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Abstract

This thesis is devoted to the study of some parabolic partial differential equations (PDEs) involving
absorption term or singular natural growth or Hardy potential and singular lower order term. The
thesis emphasizes mostly on the nonlinear evolutive PDEs. The main objective is to obtain the exis-
tence and regularity of solutions to the problem considered with certain Dirichlet boundary conditions
in Sobolev space. Some of the key techniques employed in this thesis to guarantee the existence of
solutions are the weak convergence method, Schauder fixed point theorem, etc. The regularity of the
solutions is also established mostly by using the Gagliardo-Nirenberg inequality. One of the main diffi-
culties that arises in this thesis (general in the parabolic case) is the proof of the strict positivity of the
solution in the interior of the parabolic cylinder, in order to give sense to the weak formulation of the
problems and also used in the convergence passages. The proof of this property use Harnack’s inequality.

Keywords: Nonlinear parabolic equations; Singular parabolic equations ; Weak solution; positive
solution; Existence; Regularity; Absorption term; Lower order term; Natural growth; Hardy potential.



Résumé

Cette these est consacrée a 1'étude des équations aux dérivées partielles (EDP’s) non linéaires. Plus
précisément, nous étudions I’existence et la régularité des solutions pour certains problemes paraboliques
impliquant un terme d’absorption ou un terme singulier avec une croissance naturelle ou un potentiel
de Hardy ou un terme d’ordre inférieur singulier. La these met 1’accent principalement sur les EDP
évolutives non linéaires. L’objectif principal est d’obtenir I'existence et la régularité des solutions aux
problemes considérés avec certaines conditions aux limites de Dirichlet dans les espaces de Sobolev et
Lebesgue. Certaines des techniques clés utilisées dans cette these pour garantir 'existence de solutions
sont la méthode de convergence faible, le théoreme du point fixe de Schauder, etc. La régularité des
solutions est également établie principalement en utilisant l'inégalité de Gagliardo-Nirenberg. Lune des
principal difficultés qui se posent dans cette theése (généralement dans le cas parabolique) est la preuve
de la stricte positivité de la solution a l'intérieur du cylindre parabolique, afin de donner un sens a
la formulation faible des problemes, et ainsi que son utilisation dans les passages de convergence. La
preuve de cette propriété est basé sur 'application de I'inégalité de Harnack.

Mots-clés: Equation parabolique non-linéaire; Equation parabolique singulier; Solution faible; So-
lution positive; Existence; Régularité; Terme d’absorption; Terme d’ordre inférieur; Croissance naturelle;
Potentielle de Hardy.
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CONTENTS 9
Q: open set of RN, N € N*
09 : boundary topological of 2
Q the parabolic cylinder 2 x (0,7"), T'> 0
r the lateral surface 0 x (0,7), T >0

xr = (‘r17x27x37 ey

dr = dxidzredrs...

do :

Vu :

D(Q) :
L>(Q) :
LP(Q) :
1Fllp =
Whr(Q) =
[l p =
Wy (Q) :
WP ()
LP(0,T;Q)

generic point of RY
Lebesgue measure on {2
area measure on 0f)
the gradient of u i.e (aa;L , 53_;2’ aazug s a‘z—’jv)
space of smooth functions with a support compact in €2
space of bounded functions in {2
space of power functions p-th integrable on €2 for the measure dx
1
(Jolf(z)[Pdz)?
{ue LP(Q); Vu e (LP(2))"}
1
(lwlly + IVaullp)?
adhesion of D(Q) in WP(Q)
dual space of W,”(Q):

the space of measurable functions u : [0, 7] — € such that

ooy = (U llullfdt)” < +oo,

the space of measurable functions such that
[[wl| o< 0.7:0) = supjo 7y [|ulla < +oo.

25\113? where f = (f1, fo, f3, -, fn-1, )

the Lebesgue measure of subset £ of RY
max(s,0) the positive part of variable s
min(0, s) the negative part of variable s

qqu, g > 1, the Holder conjugate exponent of g

N—fq, 1 < g < N, the Sobolev conjugate exponent of ¢

sign of variable s

Ty (s) = max(—Fk, min(s, k)), kK > 0, s € R the truncation function of level k
Gils) = 5 — Ti(s) = (Is] — k)*

several constants whose value may change from line to line and, sometimes,
on the same line. These values will only depend on the data but they will

never depend on the indexes of the sequences we will introduce
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Chapter 1

Introduction

This phD thesis provides contributions to the fields of Nonlinear Partial Differential Equations. More
specifically, it is concerned with the existence and regularity of solutions to nonlinear parabolic boundary
value problems of Dirichlet type. The general model, from which many interesting particular cases, is
the following:

9 — div(a(z, t,u, Vu)) + g(z,t,u, Vu) = h(u)f in @,

u=0 on T, (1.1)

up(z,t = 0) = up(x) in

where  is a bounded domain of RN (N > 2), Q is the cylinder Q x (0,7), T > 0, T the lateral surface
00 x (0,T), ug is a non-negative function belonging to L>°(2), and f is non-negative function which
belongs to some Lebesgue space L™(Q), m > 1. The function a(z,t,u, Vu) : Qx (0,T) x Rx RY — RY
is a Carathéodory function (i.e. it is continuous with respect to w and Vu for almost (z,t) € @,
and measurable with respect to (z,t) for every u € R and Vu € RY). The function g(z,t,u, Vu) :
Q x (0,T) x R x RY — R is Carathéodory possibly singular at 0, and h : RT — R* is continuous
function possibly singular at s = 0.

In the recent years, there has been an increasing interest in the study of equations with singular lower
order terms. On one hand, the interest in such equations is motivated by their connection in the study of
non-Nowtonian fluids (in particular pseudoplastic fluids), boundary-layers phenomena for viscous fluids
(see [67, 110, 117]), in the Langmuir-Hinshelwood model of chemical heterogeneous catalyst kinetics
(see [12, 04]), in enzymatic kinetics models (see [46]), as well as in the theory of heat conduction in
electrically conducting materials (see [I133]), and in the study of guided modes of an electromagnetic
field in the nonlinear medium (see [90]). In the context of laser beam propagation in plasmas, the
corresponding equation involves a nonlinear term depending on Vu and represents heat balance with
reactant consumption ignored where u is a dimensionless temperature excess (see [90] for more details).
In the particular case when g = 0, h(s) = s~! appeared was in [80]; there the authors fall into the study
problem as while observing the temperature given by the solution u(z, t) of an electrical conductor
which occupies a three dimensional regions. Here f(x,t)u~! is thought as the rate of generation of heat
where h(s) = s~1 is the resistivity of the conductor.

From a purely mathematical, the problem as in has been intensively studied by many authors.
If g =0 and h = 1 the problem was investigated in [I08], 109] in the stationary varational case. For the
variational parabolic case is treated in [108], with uy € L*(9).

10



CHAPTER 1. INTRODUCTION 11

Concerning the non variational elliptic-parabolic case i.e.: If f € LY(Q) or f is a measure see
[14, (16, [18), (19}, (32, (104, 125, (126, [140).

If h = 1 and the presence of the lower order term (i.e. g # 0) the problem has been widely
studied in the literature. More precisely, if g does not depend on the gradient, and f belongs to
LP(0,T; W~ (Q)) existence results for problem has been given in [33], 34], 100]. If g does depend
on Vu, an existence theorem has been proved by Landdes and Mustenov in [101]. Their results are
obtained by means of an approximation of g with bounded functions proving the strong convergence
of the solutions of the approximating problems. All these papers use a sign condition on g (namely
g has the same sign of u), but assume no growth restrinction with respect to u. A different approach
(see, e.g. [123] 17, I15]) to the existence of solutions can be done if f is more regular (for instance
if f e L0, T;W~1(Q)), with r large enough) and g¢ is bounded with respect to u, in this case it
is possible to prove the existence of bounded solutions of without any sign condition on ¢g. The
authors in [59] have proved the existence of a weak solution to problem (L.1]), when f € L'(Q) and g¢
having a natural growth with respect to the gradient and satisfies the sign condition.

Concerning the stationary singular case of problem (I.1)), namely or g(0) = +o00/or h(0) = +oc has
been widely studied. When g = 0 and h(s) = s~ ( > 0) the following singular problem

“Au=2L i
{ Au=- in (1.2)

u=20 on 0f),

where  is an open bounded subset of RV, with f is a non-negative function belonging to some Lebesgue
space and v > 0, has been investigated by many authors. More precisely, existence and uniqueness of
a classical solution u € C?(Q2) N C(Q) of are proved in [37, [I41], when f is a positive Holder
continuous function in  and 2 is a smooth domain. In the same framework, Lazer and Mackenna in
[103] have proved that u € W, *(Q) if and only if v < 3 and that v > 1, the solution does not belong to

C1(€2), while in [45], under the weaker assumption that f is only non-negative and bounded, Del Pino
has proved the existence and uniqueness of a positive distributional solution belonging to C;(£2) NC().
These results are generalized by Lair and Shaker in [99].

Existence of positive distributional solution with data merely in L'(£2) has been proved by Boccardo
and Orsina in [25]. The authors show that this solution, if v < 1, belongs to an homogeneous Sobolev
space larger than WOI’Q(Q), if v =1, it belongs to WOI’Q(Q) and, finally if v > 1, it belongs to VV;E(Q)
In the last case, the boundary condition is assumed in a weaker sense i.e., uw'T e VVO1 2(Q).

In the general case, many works study the existence, regularity and uniqueness of the following

general singular elliptic problems

5

—div(a(z, Vu)) = ui in €,
{ u=20 on 0. (13)

De Cave in [62] has proved that the problem (1.3) admit least one solution u, when 0 < f € LY(Q)
satisfies the following regularity

i) if v = 1 then u € W, ?(Q);

i) if 4 > 1 then u € W,2P(Q) and u®"/?" € Wy P(Q) where p = %’f—]__ll);

MOUNIM EL OUARDY



CHAPTER 1. INTRODUCTION 12

ii) if v < 1 then u € Ty P(Q) and |Vul? € L}(Q);

w) if y <1land 2 -7+ 52 <p< N then u € Wy?(Q).

Also the author has prove that if f € L™(€2) with m > 1, then the solution u satisfies the following
summability

v) if v > 0 and m > N/p then u € L>();

2\ S : _ Nm(p+y-1).
vi) if y > 1and 1 <m < N/p then u € L*(Q), with s = ==

vii) if v < 1 and (%)’ <m < N/p then u € L*(Q), with s = %}7{1).

Concerning the uniqueness of solution to problem has been addressed in [49].

On the other hand, for the uniform elliptic case, there is a great deal of literature about problems
involving a lower order term, i.e. g # 0, we refer reader to see [81], when h(s) = s (v > 0) and g does
not depend on the gradient. More recently, in presence of general h, existence, regularity and uniqueness
have been addressed in [120, 121]. For the case when the operator is not coercive, we refer the reader to
see [I35] [136] and references therein. In the case when the lower order term g exist and possibly singular
inu=0 (ie. g(x,t,u, Vu) - 400 as u — 0) and having a natural growth with respect to the gradient,
problem has been studied by many authors, we refer reader to see [40], 89, 4T, 42, 43| T44], when
h=1.

Without the aim to be complet, we refer various works treating different aspects of the problems as
and we refer the reader to see [8, [, 10, BT, 38, 139, 50, (2, 63, 64, [70, 72, 73] 102, 118, 119]
and reference therein.

Now, let us recall briefly the existing works in the literature and their influence directly in this thesis.
Concerning the singular parabolic case as in the problem . In recent years, the existence, regularity
and uniqueness of solutions to the nonlinear singular parabolic problems as in have been studied
extensively by many authors. When g = 0, p > 2 and h(s) = s77(y > 0), problem (1.1 is treated in
[68]. Here, the authors have proved the existence of a weak solution via an approximation argument
and one of the main tools is a suitable application of the Harnack inequality in order to deduce the
positivity of the approximating sequence. More precisely, De Bonis and De Cave in [68] considered the
following singular parabolic problem

9 — div(a(z,t, Vu)) = u% in  Q,
u=0 on I, (1.4)
up(z,t =0) = up(x) in €,

where © is a bounded domain of RY (N > 2), v > 0, p > 2, and f is a non-negative function which
belongs to some Lebesgue space L™(Q), m > 1 and uy € L*>(2) such that

YwcCcQ, dD,>0: ug> D, inw.

