0≤s≤τ

{| xn(s, r) − x(s, r) |, | xn(s, r) − x(s, r) |}

+ sup
0≤r≤1

max
τ≤s≤u

{| xn(s, r) − x(s, r) |, | xn(s, r) − x(s, r) |},

≤ sup
0≤r≤1

max
0≤s≤u

{| xn(s, r) − x(s, r) |, | xn(s, r) − x(s, r) |} = D∞[xn(s), x(s)].
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Then, using the hypothesis (H1), we have

ED2∞[L(xn(u)),L(x(u))] ≤ 2T2β−1M
2

1

2β− 1

∫u
0

H
(
s,ED2∞[xn(s), x(s)],ED2∞[xn(s), x(s)])ds

+
2T2β−1M

2

1

2β− 1

∫u
0

∫s
0

H
(
v,ED2∞[xn(v), x(v)],ED2∞[xn(v), x(v)])dvds,

≤ 2T2β−1M
2

1k

2β− 1

∫u
0

H
(
s,ED2∞[xn(s), x(s)])ds

+
2T2β−1M

2

1k

2β− 1

∫u
0

∫s
0

H
(
v,ED2∞[xn(v), x(v)])dvds,

≤
(
2T2βM

2

1k

2β− 1
+
2T2β+1M

2

1k

2β− 1

)
H
(
u,ED2∞[xn(u), x(u)]).

Since H is continuous, we can conclude that ED2∞[L(xn(u)),L(x(u))] −→ 0 as n −→ ∞.
Hence, L is continuous.
b⃝- We prove that there exists a positive constant ξ1 and for all σ1 > 0 satisfying for all x(u) ∈
Bσ1 :=

{
x(u) ∈ C

(
[−τ, T ], L2(Ω,En)

)
|ED2∞[x(u), 0̂] ≤ σ1

}
one has ED2∞[L(x(u)), 0̂] ≤ ξ1. So,

we let M2 = sup
0≤u≤T

Mβ,β(A(u− s)β) and for all u ∈ J and x(u) ∈ Bσ1 , we have

ED2∞[L(x(u)), 0̂] = ED2∞
[
Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)
f(s, x(s), x(s− τ))ds

+

∫u
0

(u− s)β−1Mβ,β

(
A(u− s)β

)〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds, 0̂

]
,

≤ 3ED2∞[Mβ,γ(1−β)(Au)ϕ(0), 0̂
]
+ 3ED2∞

[ ∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x(s), x(s− τ))ds, 0̂

]
+ 3ED2∞

[ ∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds, 0̂

]
,

≤ 3M2

1ED2∞[ϕ(0), 0̂]+ 3T2β−1M
2

2

2β− 1

∫u
0

ED2∞[f(s, x(s), x(s− τ)), 0̂]ds
+
3T2β−1M

2

2

2β− 1

∫u
0

∫s
0

E∥g(v, x(v), x(v− τ))∥2dvds.

Since the functions f and g are continuous, there is a constant Nf,g > 0 such that

ED2∞[f(u,φ,ψ), 0̂]∨ E∥g(u,φ,ψ)∥2 ≤ Nf,g.

Then,

ED2∞[L(x(u)), 0̂] ≤ 3M2

1ED2∞[ϕ(0), 0̂]+ (3T2βM2

2

2β− 1
+
3T2β+1M

2

2

2β− 1

)
Nf,g := ξ1.