The authors proved that the problem admit a non-negative weak solution u satisfies the following
regularity

i) ify < 1 and f € L5509 (Q), then u € L0, T; WEP(Q)) N L=(0, T; L2(2)):

MOUNIM EL OUARDY



CHAPTER 1. INTRODUCTION 13

i) if v =1 and f € LY(Q), then u € LP(0,T; W, (Q)) N L=(0,T; L*());
i) if v > 1 and f € LY(Q), then u € LP(0,T; W,5P(Q)) N L>(0, T; L71(Q)).

loc

Moreover, if f € L™(Q) with m > 1, the solution u satisfies the following summability

iv) if y > 1 and m > N/p+ 1, then u € L>(Q);

m(N(p+y=1)+p(v+1)

v) ify>1land m € [I,N/p+1), thenu € L™ ~-pmtr (Q);

vi) if y <1 and m > N/p+ 1, then u € L™(Q);

(p+2) m(N(pt+y—1)+p(y+1)

m,]\f/p—i—l), then u € L~ N-womtp (Q);

vii) if y <1 and m € |

m(N(p+y—1)+p(y+1)

vigi) if v <1 and m € [1, %), then u € LI (0, T; Wy ™ (Q)) N L~ e (Q),

m[N(p+y—1)+p(y+1)]
N+2—m(1—~)

with ¢, =

In the same fashion, De Bonis and Giachetti in [69] have proved the existence of non-negative solution
to the following singular parabolic problems involving p-Laplacian:

5 —Apu=flz,t)(p+1) in Q
u=0 on T, (1.5)
up(z,t =0) = up(x) in Q.

Here Q is bounded open subset of RY, N > 2.0 < T < 400,60 > 0,p > 1, and f is non-negative
function which belongs to L"(0,T; L™(£)), with 1 + pim < 1, and up(x) > 0 a.e. in Q. Also, the authors
considered the case when the right-hand side of the above problem depends on the gradient. In this
latest case the model of the right-hand side is F(z,t,u, Vu) = W, with D >0, 1 < ¢ < p and
f(z,t) as before.

More recently, if ¢ = 0 and in presence of a general h and measure data, existence and uniqueness
have been addressed in [122], under suitable assumptions. In the same sense, Magliocca and Oliva in
[112] have proved the existence of non-negative solutions to parabolic Cauchy-Dirichlet problems with
superlinear gradient terms which are possibly singular. The model equation is

ou

ot

where 2 is an open bounded subset of RY with N > 2,0 < T < 400,1 < p < N, and q < p is

superlinear. The functions g, h are continuous and possibly satisfying ¢(0) = +oo and/or h(0) = +o0,

with different rates, and finally f is a non-negative function which belongs to a suitable Lebesgue space.

When h = 1 and the absorption terms does exist and appear in the problem (1.1)) (i.e. g(z,t,u, Vu) #

0) and possibly singular at u = 0, the works studying the problems of this type is more limited. Martinez-

Aparacio and Petitta in the first part of [I13] have studied the problem when a(z,t,u, Vu) =

M (z,t,u)Vu and g does not depend on the gradient. More precisely, the authors considered the
following problems

— Ay = g(w)|Vul' + h(w)f nQ

% —div(M(z,t,u)Vu) + g(z,t,u) = f(z,t) in Q,
u(z,t) =0 on [ (1.6)
u(z,0) = ug(x) in €

MOUNIM EL OUARDY



CHAPTER 1. INTRODUCTION 14

where © is an open bounded set of RN (N > 3) M(x,t,s) := my(z,t,8), 3,5 = 1,..., N is a symetric
matrix whose coefficient m;;(z,t,s) : © x (0,7) x R — R are Carathéodory functions (i.e., m;;(.,.,s) is
measurable on 2 for every s € R, and m;;(z,t,.) is continuous on R for a.e. (x,t) € Q x (0,7) ) such
that there exist constants 0 < o < 3 satisfying

alé]? < M(z,t,8)E €&, |M(x,t,5)| < B,V (s,6) ERxRY aexecQ Vte (0,T).

f is non-negative function which belongs to L'(Q), x > 0 and g : Q x (0,7) x [0,k) — Rt is a
Carathéodory function such that

h(s) < g(x,t,s) < p(x,t)d(s), Vs € [0,k), a.e.x € Q, Vt € (0,T),

where p € L'(Q) and §(s),h(s) : [0,k) — RT are continuous and increasing real function such that
5(0) = h(0) = 0 and lim h(s) = +oo. Finally, ug is a measurable function such that ug(z) < &
S—K™

for a.e. on (). Here, the authors have proved that the above problem admits a positive solution u €
L*(0,T; Hj(2)). In the second part of their work, the authors studied the problem (L.I)), when the
absorption term g(z,t,u, Vu) possibly singular at u = 0 and possibly negative having a natural growth
with respect to the gradient. More specifically, the authors have proved the existence of positive solution
u € L2(0,T; H} () to the following problem

U Giv(M(, t, u) V) + gl ) [ Vul = f(.t) in Q,

ot

u(z,t) =0 on T, (1.7)
u(z,0) = up(x) in £,

where M as before, and f € L"(0,T; L9(Q2)) with % + qu <1,q>1,r > 1 satisfies
my(f) = essinf{f(z,t): v €w, t € (0,T)} >0, Yw CC .
Moreover, the initial data ug € L>(2) such that
my(ug) = essinf{f(z,0): z € w} >0, Vw CC Q.

Concerning the lower order term, g(z,t,u) is Carathéodory function defined on © x (0,7") x (0, 400)
satisfying for some p > 0
—p

— < g(x,t,5) <h(s), forzeQ,Vs>0, Vte (0,T),
s

where h : (0,+00) — [0,400) is a continuous non-negative function such that

1
lim / JA{D)dt < +o0,

s—0t

and h(s) is non increasing in a neighborhood of zero. In the same kinds Dall’Aglio et al in [60] have
studied the problem (1.1)), when g(z,t,u, Vu) = B% and f =0, with p > 1, B > 0, and ug is a
positive function in L>°(Q) such that ug(z) > C' > 0 in Q. The authors shown that the problem (I.1)
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CHAPTER 1. INTRODUCTION 15

admits a non-negative weak solution u € L?(0, T; W,*(€2)). For the non-homogeneous case (when f # 0
and h = 1), we refer the reader to see [15].

In the case when the problem (|1.1)) involving Hardy potential, there is an extensive literature which
has studied the problems of this kind. If p = 2 and f = 0 then we have a linear heat equation with
potential

If the potential v belongs to the kato class or L? (p > N/2) classes, then the Hamiltonian H = —A + v
has several good properties and so the linear heat equations with this potential is well understood. If
the potential v does not belong to these classes, such as v = ¢/|x|? then the solutions of heat problem
may have critical behavior. As an interesting results was obtained by Baras and Goldstein [I3], they
have shown that the following heat problem;

Ju .
% Au + el o Q,
u(z,t) =0 on T,

u(z,0) =up(x) in £,

has no non-negative solutions except u = 0 if ¢ > C*(N) = ((N —2)/N)? and positive weak solution
does exist if ¢ < C*(N). Thus C*(N) = ((N —2)/N)? is the cut of point for existence of positive
solutions for the heat equation with inverse square potential ¢/|z|?, where C*(N) is also the sharp
constant in Hardy’s inequality. The results in [13] have been extended by Cabré and Martel [48],
Goldstein and Zhang [87, [88], Goldstein and Kombe [85], Kombe [96] for the wide class of potentials.
In the same context there are also some related works on nonlinear parabolic problems by Garcia and
Peral [84], Aguilar and Peral [5], Goldstein and Kombe [86]. We refer the reader to see [, [13] 82] [84]
130}, 131, 132] and references therein.

Finally, Problems as with degenerate coercivity and h = 1 has been extensively studied in the
past. See for instance [0} [7, 21, 24, 28] 53], [65] in the elliptic case and [29] [75], [66] 107, 124, 127, 129] 143]
in the parabolic case.

Concerning the existence and regularity results for the problems as (L.I)), when the operator A is
non-coercive and the term h is singular at s = 0, the first contribution has been given by Croce [54],

(HuD?

negative solutions of problem in the stationary case whenp > 1, p—1 <~y <p+1and f € L™(Q)
with m > 1. The regularity of the solutions also analyzed. More Recently, Sbai and El Hadfi [135]
generalized the work [54]. The authors studied the problem in the stationary case, when g = 0
and A(u) = —div(a(z, u, Vu)) such that a(z,u, Vu)-Vu > %, p>1,a>0and0 <0 <1, the
function h : [0,400) — [0,400] is continuous bounded outside the origin with A(0) # 0 and possibly
singular at s = 0 such that the following condition hold true:

¢

5

when g = 0, A(u) = —div ( “(x)v“> and h(u) = u% The author has proved the existence of non-

A0 > 0,0 <y <1 st. h(s) < Vs >0.

V)

They have proved the existence of weak non-negative solution to the problem (|1.1)) and the regularity
of the solution also analyzed. Durastanti and Oliva [71] have considered the same problem studied in
[135]. The authors have proved the existence and uniqueness of entropy solution in the stationary case
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of the problem ([L.1)). The regularity of the entropy solution also analyzed. In the presence of the lower
order term (i.e. g # 0), but without any growth condition on the gradient i.e. g(x,u, Vu) = g(z,u) and
the operator A is non-coercive, the problem has been studied by Sbai and El Hadfi in [I36] in the
stationary case.

This thesis is organized as follows. In chapter 2, we give some preliminaries (definitions of classical
spaces, convergence theorems, and injection theorems, and classical integrability lemmas ...) which we
will use later in the following chapters.

Chapter 3: On nonlinear parabolic equations with singular lower order term.
This chapter is devoted to study the problem (1.1), when g = 0, h(u) = w7 (v > 0) and a(z, t, u, Vu) =
(a(z,t) + |u|?)Vu. More precisely, we focus on the following nonlinear and singular parabolic problems

O div((aa ) + V0 = £ n Q.
u(z,t) =0 on T, (18)
u(z,0) = uo(z) in - £,

where € is a bounded open subset of RV, N > 2, @ is the cylinder Q x (0,7), T > 0, ' the lateral
surface 02 x (0,T), ¢ > 0, > 0, and f is non-negative function wich belongs to some Lebesgue space
L™(Q), m > 1,

up € L*(Q)andVw CcC Q, 3D, >0: uy > D,. (1.9)

Moreover a(zx,t) is a measurable function satisfying
0<a<a(z,t)<pf ae inQ; (1.10)

where «, [ are fixed real numbers such that @ < . we start by identifying the necessary conditions
on the data in order to get existence of weak solutions of (1.8). Then, using the Schauder’s fixed point
Theorem, we shown the existence of non-negative solution for the non-singular problem, for every non-
negative function f depending on the values of ¢ and v and by the application of Harnack inequality, we
prove that this solution is strictly positive in the interior of the parabolic cylinder. Also, the regularity
of solutions depending on the summability of the function f and the values of ¢ and v has been obtained.

This work is published in Journal of Elliptic and Parabolic Equations [70]

Chapter 4: Some nonlinear parabolic problems with singular natural growth term

In this chapter, we study the problem (I.1) when a(z,t,u,Vu) = |Vul[P™>Vu, g(z,t,u, Vu) =

b(x,t) 'V;g"’ and h = 1. More precisely we study the following nonlinear parabolic problems:

‘3—? — div(|Vu|P~?Vu) + b(m,t)—‘iﬁlp =f in Q,
u(z,t) =0 on T, (1.11)
u(z,0) =0 in  Q,
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where € is a bounded open subset of RN, N > 2, and @Q is the cylinder Q x (0,7), T > 0, T the lateral
surface 02 x (0,7),2<p< N, 0< 0 <1, b(x,t) is a measurable function satisfying

0<a<b(zt) <p, (1.12)

where o and 3 are fixed real numbers, and f belongs to some Lebesgue space L™ (Q), m > 1, satisfying
the condition
essinf{f(z,t) 1z € w,t € (0,¢)} >0 Vw CC Q.

Our aim is to study the impact of the term b(x, t)|Vul|Pu= (§ > 0) (having a natural growth with respect
to the gradient and singular at u = 0) in the existence of the weak solution of problem for the
largest possible classes of the data f. In order to obtain a weak solution, we approximate the problem
by another non-singular problem, we make some estimates that will allow us to prove that the
solution of approximated problem converges to the solution of our problem. Also, this solution satisfies
the property of the strict positivity in the interior of the parabolic cylinder. We use this important
property to make a sense of the weak formulation of and also in the convergence passage.

This work is published in Journal of Results in Mathematics [7§]

Chaptre 5: Existence of positive solutions to nonlinear singular parabolic equations with
Hardy potential
In this chapter, we focalize our attention on the studying of the problem (1.1)) when a(x,t,u, Vu) =
a(xz,t,Vu), g(x,t,u, Vu) = —,ulfi—;, p > 0 and h(u) = w7,y > 0. More specifically, we study the
following nonlinear parabolic problems involving Hardy potential with a singular lower order term:
w . wP—1 .

% — div(a(z, t, Vu)) — MIZT = % in  Q,

u=20 on I, (1.13)

u(z,0) = up(x) in  Q,

where 2 is a bounded open subset of RY, (N >3),2<p < N, v, 14> 0,Q =Qx(0,T7), T = 00x(0,7T),
with 7' > 0, f is a nononegative function belonging to suitable Lebesgue space, the initial datum
up € L>(§2) and satisfies the following bound

YVwocCcCcQ, dM, >0 : ug> M, in w. (1.14)

Moreover, the function a :  x (0,7) x RY — R¥ is a Caratheodory function satisfying the following
conditions: there exist positive constants «, 3 such that

a(z,t,§) - £ = algf, (1.15)
la(z,t, )| < BlEPT, (1.16)
[a(x,t,é) - CL(J/’?t,S,)] : [5 - 5,] >0, (117>

for almost every x € Q,t € (0,T), for every &,& € RN, with £ # €. The main goal of this chapter
is to analyze the interaction between the Hardy potential and the singular term »~7 in order to get a
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solution for the largest possible class of the datum f . The regularity of the solution is also analyzed.

This work is published in Journal of Pseudo-Differential Operators and Applications
9]

Chapter 6: Existence and regularity results for a singular parabolic equations with
degenerate coercivity
In this chapter, we are going to study the existence and regularity results of the problem ([1.1]) when
gz, t,u, Vu) = |[u]*"tu, (s > 1), i.e. we consider the following singular parabolic problems with degen-
erate coercivity and absorption term

ou

— + AW+ ufTlu=hu)f n @

o (1.18)
u(z,0) =0 in  Q, :
u=0 on I

where

A(u) = —=div(a(z,t,u, Vu)).
Here €2 is a bounded open subset of RY, (N > p > 2) and 0 < T' < +00, f is non-negative function
that belongs to some Lebesgue space, f € L™(Q), m>1 Q=Qx (0,7), T =00 x (0,7), 0 <~y <1
and s > 1. a(z,t,0,&) : Q@ x (0,T) x R x RY — RY is a Carathéodory function (i.e it is continuous

with respect to o and £ for almost (x,t) € @), and measurable with respect to (x,t) for every o € R and
£ € RY) satisfying for a.e (z,t) € Q,V &,& € RY:

oot o) e > — M (1.19)
B T
la(z,t,0,8)] < b(x,t) + [oP~ + €77, (1.20)
(a(z,t,0,8) —a(z,t,0,{)).( &) >0 £#E, (1.21)
where « is positive constant, 0 < § < 1 and b is a non-negative function and belong to L” (Q), p/ = P
p

The function h : [0,00) — RT is a continuous and bounded function and possibly singular at s = 0
such that c
Je¢ > 0 such that  h(r) < — vr>0. (h1)
r

In the study of problem , there is one to two difficulties, the first one is the fact that, due to hy-
pothesis the differential operator A(u) = —div(a(z,t,u, Vu)) is not coercive on L?(0, T; Wy (2)),
when u is large. Due to the lack of coercivity, the classical theory for parabolic operators acting between
spaces in duality (see [I08]) cannot be applied. The second difficulty comes from the right-hand side is
singular in variable u. We overcome these difficulties by replacing the operator A by another one defined
by means of truncations, and approximating the singular term by non singular one. We will prove in
Section 3 that problems admits a bounded L?(0,T; W, (£2)) solution by using Schauder’s fixed point
theorem and we prove some a prior estimates for the solution of the approximate problem and finally
we pass to the limit.

This work is published in Journal of Discrete and Continuous Dynamical Systems-S [(7]
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Chapter 2

Preliminaries

In this chapter, we give some basic results that we will often use in the proofs of our results.

1 A review on some basic results of the theory of integration

1.1 Lebesgue and Sobolev spaces.

Let D be an open subset of RY. For 1 < p < +oo, we denote by LP(D) the space of Lebesgue
measurable functions (in the fact, equivalence classes, since almost everywhere equal functions are
identified) u : D — R such that, if p < +o0,

[l ooy = (/ |U(I)|pda:) < 400,
D

[uf| o = ess-sup,eplu(z)]-
For the definition, the main properties and results on Lebesgue spaces we refer to [35, O7]. For a
function v in a Lebesgue space, we set by g—; (or simply u,,) its partial derivative in the direction z;
defined in the sense of distributions, that is

(tayy &) = — /D wiy,d,

and we denote, in this way, by Vu = (uy,; Ug,; ...; Uz, ) the gradient of the function w.
The Sobolev space W'P(D), with 1 < p < +oo, is the space of functions u in LP(D) such that
Vu € (LP(D))", endowed with its natural norm

and if p = 400,

1
lullwrsoy = ([[ullpop) + IVUllZop))?

while W, ?(D) will indicate the closure of D(D) (the space of C*® functions with compact support in

D) with respect to this norm. For 1 < p < +o0 the dual space of LP(D) can be identified with L” (D),

where p/ = ]% is the Holder conjugate exponent of p, and the dual space of I/VO1 (D) is denoted by
W= (D). It is well known that if D is bounded, any element T € W~ (D) can be written, (see

[35]), in the form T = — div(F) where F € (L (D))V.
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1.2 Basic tools of integration.

We recall here some useful results in the theory of integration.
Lemma 2.1 (Fatou’s lemma [35]). Let {f,} C L'(D) be a sequence such that

e for each n, f,(x) >0 a.e. in D,

) supn/ fo(z)de < +o00.
D

Then liminff, € L'(D), and

n——+oo

/ liminf f,(z) de < hmmf/ falz
D

n—-+o00 n—-+o0o

Definition 2.2. (see [95]) We say that a sequence { f,,} C L'(D) is equi-integrable if for all £ > 0 there
exist a measurable set A C D of finite measure and a real 6 > 0 such that

. / |fu(z)|dx < e, for all n > 1,
D\A

e VECD,|E|<6= Supn/ (@) d < .
E

Lemma 2.3. Vitali’s theorem (see [95]) Let {f,} C L*(D) be a sequence such that f, — f a.e. in D.
Then, the two assertions are equivalent

e f, — f strongly in L'(D),
o {f.} is equi-integrable
We will also use the following technical lemma which can be found in [93].
Lemma 2.4. Let {f,} C L'(D), and let f € L'(D)
e f.(x) >0 ae inD,
o f,— fae inD,

. /L;fn(x)dxﬁ/Df(x)dx

Then f, — f strongly in L'(D).

For an exhaustive treatment on Sbolev spaces we refer to [3] and [36]. We only racall the following
fundamentals facts.
e Sobolev’s inequality: there exists a positive constant Sy depend only on N and p such that

[@llzee < SolQUNT2|[|Vl[| L) if p € (N, 00)
Vo € Wy (Q)
[l 2o (@) < Soll| VOl e if p e (1,N),
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where p* is the Sobolev conjugate exponent of p, that is,

Pt = NN__pp Vpe[l,N).
In general, W, ”(Q) cannot be replaced by W'P(Q) on the previous embedding result. However, this
replacement can be made for a large class of open set €2, which includes for exemple open sets with
lipschitz boundary. More generally, if ) satifies a uniform interior cone condition (that is there exists a
fixed cone Uq(x) of height h an solid angle w such that each z € € is the vertex of a cone Ug(x) C
and congruent to Ug), then there exists a positive constants S which depends only on N and p, such
that

1]l o) < w:% (I¢lleie) + 1VOllle)  if p € (N, 00)

Vo € WP(Q)
Il @) < 2 (Gl9lle@ + 1IVOlllr@) i pe (1,N).

¢ Rellich Kondrachov’s theorems: the embedding

L>(Q) if p € (N, 00)

L1(Q) Vqel[lp) ifpe(L,N),

is compact. Moreover, if () satifies a uniform interior cone condition, then also the embedding
L>(Q) if p e (N, 00)

LQ) Y qell,p) ifpe(1,N),

Wy (Q) C {

W (Q) C {

is compact.
e Poincaré’s inequality: there exists a positive constant P which depends only on N, p and €2, such
that

I8llzr@) < PllIVElllzne) Vo€ Wo"(Q).

Accordingly, the quantity |||V - ||| zs(q) defines as norm on Wy*(€2) which equivalent to || - [Jw1.r(q)-
We will often use the following result due to G. Stampachia.

Theorem 2.5. (see [10]) Let G : R — R be a Lipschitz function such that G(0) = 0. Then for every
u € WyP(D) we have G(u) € Wy (D) and VG(u) = G'(u)Vu almost everywhere in D.

Theorem 2.6. has an tmportant consequence, that is
Vu=0 aceinE.={z:u(x)=c},

for every ¢ > 0. Hence, we are able to consider the composition of function in Wol’p(D) with some
useful auxiliary function. One of the most used will be the truncation function at level k > 0, that is
Ty (s) = max(—k, min(k, s)).

Thus, if u € WyP(D), we have that Ty(u) € Wy *(D), and

VT (u) = Vux ucky, a.e. on D,
for every k > 0, where x{u<k) stands for the characteristic function of the set {x € D : |u(z)| < k}.

Remark 2.7. If u is such that its truncation belongs to VVO1 (D), then we can define an approximated
gradient of u defined as the a.e. unique measurable function v : D — R" such that

v = VTi(u)

almost everywhere on the set {|u| < k}, for every k > 0 (see for instance [47]).
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1.3 Spaces of functions L”(a,b; V).

Given a real Banach space V, for 1 < p < 400, for a,b € R, LP(a,b; V) is the space of measurable
functions u : [a,b] — V such that

1
b »
[wll o @by = (/ [l dt) < o0,

while L>(a, b; V') is the space of measurable functions such that:

[l Lo (a,ivy = sup [ully < +oo.
a,b

Of course both spaces are meant to be quotiented, as usual, with respect to the almost everywhere
equivalence. The reader can find a presentation of these topics in [61]. Let us recall that, for 1 < p <
+o0, LP(a, b; V) is a Banach space, moreover if for 1 < p < 400 and V', the dual space of V is separable,
then the dual space of LP(a,b; V') can be identified with L (a, b; V).

For our purpose V' will mainly be either the Lebesgue space LP or the Sobolev space I/VO1 (), with
1 < p < 400 and Q is a bounded open set of RY. Since in this case V is separable we have that
LP(a,b; LP(Q)) = LP((a, b) x ), the ordinary Lebesgue space defined in (a, b) x Q and LP(a, b; W, (€))
consists of all functions u : @ — R which belong to LP((a,b) x Q) and such that Vu = (ug,, -, Uzy)
belongs to LP((a,b) x Q)N (often, for simplicity, we will indicate this space only by LP((a,b) x Q);

moreover,
b :
(/ /]Vu]pda:dt)
a Q

defines an equivalent norm by Poincaré’s inequality.

Given a function in LP(a,b; V') it is possible to define a time derivative of u in the space of vector
valued distributions D’(a, b; V') which is the space of linear continuous functions from C§°(a,b) into V
(see [137]). In fact, the definition is the following:

b
(ug, o) = —/ wpedt, Yo € Ci°(a,b),

where the equality is meant in V. In the following, we will also use sometimes the notation ‘?9—7: instead of
u; and @ = (0,7) x 2. Now we state two embedding theorems that will play a central role in our work;
the first one is an Aubin-Simon type result that we state in a form general enough to our purpose, while
the second one is the well-known Gagliardo-Nirenberg embedding theorem followed by an important
consequence of it for the evolution case.

Theorem 2.8. (see [139]). Let {u,} be a sequence bounded in L™(0,T; W, ™ () such that On g
bounded in L'(Q) 4+ L*(0,T; W=1(Q)) with m,s > 1, then {u,} is relatively strongly compact in
LY(Q), that is, up to subsequences, {u,} strongly converges in L'(Q) to some function u € L'(Q).