Therefore, for every x(u) ∈ Bσ1 , we have ED2∞[L(x(u)), 0̂] ≤ ξ1, this implies that L(Bσ1) ⊆
Bξ1 .
c⃝- L maps bounded set into equi-continuous set. Indeed, for each x(u) ∈ Bσ2 and u1, u2 ∈ J
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such that 0 ≤ u1 < u2 ≤ T , we have

ED2∞[L(x(u1)
)
,L
(
x(u2)

)]
= ED2∞

[
Mβ,γ(1−β)(Au1)ϕ(0) +

∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β
f(s, x(s), x(s− τ))ds

+

∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds,Mβ,γ(1−β)(Au2)ϕ(0)

+

∫u2

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds

+

∫u2

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds

]
,

≤ 2ED2∞
[ ∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β
f(s, x(s), x(s− τ))ds,

∫u2

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds

]
+ 2ED2∞

[ ∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds,

∫u2

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β

〈 ∫s
0

g(v,

x(v), x(v− τ))dB(v)
〉
ds

]
:= P1 + P2,

Applying the hypotheses (H1)-(H3), Propositions 1.2.25-1.2.26, Lemma 1.2.29 and Cauchy–Schwarz
inequality, we get

P1 ≤2ED2∞
[ ∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β
f(s, x(s), x(s− τ))ds,

∫u1

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds

+

∫u2

u1

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds

]
,

≤ 4ED2∞
[ ∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β
f(s, x(s), x(s− τ))ds,

∫u1

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds

]
+ 4ED2∞

[ ∫u2

u1

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β
f(s, x(s), x(s− τ))ds, 0̂

]
,

≤
∫u1

0

4 | (u1 − s)
2β−2

(
Mβ,β

(
A(u1 − s)

β
)2

− (u2 − s)
2β−2

(
A(u2 − s)

β
)2

| ds ·
∫u1

0

ED2∞[f(s, x(s), x(s− τ)), 0̂]ds
+
4(u2 − u1)

2β−1M
2

2

2β− 1

∫u2

u1

ED2∞[f(s, x(s), x(s− τ)), 0̂]ds,
≤
4
(
u2β−1
1 − u2β−1

2 + (u2 − u1)
2β−1

)
M

2

2TNf,g

2β− 1
+
4(u2 − u1)

2β−1M
2

2TNf,g

2β− 1
,

≤ 12(u2 − u1)
2β−1M

2

2TNf,g

2β− 1
.

In the same way, we get

P2 ≤2ED2∞
[ ∫u1

0

Mβ,β

(
A(u1 − s)

β
)

(u1 − s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds,

∫u1

0

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β

〈 ∫s
0

g(v,

x(v), x(v− τ))dB(v)
〉
ds+

∫u2

u1

Mβ,β

(
A(u2 − s)

β
)

(u2 − s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds

]
,

≤
∫u1

0

4 | (u1 − s)
2β−2

(
Mβ,β

(
A(u1 − s)

β
)2

− (u2 − s)
2β−2

(
A(u2 − s)

β
)2

| ds ·
∫u1

0

∫s
0

E∥g(v, x(v),

x(v− τ))∥2dvds+ 4(u2 − u1)
2β−1M

2

2

2β− 1

∫u2

u1

∫s
0

E∥g(v, x(v), x(v− τ))∥2dvds,

≤ 12(u2 − u1)
2β−1M

2

2T
2Nf,g

2β− 1
.

Therefore, we get

ED2∞[L(x(u1)),L(x(u2))] ≤ 12(u2 − u1)
2β−1M

2

2TNf,g(T + 1)

2β− 1
.

FACULTY OF SCIENCES AND TECHNOLOGIES 72 SULTAN MOULAY SLIMANE UNIVERSITY



ARHRRABI EL HOUSSAIN DOCTORAL THESIS LABORATORY : LAMSC

We have 12(u2−u1)
2β−1M

2
2TNf,g(T+1)

2β−1
is independent of x(u) and 12(u2−u1)

2β−1M
2
2TNf,g(T+1)

2β−1
−→ 0 as

u2 −→ u1. Then, we obtain

ED2∞[L(x(u1)),L(x(u2))] −→ 0.