Next, we will introduce the following Gagliardo-Nirenberg inequality and Stampcchia Lemma that
will be used essentially throughout the memory.
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Lemma 2.9. [7], Proposition 3.1] Let v be a function in W, " (Q) N LP(Q), with h > 1,p > 1. Then
there exists a positive constant C', depending on N, h, p, and o such that

[ollze ey < CIVOI oy 1015 (2.1)
for every n and o satisfying
1 1 1 1—n
0<n<l, 1<o<+400, —=n(-——=)+—"
<n<l1, <o <+ - n(h N)+ P
An tmmediate consequence of the previous lemma is the following embedding result:
o g h
Lt <1l gy [ 1701 22)
Q Q
which holds for every function v in LM0,T; W "(Q)) N L®(0,T; L7(Q)), with h > 1,p > 1 and 0 =
h(N+p)
-~

Lemma 2.10. Let C, A, kg, p be real positive numbers, where > 1. Let 0 : R, — R be a decreasing
function such that

¢ S[o(k))*, Yh >k > ko.

Q(h) < W

Then o(ko + d) = 0, where d* = C’[g(k;o)]“*Qu%,
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Chapter 3

On nonlinear parabolic equations with
singular lower order term

1 Introduction

In this chapter we prove existence and regularity results for a class of nonlinear singular parabolic
equations. More precisely, we are interested in the following nonlinear problem

ou _

5 — div((a(z, ) +[ul)Vu) = £ i Q,
u(z,t) =0 on T, (3.1)
u(z,0) = uo(x) &,

where © is a bounded open subset of RV, N > 2, @ is the cylinder Q x (0,7), T > 0, " the lateral
surface 02 x (0,7), ¢ > 0, > 0, and f is non-negative function which belongs to some Lebesgue space
L™(Q), m > 1, the data u, satisfies

uy € L*(Q) andVw cCc Q, 3D,>0: uy > D, in w. (3.2)
Moreover a(zx,t) is a measurable function satisfying
0<a<a(z,t)<p ae Q (3.3)

where «, [ are fixed real numbers.
If v = 0 many works have appeared concerning the existence and regularity of elliptic equations.
Boccardo In [26] has been studied the existence and regularity results of quasi linear elliptic problem

{ —div((a(z) + [u])Vu) + b(z)uluP2|Vul* = f(z) in Q,
u=20 on 0f),

where a(z), b(x) are measurable bounded functions, p,¢g > 0and 0 < f € L™(Q), 1 <m < %, see also
[114]. In the case parabolic the authors in [I16] has been studied the existence and regularity results of
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nonlinear problems

% —div((a(z,t) + [u])Vu) + bz, HuluP~HVul*> = f in Q,
u=0 on 0f),
u(t=0)=0 in €,

where a(x,t),b(z,t) are measurable positive bounded functions, p,q > 0 and f belongs to L™(Q)
for some m > 1. If ¢ = 0, then the operator A(z,t,£) = b(x,t)¢ existing in [08] and [68](p = 2)
is linear coercive, monotone and satisfying the growth condition |A(x,t,&)| < C(d(z,t) + [£]) with
C a positive constant and d € L?(Q), we highlight that our case (¢ > 0) the required growth of
Az, t,s,&) = (a(z,t) + s7)€ is more general, handling growths greater then linear case.

In the elliptic framework and when v > 0 a rich amount of research has been conducted to prove
the existence of solution to singular problems. For example Boccardo and Orsina in [25] proved the
existence and regularity results to problem

—Au = % in €,
u >0 on (),
u=>0 m €,

where v > 0 and f is a nonnegative function belonging to L™(Q),m > 1. In the same concept the
authors in [118] proved the existence of solution to problem

—Au = % +p oin

u >0 on (),

u=>0 i €,

with v > 0, f is a nonnegative function on {2, and p is a nonnegative bounded Radon measures on ).
Hence Charkaoui and Alaa [44] established the existence of weak periodic solution to singular parabolic
problems

Qu _ Agy = ffﬂ) in Q,

U= on T,

u(.,0)=u(.,T) in €,

with 7 > 0 and f is a nonnegative integrable function periodic in time with period T Let us observe
that we refer to [68, [69, [77), 112, 122] for more details on singular parabolic problems.

If v =0 and ¢ = 0, the problem has been studied in [98]. When ¢ = 0 and v > 0, the existence
and regularity results of problem has been obtained in [68]. The aim of this chapter is to prove
the existence and regularity of solutions of problem depending on the summability of the datum f
and the parameters ¢,y > 0. As we will see, our growth assumption on the function a(z,t) + |u|? has a
regularization effect on the solution u and its gradient Vu, allowing in some cases to have finite energy
solution (i.e w € L2(0,T; H} () even if f € L'(Q).

We give now the definition of the weak solution of the problem (|3.1]) we will use throughout this chapter.

Definition 3.1. If v < 1, a solution of (3.I)) is a function u € L*(0,T; Wy (Q)) such that
VwCcCQ 3C,>0:u>C,in wx(0,7T), (3.4)

(a(z,t) + u?)Vu € L'(0,T; L,,.(Q)), (3.5)
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/ o(x,0) / /u—+/ / (x,t) + u?)VuVe = / Qz—f, (3.6)

Vo € CHQ x [0,T)).
If v > 1, a solution of problem (3.1)) is a function u € L*(0,T; H.,
r > 1 and u satisfying (3.4))-(3.6).

and

(Q)), u" € LY(0,T; W, (Q)), for some

2 The approximation scheme

Let f be a non-negative measurable function which belongs to some Lebesgue space, let n € N, f,, =

ﬁ, and let us consider the following approximation of problem (i3.1))
ou,, s .
o div((a(z,t) + ul)Vu,) = Ty o Q,
up(z,t) =0 " on I, (3.7)
Un(z,0) = up(x) in Q.

Lemma 3.2. the problem (3.7)) has a non-negative solution u,, € L*(0,T; H}(Q)) N L>(Q).
Proof. Let k,n € N, be fixed v € L*(Q) and define w := S(v) to be the unique solution of (see [108])

ow :

i div((a(x,t) + |Tx(v)|9) Vw) = (|v|in%)v in Q,
w =10 on [
w(z,0) = up(z) in Q.

Using w as test function by (3.3) and dropping the non-negative terms, we have

/ Vol <ot / ol + 1 / 2,

an application of Poincaré inequality on the left hand side and Holder inequality on the right hand side
and the fact that uy € L>*(Q) yields

2 1
[k < et ([ 1ok) + Sllulae,
Q Q 2

this by Young inequality with e, implies that

/ wp < M,
Q

where M is a positive constant independent of v . So that the ball of radius M is invariant under S.
e Now we prove that S is continuous.
Let us choose a sequence v, — v strongly in L?*(Q); then by Lebesgue convergence Theorem :

Jfn Jn

in L?
(ol + 157~ Qo 1y @)
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and the uniqueness of solution for linear problem yields that w, = S(v,) — w = S(v) strongly in L*(Q).
Therefore, we proved that S is continuous.
As we proved before, we have that:

| IVSF < €t Iluallzge). tor every v e L2(@).
Q

Then, S(v) is relatively compact in L?*(Q), and by Shauder’s fixed point Theorem, there exist u, ; €
L*(0,T; Hg(2)) such that S(unx) = u,y for each n, k fixed. Moreover, u, x € L=(Q), for all k,n € N.
Indeed, for h > 1 fixed, using G}, (un ) as test function, we obtain, since un7k+% >h>1on{u,, > h}

1 1
! / Ga(un)? + / VG () < / FaGiltuns) + / 2
2 Ja Q Q 2 Ja

From now, we can follow the standard technique used for the non-singular case in [I1] to get u, . €
L>(Q). Furthermore, the estimate of u, , € L*(Q) is independent from k € N, then for k large enough
and for n fixed, u,, € L*(0,T; Hj(2)) N L>°(Q) is the solution of the following approximate problem

ou,,

5 div((a(x,t) + ul)Vu,) = (m‘fﬁ in Q,
up(z,t) =0 on I,
Un(z,0) = up(x) in Q.
Since (\u{#ﬁ > 0. The maximum principle implies that u, > 0, and this concludes the proof. n

Lemma 3.3. Let u,, be a solution of (3.7). Then for every w CC Q there exists C,, > 0 independent
on n such that w, > C, in w x (0,T), Yn € N.

Proof. Define for s > 0 the function

1 if 0<s<1,
Ys(s)=q s(14+6—s) if 1<s<d+1,
0 if s>d+1.

We choose s(u,, )¢ as test function in (3.7) with » € L*(0,T; H}(Q)) N L>®(Q), ¢ > 0 then we have

T
/0 [ 65:11#5(%)90 + /Q(a(x,t) + )V, Vou)s (un,)
! f

-3 o) + Tl [t
0 “SunSJH}(( ) ) . Q(un+%)v¢5( )@

thus, dropping the non-negative term Ji<u (a(z,t) + ul)|Vu,|?p, and letting 6 goes to zero, we

<6+1}
obtain

T
ou,,
/ / L / (a2, £) + 1) Vit - VioX focm 1)
0o Jo Ot 0

. o
= J m@X{ogunqy

n
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Then for the last inequality we can write as follows

/OT /Q aTg(:n)¢+ /Q (alz,t) + Ti(un)) VT (un) Vo

> / LSPX{(K 1}
el un<lys
027(1+f) =

for all 0 < ¢ € L?(0,T; H(Q)) N L>(Q). Since
T (u,)? < B+ 1, then we have

/ /aTl +(B+ )/QVTl(un).VngO. (3.8)

This yields that v, = T (u,) is a weak solution of the variational inequality

(1+f)X{0§un<1} not identically zero and o < a(z,t) +

1 Ouvp :
m%—ﬁvnzo 1 Q,

vp(z,t) =0 on I,
U (2,0) = Ty (up(x)) in Q.
We are going to prove that
VwccQ,3C,>0: v,(z,t) >C,in wx(0,T), Vn € N. (3.9)
Let w,, be the solution of the following problem

1 Own, — ;
B+l ot Awn =0 in Q,

wy(x,t) =0 on I, (3.10)
wp(z,0) = v,(z,0) in Q.
From v, 18 a supersolution of , we have v, > w,, so that we only have to prove that
VwcCQ,3C,>0: wy(z,t)>C,in wx (0,7), Vn € N. (3.11)
Since by

VwcCQ, 3d,>0: w,(z,0) =v,(z,0) >d,in wx(0,T), Yn € N. (3.12)

For the rest of the proof we can argue as Boccardo, Orsina and Porzio in [27] (see pp 414 — 416), we
deduce that there exists C, > 0 such that w, > C, in w x (0,T), Yw CC €, since v, > w,, then
Ty (up) =v, > C, inw x (0,7), Yw CC Q. As u, > T1(u,) = v,, then we obtain

U, > C,inw x (0,7), YVwCC, VneN.
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3 A priori estimates and main results

Case v < 1.

Lemma 3.4. Let u,, be a solution of (3.7)), with v <1 and q > 1—~. Assume that f € L*(Q), then u,
is bounded in L*(0,T; H3(%)).

Proof. For n fixed, we choose € < 1 and using ¢(u,) = ((uy +€)7 — €)(1 — (1 + u,)' ")) as test
function, then we have

/Q U(uy(x,t)) + /Q(un +e)7 1+ )t (a(x, t) 4+ ul)|Vuy,|?

+(g+v—-1) / ((up +€)7 —€)(alx,t) + ul) V| (3.13)

Q (1 + U/n)q_‘—'y

[+ 0 == () ) + [ )
Q

(un + %)7 Q

s

where U(s) = / ¢(¢)dl. Dropping the first and second non-negative terms in the left hand side of

0
(3.13), since ug € L>=(2) and using (3.3)), € < £ we have

V[
(@47 =1) [ (O =t t) ) s
< [ i - - e < [ pec (314)
and passing to the limit on €, we get
/(aul—l—u?f”) [V [ < /f—l—C (3.15)
0 (1+uy) ‘1+’V

By working in {u,, > 1}, we have

Vu,|? Vu,|?
[ tarun O o g g Y
{un>1} (]_ -+ Un)q g Q (]. + Un)q v

then it follows from (3.15)) that

1 1 1 g+
min(a; 1) / Vun | < min(a, 1) / LGP < / Fic
{un>1} Q

2aty=1 (un>1y (1 +u,)t7

we can deduce that

/ |Vu,|* < C. (3.16)
{un>1}
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Now, we choose (Tj(u,) + €)7 — € as a test function with e < L in (3.7), by (3.3) and dropping the
nonnegative terms, we get

o [ YDl
o (Tulu) + O

—f v L U €)Y 1_67 U
</(un+n) (Telwn) + €7 =€) 4 =7 | (Ti(uo) + )7 /Q 0 (3.17)

/f 74_1 Tk(uo)+6)7+1—67/ﬂu0.

Therefore

o [ VTP
/Q'VT’“(“”)' _/Q<Tk<un>+e>u<Tk< n) )

S(k+€)1v/( VT (un)]

Ty (uy,) + €)=

< (k4o 7[/f+7+1 (Tk(uo)ﬂ)%l—a/guo].

By the fact that uy € L>*(£2) and letting € goes to zero, implies that

/ VT < CR. (3.18)
Q

Combining (3.16)) and (3.18) we obtain

/ Vu,|* = / 'V, |? +/ |Vu,|* < C.
Q {un>1} {un<1}

Hence by last inequality we deduce that wu,, is bounded in L?*(0,T; Hj(€)) with respect to n. O

Lemma 3.5. Let u, be a solution of problem (3.7)), with v <1 and ¢ < 1 —+. Suppose that f belong to
LY(Q), then uy, is bounded in L"(0,T; Wy (Q)); with r = %.

Proof. For n fixed, we choose € < < and using ¢ (u,) = (u, +€)? — €7 as test function in (3.7), we obtain

/Q\Il(un(:v,t)) + 7/(a($, t) +ul) (u, + €) 7V, |?

Q
:/QMCTHLW«U"“)LEVHLW(W’

n

where U(s / ¢ (0)dl. By removing the first nonnegative terms and using (3.3), up € L>®(Q), since
g<l—y<lie< L <1 and by the fact that

min(a, 1)(u, + €)? < min(a, 1)(u, + 1)? <min(a, 1)(1 +ul) < a+ul < a(z,t) +ul,
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we have

~vmin(a, 1) / (ty + €)1 HVu,|* < 7/(04 +u?) (uy, + 1)V, |2
Q Q

g/@ﬁ((uﬁeﬁ—ﬂ)ﬁ/@ﬂo

n

If ¢ =1 —~, then u, is bounded in L*(0,T; H}(2)) with respect to n.
If g < 1 — 1, then applying Sobolev inequality, we have

( / (o + )5 —>) =¢ / V(un+ ) P < C / f+C, (3.19)
Q Q Q

letting e — 0, then (3.19)) implies
2* (g+y+1)
/ Up 2 <C. (3.20)
Q
N(g+1+7)

Therefore, u, is bounded in L™ 2" (@) with respect to n.
Now, if r < 2 as in the statement of Lemma [3.5] we have by the Hélder inequality

" |vun|r (1 (g4)E

/Q vl /Q (uyp, + €)@t M)3 () T
Vu,|? 3 ) N
= (/ ( 1—(g+) (Un+e)(1 (a+7) 3=
Q Uy + 6) Q
1—¢

=C (/ (tn + e)(l(qﬂ)){T) a3

Q

Thanks to (3.20)), the value of r is such that (-laty)r _ Nlatyrl) o that the right hand side of the

2—r N—-2
above inequality is bounded, and then

/ [Vu,|" < M, (3.21)
Q

where M is a positive constant independent of n. Then wu, is bounded in L"(0,T; W, (Q)) with respect

Nla+r+D) oo desired. O

to n, with r = N_(1—(a1)

Remark 3.6. As consequence of both Lemma , there exists a sub-sequence (not relabeled) and a

function u such that u, converge weakly to u in L"(0,T; W, () (with 7 = % ) and almost
everywhere in () as n — oo.
In the next lemma we give an estimate of u?|Vu,| in L*(Q) for any p < 2.

Lemma 3.7. Let u, be a solution of problem (3.7), with v < 1. Suppose that f € L*(Q), then ul|Vu,|

is bounded in L*(Q) for every p < %
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Proof. For n fixed, we choose € < 1 and we take as test function ¢ (u,) = (T3 (un) +€)7 — €)(1 — (1 +
u,)t7), with A > 1, we have

/Q W (2,1)) + 7 /Q (Tt + €011 — (14 ) (e, £) + 1) VT (1)

T —eN(alz u? —\VunP

+(A—1)/Q(T1(un)+€) )(a(z,t) + )(1+un)A (3.22)
= —fn U €)’ —e")(1— up)t U

_/Q(un—f—%W((Tl( n) +€) )L = (1 + up) )+/Q‘I’( 0)s

where U(s) = / Y (o)do. In the following, we ignore the first and second non-negative terms in the left

0
hand side of (3.22), using (3.3]) and the fact that o + ud > co(1 + u,,)? yield

(- 1)(;0/62(@1(%) F &) — (L + 1) V|

I (3.23)
< / — e ((Th(un) +€)7 —")(1 — (1 + w,) ) + / U(ug).
@ (un + )7 0
Letting € goes to zero and using the fact that ug € L>(Q), then (3.23) becomes
/ (14 w) V| < / T () (1 + 1) Vg 2 < c/ fic (3.24)

Combining (3.18]) and (3.24)) lead to
[t w2 unp = [ @)
Q {un>1}
—|—/ (1 + )TNV, |* < C.
{ungl}

N(24q—N)
N(g+1)—(A+q)

2—p

Vu,!|? @\ 2

/u?f’Wun\p < /(1_i_un>9(q;k>|+L<Aq> <(C (/(1+un)f’§fﬁ) ,
Q Q (1+wu,) 2 Q

and by Sobolev inequality, we get

Now, let p = and using the previous result together with Holder inequality, we have

L
%

2-p
(/ uf:(tH—l))p <C </ unp(2q+;\)> : ’
Q Q

the previous choice of p implies that p*(¢+1) = p(¢+A)/(2—p), and since A > 1, we obtain an estimate
of ul|Vu,| in LP(Q) for every p < N/(N — 1), as desired. O

In order to pass to the limit in the approximate equations, the almost everywhere convergence of
the Vu, to Vu is required, this result will be proved following the same techniques as in [30] (see also
[114]).
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Lemma 3.8. The sequence {Vu,} converges to Vu a.e. in Q.

Proof. Let ¢ € CYQ),o > 0 independent of ¢t € [0,7] ¢ = 1 on w C Supppy CC Q and using
Th(u, — Ti(u))p as a test function in (3.7)

/ /8un 90+/ / (2,t) + ud)oVu, VT (u, — Tp(u))

N /O /Q (a(z, 1) + u8) Ty (tn — Ti(u)) Vi, Vo

_ /0 ! /Q (unfT”leh(un—Tk(u))@. (3.25)

n

Since w = Suppy CC € and by Lemma we have u,, > Cgyppe, then we the above equality becomes

3 | T~ Twye+ [ / (a(, 1) + u2) [V Th(un — Ti(w)) 0

< nlVells +hllellongr— [ [ 5+ [ T Tt (3.26)
S’uppgp Suppyp
T
- [ [ (alt) + u) VI 0V T - Tiw))ot
0 Jo
by removing the first non-negative term, we obtain
T
| [ @ty + )V - TP
0o Ja
< Ch||Vo||L= + hH(pHLao / / f+= hzmeas( ) (3.27)
Suppeo Suppp

_/0 /Q(a(q;,t) + ud) VT () VTt — Ti(u))p.

Since VT (u, — Ti(u)) # 0 (which implies that u,, < h + k), we can easily to pass the limit as n tends
to 0o, thanks to Remark in the right hand side of the above inequality, so that

T
alimsup/ / VT, (up — Ti(u))|* < Ch. (3.28)
o Jo

n—oo

Let now s be such that s < r < 2, where r is in the statement of Lemma
T T
/ / \Vu, — Vu|* < / / |Vu, — Vul|®p
0 w 0 Q

= / |Vu, — Vu|*e + / \Vu,, — Vul|’p (3.29)
{lun—ul<h,u<k) {lun—ul<hu>k}

+ / |Vu, — Vul|*e.
{lun—u|>h}
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From (3.21)), we have

T T
A o< | ] 19T = Tl .
+ |l e (2°M*(meas{u > k})'"5 +2°M*(meas{|u, —u| > h})' 7).

Thus, combining (3.28) and (3.29), we obtain for every h > 0 and every k > 0

T oh [T [\? L
lim su Vu, — VulPp < | — = TNEAs T2
mow [ [ o< (2] [) ollmmeas(@ 3.31)

||z 25 M* (meas{u > k})' 7.

Letting h tends to zero and k tends to infinity, we finally that

T
limsup/ / |[Vu, — Vul’e =0, Vs<2.
0o Jo

n—oo
Therefore, up to sub sequence, {Vu,} converges to Vu a.e., and Lemma is completely proved. [
Now we are in position to prove our existence result given by

Theorem 3.9. Let v < 1 and f be nonnegative function in L'(Q), then there exists a nonnegative
solution u of problem (B.1)) in the sense of Definition [3.1 Moreover, u belong to L*(0,T; H}(RQ)) if
q>1—~ and it belongs to L"(0,T; W,"(Q)) (with r as in the statement of Lemma if g <1-—n~.

Proof. As we have already said (see Remark ), there exists a function u € L"(0,T; W,"(f)), such

that u, converges weakly to u in L"(0,T; W, (Q)).

By Lemma ﬁ, we have —I2— is bounded in L'(0, T L. .(€)) and Lemmagives a(z,t) +ul)|Vuy,|
2

(unJr%)’Y loc

is bounded in LP(Q), p < &5 < 2 then div((a(z,t) + u?)Vu,) is bounded LF(Q) C L*(Q) C

L2(0,T; H7Y(2)), then we deduce {2}, is bounded in L'(0,T; L} .(Q)) + L*(0,T; H(f2)), using

ot Jn loc
compactness argument in [139], we deduce that

u, — u strongly in L*(Q). (3.32)

On the other hand, Lemma , Lemma and Remark imply that the sequence uf|Vu, | converges
weakly to u!|Vu| in LF(Q) for every p < +~=. Hence for every p € CH(Q x [0,T))

lim [ (a(z,t) +ul)Vu, Vo= / (a(x,t) +u?)Vu - V. (3.33)

For the limit of the right hand of (3.7). Let w = {¢ # 0}, then by Lemma [6.2] one has, for every
p € C(2x[0,T))

fn [lspl] =
< 3.34
(un+ )| = Ca 4 (3.34)
then by Remark [3.6] (3.34) and dominated convergence theorem, we get
_ — Ed strongly in L},.(Q). (3.35)
(un+30 W ”
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Let ¢ € CHQ x [0,T)) as test function in (3.7), by (3.32)), (3.33)), (3.34)), (3.35) and letting n — +oo0,
we obtain

/ (x,0) / U—— —i—/ a(z,t) + u!)Vu.Ve = i(p. (3.36)
QU

Hence, we conclude that the solution u satisfies the conditions (3.4)), (3.5) and (3.6) of Definition ,

so that the proof of Theorem [3.9)is now completed. O

Case v = 1.

Lemma 3.10. Let u, be a solution of problem (3.7)), with v = 1. Suppose that f belongs to L*(Q). Then
Uy, is bounded in L>=(0,T; L*(2)) N L*(0,T; H3(2)) N L3 (Q).

Proof. we use u,X (o) as test function in (3.7)) and by (3.3)), we obtain

t t
1/mwmm+a//kmﬁ+/ /%w%Fs//}n /ﬁm
2 Ja 0 Ja 0 Ja

as f, < f and uy € L>(2), passing to supremum for ¢t € (0,7) in the above estimate, we get

1
llloioy +a [ (Va4 [ utlVu
Q Q

, (3.37)
< [ £+ 5lull <C
Q

This implies that
unl|(0,r2200)) < C and  |[un||L20, 11 )) < C. (3.38)

In the other hand by Sobolev embedding Theorem and from (3.37]), we can get

(q+2)2* v a2 2 o
Un, Un + <||u
/ vz L [ il

where S the constant of Sobolev embedding, hence the above estimate implies that the boundedness of
Ee )(Q) Then the proof of Lemma [3.10|is completed. m

U, In LN

Lemma 3.11. Let u,, be a solution of problem (3.7)), with v = 1. Suppose that f € LY(Q), then ul|Vu,|
is bounded in LP(Q)) for every p < N/(N —1).