It means that L(Bσ2) is equi-continuous. Then, according to Arzela-Ascoli Theorem, L is
completely continuous.
Step 2: In this step, we will demonstrate that there is a closed, convex and bounded subset
Bξ =

{
x(u) ∈ C

(
[−τ, T ], L2(Ω,En)

)
|ED2∞[x(u), 0̂] ≤ ξ

}
such that L(Bξ) ⊆ Bξ. We know that

Bξ is a closed, convex and bounded subset of C
(
[−τ, T ], L2(Ω,En)

)
for all ξ > 0. Suppose

that for all ξ > 0, ∃xξ(u) ∈ Bξ such that L(xξ(u)) /∈ Bξ, that is ED2∞[L(xξ(u)), 0̂] > ξ. Then

ξ < ED2∞[L(xξ(u)), 0̂] = ED2∞
[
Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, xξ(s), xξ(s− τ))ds

+

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, xξ(v), xξ(v− τ))dB(v)
〉
ds, 0̂

]
,

≤ 3M2

1ED2∞[ϕ(t), 0̂]+ 3T2β−1M
2

2

2β− 1

∫u
0

ED2∞[f(s, xξ(s), xξ(s− τ)), 0̂]ds
+
3T2β−1M

2

2

2β− 1

∫u
0

∫s
0

E∥g(v, xξ(v), xξ(v− τ))∥2dvds,

≤ 3M2

1ED2∞[ϕ(t), 0̂]+ (3T2βM2

2

2β− 1
+
3T2β+1M

2

2

2(2β− 1)

)
Nf,g.

Taking limit as ξ −→ +∞, we obtain that 3M
2

1ED2∞[ϕ(t), 0̂] + ( 3T2βM2
2

2β−1
+ 3T2β+1M

2
2

2(2β−1)

)
Nf,g −→

+∞ which is in contradiction with 3M
2

1ED2∞[ϕ(t), 0̂] + ( 3T2βM2
2

2β−1
+ 3T2β+1M

2
2

2(2β−1)

)
Nf,g is bounded.

Therefore, for every positive constant ξ, we obtain L(Bξ) ⊆ Bξ. By means of Schauder’s

fixed point Theorem implying that there is at least one solution of the system (7.2.1).□

For the uniqueness result, we have the following theorem:

Theorem 7.2.3 Assume that the hypotheses (H1)-(H3) holds. Then, if

sup
0≤u≤T

h(u)
2T 2βM

2

2(1+ T)

2β− 1
< 1,

then the solution of system (7.2.1) is unique.

Proof. We know that x(u) is a solution of system (7.2.1) if

x(u) = Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x(s), x(s− τ))ds

+

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x(v), x(v− τ))dB(v)
〉
ds,

hold. If x(u) ∈ C
(
[−τ, T ], L2(Ω,En)

)
is a fixed point of L which define as in Theorem 7.2.2,

therefore x(u) is the solution of system (7.2.1). Let x1(u), x2(u) ∈ C
(
[−τ, T ], L2(Ω,En)

)
and
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for u ∈ [−τ, 0], x1(u) = x2(u) = ϕ(u). For all u ∈ J, we have

ED2∞[L(x1(u)),L(x2(u))] = ED2∞
[
Mβ,γ(1−β)(Au)ϕ(0) +

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x1(s), x1(s− τ))ds

+

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x1(v), x1(v− τ))dB(v)
〉
ds,Mβ,γ(1−β)(Au)ϕ(0)

+

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x2(s), x2(s− τ))ds+

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x2(v), x2(v− τ))dB(v)
〉
ds

]
,

≤ 2ED2∞
[ ∫u

0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x1(s), x1(s− τ))ds,

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

f(s, x2(s), x2(s− τ))ds

]
+ 2ED2∞

[ ∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x1(v), x1(v− τ))dB(v)
〉
ds,