Proof. We take ¢(u,) = T1(u,)(1 — (1 + u,)*™), with X > 1, as test function in (3.7)), we obtain

/Q@/)(un) + V/QTl(un)(l = (L4 up) ™) (a(w, ) + uf) [ VT1 ()

(Vu,|?
(1 + up,)?

+(A—1) /Q Ty (up)(a(z,t) + ul)

)
= fn Tl(un)(l — (1 +Un 1 )\ ’lb Uo

Qun+n
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s

where 1(s) = / ©(£)de. Dropping the non-negative terms, from (3.3)) and by the fact that ug € L>(Q),

0
a+ul > co(1+ uy,)?, we have

/ T (un ) (1 + 1) TN V| < 0/ f+cC.
Q Q

By working in the set {u, > 1} and using the above estimate, we get
/ (14 w)" | Va2 < / Ty (1) (1 + 10,)7 | Vit 2 < C / fc (3.39)
{un>1} Q Q
The inequality (3.38) with (3.39), yields

/(1 + 1) A Vit :/ (14 1) Vi, +/ (14 )" Vu,|* < C. (3.40)
Q {Unzl}

{un<1}

Now let us fix p = %, by Holder’s inequality and ([3.40)), we have

Vu,|? =
/ ugp’vunlp - / | . L(A—q) (1 + un)po;q) S C (/ (1 + Un) p<2q_+>\/\>> )
Q Q(1+wu,) = 0

applying Sobolev inequality and using the above estimate, we deduce

P

. s pla+XA) %
( / u? <q+1>) <C < / Uy ) .
Q Q

The previous choice of p implies that p*(¢ + 1) = p(gfi‘), and since A > 1, we obtain an estimate of

ul|Vu,| in LP(Q) for every p < N/(N —1). O
Theorem 3.12. Lety = 1 and f be a function in L'(Q). Then there exists a solution u in L>(0,T; L*(Q))N
L*(0,T; HY(Q)) N L (Q) of problem (3.1)) in the sense of Definition .

Proof. By Lemmas [3.3] and the proof of Theorem is identical to the of one Theorem
3.9l ]

The strongly singular case v > 1.

In this case we do not have an estimate on u,, in L*(0,T; H}(Q)), but we can prove that u, is bounded
gt+y+1

in L2(0,T; H. () such that w2 € L*(0,T; H} ().

Lemma 3.13. Let u, be a solution of the problem (3.7), with v > 1. Suppose that f belongs to L'(Q),

gty+1

then un * s bounded in L*(0,T; H}(Q)), and u,, is bounded in L*(0,T; H. (Q)) N L>(0,T; LT(Q)).
Moreover if g < v — 1, then ul|Vu,| is bounded in L*(w x (0,T)) for every w CC 2.
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Proof. Choosing u)x(0,), as test function in (3.7) with (0 < ¢t < T'). Since 0 < (unqun%)v < 1, recalling

that (3.3, the fact that 0 < f,, < f and the dropping the non-negative term, we have;

1
pr 1 un x, )7 —l—’y/ /uqﬂ_1|Vun|2

nvﬂ
f : 'y+1 f+ g—i—l'
=) 7+1 ’y+1

n

Since ug € L*°(2) and passing to supremum in ¢ € [0, 7], we obtain

— i~y +9 /Q W Va2 < / F+ il (3.41)
then we get
4 v T _ =117 2 < 71
ararip LT = [ < [ e el

hence

+1

The last inequality and , imply that un ®  is bounded in L*(0,T; H3(9)) and u,, is bounded in
L>(0,T; L"(Q)) with respect to n. We choose now ¢p(u,) = u)(1 — (1 + u,)' 74+ as test function,
dropping the non-negative terms, from (3.3)), we have

. |V, |2 fau)
(Q+7—1)/QUZ(04+%)WS/QWJF/Q‘I’(UO)

S/Qer/Q‘I’(uo)

where U(s) = / ©(£)dl. By working in the set {u, > 1} and the fact that uy € L>(2), we get
0

\V4 Vu,|?
/ (a +u%+’¥)—+ < /(au’Y +UQ+’Y)L|+
{un>1} (14 up )ty Q (un + 1)7

<[ f+C,
Q

the above estimate implies

min (o : 1+ u%—i—’y
e [ 9P <minen) [ R
{un>1} {un>1} (1 + un>q 7

<c[+c
Q
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then we get
/ V| < C. (3.42)
{un>1}

Now we take (Ty(u,))? as test function in (3.7)), by (3.3), Lemma [3.3| and the fact that

(i’ﬁ’%); < (unlf%)w <1, ug € L*(Q2) and dropping the nonnegative terms, we obtain

ocy | ) / V() < a / T )™V T (1)

< [ s [ mrt < [ re i,

then we get that
T
/ / IVTi(un)? <O Yw CcC Q. (3.43)
0 w

Combining (3.42)) and (3.43)), we can deduce that

T T T
/ /|Vun|2 g/ / |Vun\2+/ / VT (u,)]? < C (3.44)
0 w 0 wN{un>1} 0 w

YVw CC €, so that u, is bounded in L?(0,T, H}.

loc

1 1
w1V, ? < / ult TV, [P < - / f+ ——=luoll}34: -
/{un>1} Q vJo o v(y+1) L@

Then we obtain since 2¢ < ¢+ v —1

T T
/ / u,21q|Vun|2 < / / ugﬂ_l\VunP
0 w 0 wN{up>1}

T
+/ / VT (u,)]? < C, VYw cCc Q,
0 w

(2)), as achieved. Now going back to (3.41)), we have

(3.45)

then the last inequality implies that u?|Vu,| is bounded in L*(w x (0,T)) for every w CC 2. O

Remark 3.14. We note that by virtue of Lemma we easily deduce the almost everywhere convergence
of Vu, to Vu following exactly the same proofs as the one of Lemma [3.8|

Theorem 3.15. Let v > 1,q < v —1 and f be a nonnegative function in L'(Q). Then there exists a
nonnegative solution u € L2(0 T;HL () of problem (3.1)) in the sense of Definition . Moreover
wET € L2(0,T: HL(V)).

Proof. Thanks to Lemmas [3.3] [3.8] the proof of Theorem is identical to the one of Theorem
3.91 O
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4 Regularity results
In this section we study the regularity results of solution of problem (3.1) depending on ¢,y > 0 and
the summability of f.

Theorem 3.16. Let v < 1, f be a nonnegative function in L™(Q), 1 <m < % + 1. Then the solution
found in Theorem satisfies the following summabilities:

(N o
(i) If N(qﬂﬁqu()? J<m< T +1, ¢ <1—1~ then u belongs to L*(0,T; H () N L°(Q), where

mN(q+7+1)+2(7+1)

N —2m +2
(17) If 1 <m < N(qig\iﬁ;;é_q), q > 1—~ then u belongs to
L7(0,T; Wy " (Q) N L7(Q), where
. Ng+~v+1)+2(v+1) O_mN(q+7+1)+2(7+1)
N+2-m(l—v)+qm—-1)" N —2m +2

Proof. Let u,, be a solution of (3.7)) given by Lemma , such that u, converges to a solution of (3.1]).
We choose ¢(up,) = ((un, +1)* — 1)x(04), (A>0) as test function in (3.7)), we have

W, (z,t)) + A t (1 +up) Ha(z, t) + uld) |V, |
Q 0 JQ

t
<c [ [1nh+ [ v,
0 Jo Q
where W(s) :/ o(L)de.
0
From the condition (3.3) and the fact that ug € L>(Q), co(1 + u,)? < o+ ul

inequality, we obtain
t
/ U (u,(x,t)) + /\Co/ /(1 + up, )T Vg, |2
Q 0 Ja

<C ( / uﬁﬁ”m/) e
Q

By the definition of ¥(s) and ¢(s), if v <1 — ¢ < A, we can write

|S|)\+1

and applying Holder’s

(3.46)

U(s) >

R.
2371 €

From the above estimate and some simplification the inequality (3.46), we can estimate as follows

1 Atg+1 . 20+1) 4\cy / / 2
_— up(z, )| 2 |3 f —— Vun
i ALICD a0 Jo

<C ( / uﬁ?‘”’m'> i
Q
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Now passing to supremum for ¢ € [0, T], we get

1 Atq+1 i(%:ﬁ 4)\00 - /\+é1+1 )
|||Un| 2 || 2(A+1) + N 12 | Un |
A+1 Lerinyar ) (A a+1)% Jg

<C ( / u,i“)m/) e}
Q

g 2(\+1)
By Lemma 2.9 (where v = u, 2 |, p = g 1 =2), (3.47), we have
2(A+1) 2(A41) % A 1
Atatl o VT3 FgFl Mgl AT Atgtl
/[|un| > ] N < (|||u”| 2 || 2(A+1) ) Vg 2|
Q Lo (0,T;LATa+1 (Q) Q

1 %-i—l

C ( / ugﬁ—’W) "
Q
(F+1) 2
<C ( / uq(ﬁ—”/)m') +C,
Q

N(A+q+1)+2(A+1) P (%"'l)ﬁ
[t | N <C w0 + C. (3.48)
Q Q

Now choosing A such that

<

then, we can obtain

o= N = (A —7y)m/, (3.49)
then implies that
/\_N(q+1)+2+N7m’ U_mN(q+7+1)+2(7—|—1)
B Nm/—N-2 ' = N —2m +2 '

By virtue of m < & 41, then (£ +1)-5;, < 1, and combining (3.48) and (3.49) with Young’s inequality,
we obtain

/ |un|” < C. (3.50)
Q

The condition m > N(qiﬁﬁ;;é_q), ensure that A > 1 — ¢ > ~ and going back to (3.46)), from ({3.49)
and (3.50]), we have

/|Vun|2 g/(1+un)’\+q1]Vun\2
¢ ¢ 1 (3.51)

go(/ufj—ﬂm’)m +cgc(/u;)m ro<cC.
Q Q

The estimate ([3.50)) and (3.51)), implies that w, is bounded in L*(0,7T; H3(€)) N L7 (Q) with respect to
n, sou € L*(0,T; H}(Q)) N L°(Q). Hence the proof of (i) is desired.
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Now we prove (i)
If v < X< 1—gq, by definition ¢(s), ¥(s), we can get

U(s) > ClsPM = C,

from the last inequality and going back to (3.46]), we have

A+1 |V |?
C/lunxﬂ +)\C//1+u1)\q
<C(/ A—=y)m ) +/\I/(u0)+C'meas(Q)

Q Q

by the fact that uy € L*>°(Q2) and passing to supremum for ¢ € [0, 7], then we get

2
A1 [V, |
Cllunllzoz,rn¢ ))+A€0/W

L (3.52)

Let 6 < 2, applying Hélder’s inequality, we have

Vu,|° 5(1-2—q)
/ |vun‘6 :/ 3(l-—2—g) (I+wu,) 2
Q Q(1+wu,) =2

Up)
2

5
|V, |2 2 sa-a—aq)\ 2
([ /;Hw 059
5 5( NN =
2m/ 1— q
Q Q

Applying Lemma [2.9] (where v = u,, p = A+ 1, h = §) we get

S(N+A+1) S(A+1) s
/Q T S [N o, A /Q V|

/ Nm/+ S(1=A=q) 2;25 <354>
§0(1+/u97)m) <1+/Un o )
Q Q
Let choose A such that S(N +A+1) (1 —A )
+A+ —A—49
_OIWNHA+D) 0L —A—q) 3.55
7 N (A =7)m 2_5 (3:59)
then we deduce
W N+ +24 Ny’ N(g+y+ 1) +2(y+1)
- Nm-N-2 77 N-2m+2

Ng+~v+1)+2(v+1)
N+2-m(l—7v)+qgm—1)
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From ([3.55)), the inequality (3.54)), becomes

frze(e- )

ensure that — + 57~ + 27 < 1, then applying Young’s inequality

A

. 2(N+2—q)
By virtue of m < Nt FD20=g)

we can deduce that

/ w < C (3.56)
Q
We combine (| - ) and (| - in - yields

/ YVl < C. (3.57)
Q

Two last inequalities proved that the sequence u, is bounded in L°(0,T; W,*(2)) NL(Q), and so
we L0, T; Wl (Q) N L7(Q). O

Theorem 3.17. Let v = 1, f be a nonnegative function in L™(Q), 1 < m < % + 1. Then the so-

lution found in Theorem satisfy the following summability w € L*(0,T; H}(Q)) N L7(Q) with
— m(N(g+2)+4)

0= TN-2mt2

Proof. Let u,, be a solution of (3.7)) given by Lemma , such that u, converges to a solution of (3.1]).
Choosing u)x (o) as test function, with A > 1, using (3.3)) and applying Holder’s inequality, we have

)\+1/|unxt|’\“+>\//a+uq Jur =V, [?
<C A—Dm/ " A1
</Q ) )\ + 1 uO )

thanks to ug € L>(2) and dropping the nonnegative term, we get

)\+1/|un X, t ‘)\+1+)\// Aq— 1|Vun]2
A—1)m’ A1 Ot
SO(/QL ) ) 5 ullih o) <0</Q ym ) ‘e

by simple simplification the above estimate becomes

1 A+g+l, 2041) 4\ /t Mgl
T up(x, t)| 2 |3 YV, 2
S [ e 2 [ e

<C (/ uﬁ?‘”m') "
Q

Passing to supremum in t € [0, 7], then we obtain

A 1 2041 P 1
1 +z21+ ||>\+q+1 4\ +q+
2(A+1)

O —
A+1 Lo (0,T;L 2 a+1 (Q) ()\ +q+ 1)2 Q

<C (/ uﬁ?‘”m/) " ie
Q
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Atgtl

By Lemma (where v =wu, 2 , p= i(j;rli, h =2 ), we use the same proof as before, we get

NOtg+)+2(0+1)
|t N <
Q

2
+1
L N

C (/ uﬁ?‘””’) " ic
Q

(3.59)
L&+
<C ( / u,g“)m’) +C.
Q
Choosing A such that
N(A 1)+2(A+1
oo NAFa+D+2OHD (3.60)
N
then
N(g+1)+2+Nm/ ~ m(N(g+2)+4)

A= _
Nm'—N—2 ¢ N —2m+2

Thanks to (3.60) and (3.59), implies that

L (%+1)
/ lun|” < C (/ ]un|") +C.
Q Q

The condition m < % + 1 ensure that %(% +1) < 1and A > 1 implies that m > 1, and using Young’s
inequality in the above estimate gives

/ |7 < C, (3.61)
then we deduce that w, is bounded in L7(Q) and so u belong to L7(Q). O

Theorem 3.18. Let v > 1,q > v — 1 and f be a nonnegative function in L™(Q), m > 1. then there
exists a solution u of problem (3.1)) such that if

max(1, A;giﬁg;’;&;ﬂﬂ <m < 5 +1, then u belong to L°(Q) with

N(g4+v+1) +2(y+1)
N —2m +2 '

o=m

Proof. We will take u;\LX(07t)()\ > 1) as test function in (3.7)), as in the case v = 1 we will follow the proof
of Theorem [3.17] repeating the same passage in order to arrive to the inequality

NOda+D)+2(A+1) N L (Z+1)
Unp N < Uy ' |
. =V e (3.62)
N Q

We now choose \ such that
NA+q+1)+2A+1)

o= N =(A—7)m/, (3.63)
ie = %W, o= mN(q+]\7f;;jf§7+l). Combining (3.62)) and (3.63]), implies that

L(F+1)
/ |7 < C (/ |un|0) el
Q Q
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by virtue of m < % + 1, then we have %(3 +1) <1 and XA > 1 ensure that m > 1, then by Young’s

N
inequality, we get
/ |7 < C. (3.64)
Q
Hence from (3.64)) it follows that w,, is bounded in L7(Q) so that v € L7(Q). Next we testing (3.7) by

w1y (u, — Tr(uy)), we have
ou,,
o Ot

w) Ty (uy — T(uy)) + ’y/ ul (a2, t) + ud) [V, |* Ty (uy — Ti(uy))

Q ; (3.65)
+/ u)l(a(z,t) + u%)|Vun|2 = / —nluZTI(un — Tr(uy)).
QN{k<un<k+1} Q (Un+ )7

Dropping the first and second nonnegative terms in the left hand side of (3.65)) and using the assumption

(13.3]), we obtain
1
/ u) [Vu,|? < —/ f+C. (3.66)
QN{un>k} Y& JQn{un >k}

Thus, thanks to the estimate (3.66|), implies that

1 1
2 2
/ ul |Vu,| < </ uiq_wrl) </ uz_l\VunP)
QN{un>k} QN{un>k} QN{un>k}
1 1
< (/ u2q—v+1>2 (A/ f+0>2.
QN{un>k} T Jonfun>k}

(N+2)(2g—y+1)

Since u, is bounded in L7(Q), then 2g — v+ 1 < ¢ is equivalent to m > Nt DTt D

hence we get

1 2
/ ul | Vu,| <C (—/ f> : (3.67)
QN{un>k} Y& JQn{un>k}
Now let p € CH(Q2 % [0,T)), p =1 onw x (0,T), w CC Q. and E be a measurable subset of @, from

(3.67) and Lemma we can get

/ W Vuy| < / W[Vl < / W [Vunlip + k9 / Vunle
En{wx(0,T)} E QN {un>k} E

1 1

2 2

<clidi= ([ ) lellmrmeaste)t ([ vu?)
QN{un>k} wx (0,T)

Taking the limit as meas(F) tends to zero, k tend to infinity and since ul|Vu,| converge to u?|Vu|
almost everywhere, we easily verify thanks to Vitali’s Theorem that

ul |Vau,| — u!|Vu|  strongly in L*(0,T; L}, (2)). (3.68)
Therefore, putting together (3.68]), Lemma and Lemma [3.13) we conclude the proof of Theorem

[3.18 O
Theorem 3.19. Let v > 1,q < v — 1 and f be a non-negative function in L™(Q),1 < m < % + 1.
Then the solution found in Theorem satisfies the following summability, u € L°(Q), with o =
i Nlaty 1) +2(y+1)

N—2m+2 -
Proof. The proof of Theorem is similar to proof of item (i) of Theorem m O
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Chapter 4

Some nonlinear parabolic problems with
singular natural growth term

1 Introduction

This chapter is devoted to the study of the following nonlinear singular parabolic problem:

G — div(|Vul V) +b(a, ) 5 = f in - Q,

u(z,t) =0 on T, (4.1)
u(z,0) =0 in

where € is a bounded open subset of RN, N > 2, and @Q is the cylinder Q x (0,7), T > 0, T the lateral
surface 02 x (0,7),2<p < N,0< 6 <1, b(z,t) is a measurable function satisfying

0<a<b(x,t)<p, (4.2)

where v and 3 are fixed real numbers, and f belongs to some Lebesgue space L™ (Q), m > 1, satisfying
the condition
essinf{f(z,t) :z € w,t € (0,¢)} >0 Vw CC .

When the singular lower-order term does not appear (i.e. b(x,t) = 0in (4.1])), the existence and reg-
ularity results of solutions to problem are proved in [92] under the hypothesis f € L"(0,T; LY(Q2)),
r>1,¢g>1.1f 6 =0 and b(x,t) = cst, the authors in [83] studied the existence and uniqueness of
solution to nonlinear parabolic problems with natural growth with respect to the gradient

‘?9—7; —div(a(z,t,u, Vu)) = H(x,t,u, Vu) — div(g(z,t)) in D'(Q),
u(w,t) =0 on T,
u(z,0) = up(x) N

Y

where |H(z,t,s,§)| < v|€|P + f(x,t), v is a positive constant, f > 0 belongs to L"(0,7"; LY(2)) with
g=1r'N/pand 1 <r < oo, |g|P" € L"(0,T; L)), and the initial datum uy € L>®(Q) satisfies

/ ePMluo(@l g < o0,
Q

45
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for M > 0. In the same fashion, the authors shown in [57] the existence of solutions to problem parabolic

5 — Au=dVuP + f(z,t) in Q,
u(z,t) =0 on I’
u(z,0) = ug(x) in 0

Y

Y

where 1 < p < N, f € L"(0,T; L%R)), with ¢, > 1 are such that ¢/r" > N/p, and the initial datum
ug € L>(2) satisfies

/ (e”“OI — 1)2d:c < 400, for every [ € IR.
Q

See also [58, [77, 111]. When b(x,t) = B, § =1 and f = 0 the authors in [60] studied the existence of
weak solutions to homogeneous nonlinear and singular parabolic problems as
u Nu+ B =0 i Q,
u(z,t) =0 on I,
u(zx,0) = ug(x) in  Q,

with p > 1, B > 0, and 0 < wug belonging to L>(£2) such that ug > ¢ > 0 a.e. on €. In the case
p = 2, several works studied the existence of solutions for singular parabolic problems. For example,
the authors in [I13] proved the existence of solutions to the following parabolic problem

Gu — div(M (z,t,u)Vu) + g(z, t,u)|[Vul* = f(z,t) in  Q,
u(z,t) =0 on T,
u(z,0) = ug(x) w O

Y

where f € L7(0,T; L9(Q)) with + + qu <1l,¢q>1,r>1, and uy € L>*(Q), and the function g(z,t,s) :
Q % (0,+00) — R is a Carathéodory function which is singular at s = 0, and it possibly negative (see
also [69, 112]). In the elliptic case, several works studied existence and regularity results for the singular
case. In [144] the authors proved existence and non existence of solutions to problem

—Apu+g(z,u)|VulP = f in Q,
u=>0 on 0f2,

with 1 < p < 400, g(z, s) positive and singular at s =0, f € L9(Q2) (¢ > 1) satisfying the condition
df, >0, such that f > f, inw, Yw CC Q.

In the case p = 2, Souilah [138] proved existence and regularity results of solutions to the problem

—div(M (z,u)Vu) + Wu—qé‘? = f+ " x € Q,
u=20 x € 01,

where 0 <0 <1, 0<r<2—6, A>0, fe L™) (m>1). The author in [55] proved existence of
solution u € Hy(f2) to the problem

(1 [ul)? u?

—div (ﬂVu> + BIYeE f in Q
uw=20 on 0f),
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where B;p >0, 0 < 0 <2; f € L™(Q) (m > 1). Here, the non existence of solutions u € H}(Q) is
proved for § > 2 (see also [27, [134] and references therein).

In the study of problem , the difficulty comes from the lower-order term: the natural growth
dependence with respect to the gradient and the singular dependence with respect to u. To overcome
this difficulty, we need to approximate the problem by another non-singular one.

Now we give the definition of weak solution of problem (4.1).

Definition 4.1. A weak solution to problem (#.1)) is a function u in L'(0,T; W, "' (Q)) such that, for
every w CC {2, there exists ¢, such that u > ¢, > 0 in w x (0,7, Wul;w € L'(Q). Furthermore, we have
that

P
—/u%dxdth/ \Vu\p2Vu-V¢dxdt+/b(x,t)|vz|

for every ¢ € LP(0,T; Wy (Q)) N L>(Q).

¢drdt = / fodudt, (4.3)
Q

2 Main results

Now we will give our main results of this chapter.

Theorem 4.2. Let 0 < 0 < 1. Assume that f is a positive function belonging to L™(Q), with m > %—i—l.
Then there exists a function

u € LP(0,T; Wy (92)) N L=(Q)
solution of problem (4.1)) in the sense of Definition .

Theorem 4.3. Let 0 < 6 < 1. Assume that f is a positive function belonging to L™(Q), with m = %—Fl.

Then there exists a function
N(p—0)

ue L0, T; W () N L~ (Q)
solution of problem (A.1)) in the sense of Definition [{.1]
Theorem 4.4. Let 0 < 0 < 1. Assume that f is a positive function belonging to L™(Q), with

p(N +2+6) N
<m< —+1.
(N12+0)-N1+o) ="~

Then there exists a function

u € LP(0,T; Wy P ()

solution of problem (4.1)) in the sense of Definition . Moreover u € L7(Q), where
m(N(p—1-10)+p)

g = .
N—-—pm+p

Theorem 4.5. Let 0 < 0 < 1. Assume that f is a positive function belonging to L™(Q), with

max(l - DN +2+06) ><m< p(N+2+9)
"(p—1)(N+2+4+60)—(NO—1) p(N+2+60)—N(1+0)
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Then there exists a function

u e LU0, T; Wy () N L7(Q)
solution of problem (4.1)) in the sense of Deﬁm’tz’on where

_ m(N(p—-1-0)+p) anda_m(N(p—l—QHp)
=Nt 1-0+0)m-1) ~ N-pm+p

Remark 4.6. The condition m > max <1, (p71§[()1;2§f$2j(?971)) is due to the fact that ¢ must not be
1

smaller than p — 1 and the choice of m > 1 in the above Theorem. Note that if 0 < 6§ < =, then

N
(- (N+216)
GOVt (Vo) < L

Theorem 4.7. Let 0 < 0 < 1. Assume that f is a positive function belonging to L'(Q). Then there
exists a function

u € L°(0, T; Wy (Q))
solution of problem (4.1) in the sense of Deﬁm’tz’on where § = stfp::).