∫u
0

Mβ,β

(
A(u− s)β

)
(u− s)1−β

〈 ∫s
0

g(v, x2(v),

x2(v− τ))dB(v)
〉
ds

]
,

≤ 2T2β−1M
2

2

2β− 1

∫u
0

H
(
s,ED2∞[x1(s), x2(s)],ED2∞[x1(s− τ), x2(s− τ)])ds

+
2T2β−1M

2

2

2β− 1

∫u
0

∫s
0

H
(
v,ED2∞[x1(v), x2(v)],ED2∞[x1(v− τ), x2(v− τ)])dvds,

≤
(
2T2βM

2

2

2β− 1
+
2T2β+1M

2

2

2β− 1

)
sup

0≤u≤T

H
(
u,ED2∞[x1(u), x2(u)]),

≤
(
2T2βM

2

2(1+ T)

2β− 1

)
sup

0≤u≤T

h(u)ED2∞[x1(u), x2(u)],
since sup

0≤u≤T
h(u) ≤ 2β−1

2T2βM
2
2(1+T)

, we have

ED2∞[L(x1(u)),L(x2(u))] ≤ ED2∞[x1(u), x2(u)].
Based on the Banach contraction principle, L has an unique fixed point x(u).□

7.2.2 Averaging result

The construction of an averaging concept for Hilfer FFSDEs (7.2.1) is the focus of this sub-
section. Let us consider the standard form of Eq. (7.2.2)

yε(u) =Mσ,ξ(1−σ)(Au)ϕ(0) + ε

∫u
0

(u− s)σ−1Mσ,σ

(
A(u− s)σ

)
f(s, yε(s), yε(s− ν))ds (7.2.5)

+
√
ε

∫u
0

(u− s)σ−1Mσ,σ

(
A(u− s)σ

)〈 ∫ s
0

g(v, yε(v), yε(v− ν))dB(v)
〉
ds, u ∈ J.

where ε ∈ (0, ε0) is a positive small parameter with ε0 a fixed number.

In order, we set certain hypothesis on the coefficients to see if the solution yε(u) can be ap-

proximated by a small process to a simple process.

Let f : En × En −→ En and g : En × En −→ Rn×m be measurable functions satisfying (H1)-
(H3) and the additional inequalities:

(H4) For ψ,φ ∈ En and T ′ ∈ J, there exists a positive bounded functions ηi(T ′), i = 1, 2

such that

1

T ′

∫ T ′

0

ED2∞
[
f(u,φ,ψ), f(φ,ψ)

]
du ≤ η1(T ′)

(
1+ ED2∞[φ, 0̂] + ED2∞[ψ, 0̂]

)
,
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1

T ′

∫ T ′

0

E
wwg(u,φ,ψ) − g(φ,ψ)ww2du ≤ η2(T ′)

(
1+ ED2∞[φ, 0̂] + ED2∞[ψ, 0̂]

)
,

where lim
T ′−→∞ηi(T ′) = 0, i = 1, 2.

With the appropriate preparations above, we will show that the solution yε converge as
ε −→ 0, to the solution xε of the following averaged equation

xε(u) =Mσ,ξ(1−σ)(Au)ϕ(0) + ε

∫u
0

(u− s)σ−1Mσ,σ

(
A(u− s)σ

)
f(xε(s), xε(s− ν))ds (7.2.6)

+
√
ε

∫u
0

(u− s)σ−1Mσ,σ

(
A(u− s)σ

)〈 ∫ s
0

g(xε(v), xε(v− ν))dB(v)
〉
ds, u ∈ J.

The main result of this subsection is now presented, in which we consider the connec-

tions between the process yε and xε.

Theorem 7.2.4 Assume that the hypotheses (H1)-(H4) are satisfied. For a given arbitrarily small

number ∆ > 0 and a constant k > 0, α ∈ (0, 1), there exist ε1 ∈ (0, ε0] such that ∀ε ∈ (0, ε1], we

have

sup
u∈[−ν,kε−α]

ED2∞[yε(u), xε(u)] ≤ ∆.
Proof. For any u ∈ [0, u1] ⊂ J, we have

sup
u∈[0,u1]

ED2∞[yϵ(u), xϵ(u)] = sup
u∈[0,u1]

ED2∞
[
Mσ,ξ(1−σ)(Au)ϕ(0) + ε

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, yε(s), yε(s− ν))ds

+
√
ε

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(v, yε(v), yε(v− ν))dB(v)
〉
ds,Mσ,ξ(1−σ)(Au)ϕ(0)

+ ε

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(xε(s), xε(s− ν))ds+
√
ε

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(xε(v), xε(v− ν))dB(v)
〉
ds

]
,

≤ 2ε2 sup
u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, yε(s), yε(s− ν))ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(xε(s), xε(s− ν))ds

]
+ 2ϵ sup

u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(v, yε(v), yε(v− ν))dB(v)
〉
ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ〈 ∫s

0

g(xε(v), xε(v− ν))dB(v)
〉
ds

]
.

Denote by

J1 = 2ε2 sup
u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, yε(s), yε(s−ν))ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(xε(s), xε(s−ν))ds

]
,

J2 = 2ϵ sup
u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(v, yε(v), yε(v− ν))dB(v)
〉
ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ〈 ∫s

0

g(xε(v), xε(v− ν))dB(v)
〉
ds

]
.

Then, using the properties of the metric D∞, we get

J1 ≤ 4ε2 sup
u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, yε(s), yε(s− ν))ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, xε(s), xε(s− ν))ds

]
+ 4ε2 sup

u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(s, xε(s), xε(s− ν))ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

f(xε(s), xε(s− ν))ds

]
,

:= J11 + J12.
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By using the Cauchy–Schwarz inequality and the hypothesis (H1), we have

J11 ≤ 4ε2 sup
u∈[0,u1]

( ∫u
0

∣∣∣∣∣Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

∣∣∣∣∣
2

ds ·
∫u
0

ED2∞
[
f(s, yε(s), yε(s− ν)), f(s, xε(s), xε(s− ν))

]
ds

)
,

≤
4ε2u2σ−1

1 Θ

2σ− 1

∫u1

0

F
(
ED2∞[y(s), x(s)] + ED2∞[y(s− ν), x(s− ν)]

)
ds,

where Θ := sup
u∈[0,u1]

|Mσ,σ

(
A(u− s)σ

)
|2. Or, by using the definition of D∞, we have

D∞[y(s− ν), x(s− ν)] = sup
0≤r≤1

max
0≤s≤u

{| w(s− ν, r) − x(s− ν, r) |, | w(s− ν, r) − x(s− ν, r) |},

= sup
0≤r≤1

max
−ν≤µ≤u−ν

{| w(µ, r) − x(µ, r) |, | w(µ, r) − x(µ, r) |},

≤ sup
0≤r≤1

max
−ν≤µ≤0

{| w(µ, r) − x(µ, r) |, | w(µ, r) − x(µ, r) |}

+ sup
0≤r≤1

max
0≤µ≤u−ν

{| w(µ, r) − x(µ, r) |, | w(µ, r) − x(µ, r) |},

≤ sup
0≤r≤1

max
0≤s≤ν

{| w(s, r) − x(s, r) |, | w(s, r) − x(s, r) |}

+ sup
0≤r≤1

max
ν≤s≤u

{| w(s, r) − x(s, r) |, | w(s, r) − x(s, r) |},

≤ sup
0≤r≤1

max
0≤s≤u

{| w(s, r) − x(s, r) |, | w(s, r) − x(s, r) |} = D∞[y(s), x(s)].

Then

J11 ≤
8ε2u2σ−11 ΘF

2σ− 1

∫u1
0

ED2∞[y(s), x(s)]ds,

For J12, we use the Cauchy–Schwarz inequality and the hypothesis (H4), we get

J12 ≤ 4ε2 sup
u∈[0,u1]

( ∫u
0

∣∣∣∣∣Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

∣∣∣∣∣
2

ds ·
∫u
0

ED2∞
[
f(s, xε(s), xε(s− ν)), f(xε(s), xε(s− ν))

]
ds

)
,

≤ 4ε2u2σ
1 Θ

2σ− 1
η1(u1)

(
1+ sup

u∈[0,u1]

ED2∞[x(u), 0̂] + sup
u∈[0,u1]

ED2∞[x(u− ν), 0̂]
)
,

where, by using the definition of D∞, we get

D∞[x(s− τ), 0̂] = sup
0≤ ≤1

max
0≤s≤u

{| x(s− τ, r) |, | x(s− τ, r) |},

= sup
0≤r≤1

max
−τ≤µ≤u−τ

{| x(µ, r) |, | x(µ, r) |},

= sup
0≤r≤1

max
−τ≤µ≤0

{| x(µ, r) |, | x(µ, r) |}+ sup
0≤r≤1

max
0≤µ≤u−τ

{| x(µ, r) |, | x(µ, r) |},

= sup
0≤r≤1

max
0≤s≤τ

{| x(s, r) |, | x(s, r) |}+ sup
0≤r≤1

max
τ≤s≤u

{| x(s, r) |, | x(s, r) |},

= sup
0≤r≤1

max
0≤s≤u

{| x(s, r) |, | x(s, r) |} = D∞[x(s), 0̂].

Therefore

J12 ≤
4ε2u2σ1 Θ

2σ− 1
η2(u1)

(
1+ 2 sup

u∈[0,u1]
ED2∞[x(u), 0̂]

)
:= 4ε2u2σ1 Λ1,

where Λ1 =
η1(u1)Θ
2σ−1

(
1+ 2 sup

u∈[0,u1]
ED2∞[x(u), 0̂]

)
. Ainsi

J1 ≤
8ε2u2σ−11 ΘF

2σ− 1

∫u1
0

ED2∞[y(s), x(s)]ds+ 4ε2u2σ1 Λ1. (7.2.7)
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For the second term J2, using the properties of the metric D∞, we have

J2 ≤ 4ε sup
u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(v, yε(v), yε(v− ν))dB(v)
〉
ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ〈 ∫s

0

g(v, xε(v), xε(v− ν))dB(v)
〉
ds

]
+ 4ε sup

u∈[0,u1]

ED2∞
[ ∫u

0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(v, xε(v), xε(v− ν))dB(v)
〉
ds,

∫u
0

Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

〈 ∫s
0

g(xε(v), xε(v− ν))dB(v)
〉
ds

]
,

:= J21 + J22.

For J21, we use the Cauchy–Schwarz inequality and the hypothesis (H1), we get

J21 ≤ 4ε sup
u∈[0,u1]

( ∫u
0

∣∣∣∣∣Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

∣∣∣∣∣
2

ds ·
∫u
0

∫s
0

E
∥∥g(v, yε(v), yε(v− ν)) − g(v, xε(v), xε(v− ν))∥∥2dvds),

≤ 8εu2σ
1 ΘF

2σ− 1

∫u1

0

ED2∞[y(s), x(s)]ds,

Also, we use the Cauchy–Schwarz inequality and the hypothesis (H4), we get

J22 ≤ 4ε sup
u∈[0,u1]

( ∫u
0

∣∣∣∣∣Mσ,σ

(
A(u− s)σ

)
(u− s)1−σ

∣∣∣∣∣
2

ds ·
∫u
0

∫s
0

∥g(s, xε(s), xε(s− ν)) − g(xε(s), xε(s− ν))∥2dvds

)
,

≤ 4εu2σ
1 Θ

2σ− 1
η2(u1)

(
1+ sup

u∈[0,u1]

ED2∞[x(u), 0̂] + sup
u∈[0,u1]

ED2∞[x(u− ν), 0̂]
)

≤ 4εu2σ
1 Θ

2σ− 1
η2(u1)

(
1+ 2 sup

u∈[0,u1]

ED2∞[x(u), 0̂]
)
:= 4εu2σ

1 Λ2,

where Λ2 =
η2(u1)Θ
2σ−1

(
1+ 2 sup

u∈[0,u1]
ED2∞[x(u), 0̂]

)
. Therefore

J2 ≤
8εu2σ1 ΘF

2σ− 1

∫u1
0

ED2∞[y(s), x(s)]ds+ 4εu2σ1 Λ2. (7.2.8)

Therefore, combining (7.2.7) and (7.2.8) together, we get

sup
u∈[0,u1]

ED2∞[yϵ(u), xϵ(u)] ≤ 4εu2σ
1 (εΛ1 +Λ2) +

8εu2σ−1
1 ΘF(ε+ u1)

2σ− 1

∫u1

0

ED2∞[y(s), x(s)]ds.

Let Υ(u1) := sup
u∈[0,u1] ED2∞[yϵ(u), xϵ(u)] and sup

u∈[−ν,0] ED2∞[yϵ(u), xϵ(u)] = 0.
Therefore

Υ(u1) ≤ 4εu2σ1 (εΛ1 +Λ2) +
8εu2σ−11 ΘF(ε+ u1)

2σ− 1

∫u1
0

Υ(s)ds.

So, let Φ(u1) := sup
u∈[−ν,u1]

Υ(u), ∀u1 ∈ J. Hence

Φ(u1) = sup
u∈[−ν,u1]

Υ(u) = sup
u∈[0,u1]

Υ(u)

≤ 4εu2σ1 (εΛ1 +Λ2) +
8εu2σ−11 ΘF(ε+ u1)

2σ− 1

∫u1
0

Φ(s)ds.
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Then, by using the Gronwall–Bellman inequality, we have

Φ(u1) ≤ 4εu2σ1 (εΛ1 +Λ2) exp

(
8εu2σ−11 ΘF(ε+ u1)

2σ− 1

)
.

Therefore

sup
u∈[0,u1]

ED2∞[yε(u), xε(u)] ≤ 4εu2σ1 (εΛ1 +Λ2) exp

(
8εu2σ−11 ΘF(ε+ u1)

2σ− 1

)
.

Choose β ∈ (0, 1) and L > 0 such that for every u ∈ [0, Lϵ−β] ⊆ J, we have

sup
u∈[0,Lϵ−β]

ED2∞[yε(u), xε(u)] ≤ κLϵ1−β,
where κ = 4L2σεβ−2βσ(εΛ1 +Λ2) exp

(
8L2σ−1ε1−βσ+βΘF(ε+Lε−β)

2σ−1

)
is a constant. Therefore, for any

given number ∆, ∃ε1 ∈ (0, ε0] such that for each ε ∈ (0, ε1] and u ∈ [−ν, Lε−β], we have

sup
u∈[−ν,Lϵ−β]

ED2∞[yε(u), xε(u)] ≤ ∆.
Thus the proof is complete.□
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Conclusion and Perspectives

At the end of this thesis, we estimate that the presented results will contribute to the de-

velopment of the study of fuzzy fractional stochastic differential equations, by opening new

horizons to scientific research on this new topic.

After having presented the preliminary notions useful for a good understanding of the

present work, we presented results of existence, uniqueness, stability and averaging princi-

ple of certain fuzzy fractional stochastic differential problems relating to different fractional

derivatives. First, we have established existence, uniqueness, stability and controllability

results for different fuzzy fractional stochastic differential problems. The results obtained in

this part are published in [19], [16] and [14].

Furthermore, we have presented existence, uniqueness and averaging principle results

for different types of fuzzy stochastic and fuzzy fractional stochastic differential problems.

These results is obtained using the fixed point technique and stochastic calculus. The results

obtained in this part are published in [15] and submitted for possible publication.

The results presented in this thesis naturally offer many perspectives:

• The first is the study the existence and finite-time stability results of fuzzy fractional

stochastic differential equations with time-delays.

• The second perspective would be the study the existence and finite-time stability of

solutions for a class of nonlinear ψ-Hilfer fuzzy fractional stochastic differential equations

with time-delays.

• The third possible perspective would be the study of the averaging principle for non-

linear Hilfer fuzzy fractional stochastic differential equations.
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