Remark 4.8. If p = 2, the results we that obtain are similar to the regularity ones concerning the elliptic
case. More precisely, we refer to [138, Theorem 2.2] for Theorem [4.2] [55, Theorem 1.1] for Theorem
[1.4] [138, Theorem 2.3| for Theorem [4.5 and [138, Theorem 2.4] for Theorem [4.7

3 A priori estimate and preliminary facts
Let n € N. We approximate the problem (4.1)) by the following nonlinear and non-singular problem

aaif — div(|Vu,|P~2Vu,) + b(%ﬂ% )
AL on T, (4.4)
tn(@,0) =0 in

where f, = ﬁ and f, € L*(Q), such that

anHL'm(Q) < HfHLm(Q) and f, — f strongly in L™(Q), m > 1. (4.5)

The problem admits weak solutions u,, belonging to L?(0,T; W, (Q)) N L>®(Q), see [L1, 60, 108
Since the right hand side of is non-negative, this implies that wu,, is non-negative.

We are now going to prove some a priori estimates. The next Lemma gives a control of the natural
growth term.

Lemma 4.9. Let u, be solutions to problem (4.4). Then it results

U |V, [P
/Qb(x,t)mg/(gf. (4.6)
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h( n)

Proof. For any fixed h > 0, let us consider as a test function in the approximated problem ({4.4)).

Then, we have
8 nT n) 1 _
Un Zh14 — [ |Vun [P 2Vu, VT (u,)
T Q

un|Vun|p Th(un) T ()
+/Qb(xvt)(un_+_%>9+1 h _/an h .

Therefore
1
Un |V P Th(uy) / T (uy)
b t = n- 7
+\/; ([B> )(Un+%)9+1 h Qf h
where Sy(y) = [} Ti,(¢) d. Observe that Sy(y) > %y)z for every y > 0.
Now, dropplng the ﬁrst and second non-negative terms in the last equality and using (4.2), we obtain

un|Vun]p Th Th(u
os/Qb@c,t)(u e /fn

n

. Th (un)
Using the fact that f, < f and 4= <1, then

U |V, | Th
/Q b ) / 2

n

Letting h tend to 0, we deduce (4.6) by Fatou’s Lemma. O]

Remark 4.10. In view of Lemma [£.9] from ([£.2) and the fact u, > 0, we have

Up |V, |
/va(l',t)m - 0 f € Ll(Q) one has that

/’ un|vu;£1_f'§/czb(m) un|wn£1 /f<2/f<C

where C' not depending on n. Hence

U |V, |P

W — [ e LY(Q).

b(x,t)

We now prove five a priori estimates on u,, which are true for every 6 € (0,1).

Lemma 4.11. Let the assumptions of Theorem [{.4 be in force. Then the solution u, of ([L.4) is
uniformly bounded in LP(0,T; W, (Q)) N L=(Q).
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Proof. For k > 0, choose Gy (u,) as test function in the approximate problem . We have

/ / 8unGk (un) / / ]Vun|p_2VunVGk(un)
un Vu,|P
/ / | 1)l+1 sz un / /fnGk un

for t € (0,7]. Let as denoted by Ay (¢ ) the followmg set
Apn(t) ={z € Q : |u,(z,t)| > k}.

Dropping the third non-negative term, using integration by part and by Holder’s inequality in last

equality, we get
t
[ jatmree [ [ v
Ap,n(t) 0 JAgn(r)
1

t m’
<c ( / / |Gk<un>|m’)
0 Ak,n(T)

T
G ()20 222208, 0 + 2 / / VG (u,)?
k,n
eH (4.7)

<c ( / ' / » erwn)\m’) m

Applying Lemma [2.9] (here p = 2, h = p and v = Gy (u,))

T
/ / |Gr(w)| "N
0 Ak,n(t)

2p T
S ||Gk‘<un)||£IOO(O7T;L2(Ak7n(t))\A /A © |va(un)|p
k,n

Using (4.7 in last inequality, we deduce that

Then

L(L_;'_l)
T p(N+2) T ’ me
[ e <o [ e . (4.9
0 Ak,n(t) 0 Ak,n(t)
By virtue of m > —|—1 then £ ( ) > 1. Applying Hélder’s inequality with indices <p (]]\y;? ) o ]\ff;)tzjz,m/>

in (4.8), we get

T p(N+2) <N+2>
/ / G| ™5 / / G|
0 JAg (D) A n(t
( / A <>|)1'(§H)(1 e
k,n .
0
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Thanks to Young’s inequality with parameter €, we obtain

p<N+2> p<N+2)
/ / |G (uy,)] < eC’/ / |Gr(uy,)| ™~
Ak n Ak n(t

p(N+2)

T LB+ ) FE
. (/ |Ak7n<>1) |
0

we obtain that

where C' is a positive constant independent on n. Taking e = %,

P 1 1)( Nm/ ) p(N+2)

1
w7 (W DO 5 ) N +p
(N+2)
// G(un)| ™ <o(/ |A,m()|)
Akn(t

We not that, if h > k, we have |Gy (u,)| > h — k on Ay, (t) and A, (t) C Agn(t). Hence

p(N+2)

r c r (D058 Wi
| A s —r ( / |Ak,n<t>r) |
0 (h k:) 0

T
Let ok) = / A (8)], then
0

C
h) < ———Jo(k)]" 4.9
ofh) < G le(b)" (19)
where A = W >0 and p=2L(2+1) (1 - pgﬁ;» z\ﬁgﬁ)ﬁp' By the fact that m > % + 1, then
we have p > 1 and by Lemma [2.10] there exists v, > 1 such that

o(1) =0.

Hence there exists a constant C' > 0, independent of n such that
[tnlo@) < € in Q. (4.10)

Let us u, test function in problem (4.4)), obtaining

1 9 n|vu'fl|p
§/ﬂun(x,T) —i—/Q]Vun|p+/Qb(iU7t)(un )9+1 /f”u"

Since 0 < o < b(x,t), then we can drop the first and third non-negative terms, we get

/!Vun\pﬁ/fnun-
Q Q

Applying Holder’s inequality twice and from (4.5]), (4.10), it follows that

/ Vunl? < / Futtn < a1 llmi@) QI < (4.11)

As consequence of estimate (4.10) and (&.11)), u,, is uniformly bounded in L?(0, T; Wy *(Q2))NL®(Q). O
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Lemma 4.12. Let the assumptions of Theorem be in force. Then the solution u, of (4.4]) is
N (p+6
uniformly bounded in LP(0,T; W, P(Q)) N L e (Q).

Proof. We test ([4.4) by ¢(u,) = ((u, + 1)1 — 1), obtaining

(AQWML7w+ma+mng%wmn+mﬂgémmw@;:j¢%mw+mﬂl

Y
where U(y) = / @(0) dl. Observe that ¢ is increasing and positive on [0, +00), we deduce that
0

/ U(up(x,T)) > 0, and from (4.6), we have
Q

L“”%%N%H—/f

Droppmg the first non-negative term, recalling ., and by the fact that

L
(unﬂ)gﬂ < (Dot Ve deduce

(9+DK;Vwﬁwn+U9+a/

%N%wg/ﬁm%+wﬂ+a (4.12)
Q Q

Applying Hélder’s inequality with indices (m, m’) = (%, %) , we get

0+1)
T [ 190 v [ w9l
Q

(0 +p)r
ir
<C (/ (u, + 1)<9+1>]<VN+p>) Lo
Q

Thanks to the Sobolev inequality applied in (4.13)), we have

(4.13)

N—p N—p

(Lmn+nﬁwf)p:(15%+1fﬁﬁj ) (4.14)

N

SO(/@m+U””9W)NW+O.
Q

N2(p+6) N2(0+p)
N2—p2)(0+1)’ N2(p+0)—(N2—p?)(6+1)

(9+1)(N+p) N(p+6)

N-p

<

Being , we apply Holder’s inequality with indices ( (

we deduce
(N—p)(6+1)

N(p+6 % N(p+6 N(p+0)
(/(un—{—l) fvi)) 50(/(un+1) (H) BG) (4.15)
Q Q
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Note that X (p )J(f;)rl) < N —2. Using Young’s inequality in the above estimate, we get

/(1 )N < (4.16)
Q

Therefore
N(p+6)
/unNP < C. (4.17)
Q

Let us suppose that u, > 1. Then, we come back to (4.13]), so we obtain that

N
p) \ Vtr
a/ Vu,|? < C </ (U + 1) N >) el
{unzl} Q

Being (OH)(N“’ ) < stfpj;). We apply again the Holder inequality with the same indices used in (4.15)),
so we get

(N—p)(6+1)

N(p+6) N(p+9)
a/ |Vun|p§0</(un+l) N=p ) +C.
{unzl} Q
Then, from (4.16]), it follows that

/ V| < C. (4.18)
{un>1}

It remains to analyse the behaviour of Vu, in {u, < 1}. Taking T3 (u,) as a test function in (4.4)), we

get
(3un H
T1 (Un> + |Vun|p VunVTl (Un>

un|Vun|p
"‘/Cgb(J;?t)(u + 9+1T1 /fnTl un

n

Therefore, we get from (4.2]), that

Up | VU, [P
/Sl(un(a:,T))+/ ]VT1(un)!p+oz/ | alﬂ < / FuTt (),
Q {un<1} Q (tn

where S (y fo T1(¢) dl. Observe that S1(y) > %y)z for every y > 0.
Dropping the first and third non-negative terms and using (4.5]), we obtain

/ V| = / VT ()P < / £ T () < / f<c (4.19)

{un<1} Q Q Q
The inequality (4.18) combined with (4.19)), implies that
/ VP / VP +/ Vunl? < C. (4.20)
Q {un=1} {un<1}

Then ({#.17) and ([&.20) imply that w, is uniformly bounded in LP(0,T;Wy*()) N L E=2 (@) This
completes the proof of Lemma 4.12] O
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Lemma 4.13. Let the assumptions of Theorem |4./} - be in force. Then the solution u, of (4.4]) is
uniformly bounded in LP(0,T; W, P(Q)) N L7(Q), where

_m(N(p—1-106)+p)
N—-—pm+p
Proof. Taking ¥ (u,) = (1 + u,)* — 1)x (0,4, (with A > 146 ) as a test function in problem (4.4)), we

h Ry +/\//|Vun|p1+un)
w [ [ b “”V“¢+g o+ 1 (a.21)
s oISt

o - [ vt (1.22)

By using (4.6) in the right hand side and (4.2)) in the left hand side in (4.21)), we get

/\I/(un(x t))+)\/ /\vunv’ 4 )

n

s/fm+wY—U+G
Q
By the definitions of ¥(s) and ¢ (s), we can get whenever A > 1

S
U(s) >
(S)—A+1’

Combining (4.23)) and (4.24]) and applying Hélder’s inequality with indices (m,m’), we have

1 A+1 / p A—1
_— 1
)\+1/un + A [ |Vu,[P(1 4 uy)
un]VunP’
+a/ / 9+1 (1 + up)? (4.25)

1
7

<c </Q((1—|—un)’\— 1)m’>m s

By easy simplifications we can write (4.25)) as follows

1 0
At QH //’V“n\pbrun) A+ )"+ o]

A+1
Vs € R (4.24)

1

<C (/Q(l —l—un)Am/) "L
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Since A\, «, u, > 0, we have /\(1—|—un)9+ozun > A. Furthermore, recalling that A > 146, we can estimate

the last inequality as follows

o t L
S
A1 g A—1-01p7 s Jo

gc(/(Hun)W)m +C.
Q

Now passing to the supremum in time for ¢ € (0,7) in the last inequality, we deduce

1 A—1-0+p A11(1>\+€1J)r pp)\ A—1—6+p
N 4 Un P o P + V/U/n, P p
A+1 | ”LOO(O,T;L/\Ii(l/\:rHIll @) KA=1=0+p)r Jq | |

gc(/(1+un)*m')m +C.
Q

A—1—60+p
Applying Lemma (herev =u, * ,p= %, h =p ) and from (4.26)), we have

p
Aml-b+p  N+PQHL A-1-6+p _p(A+1) ~
o p— L » 3—1-6+p
/mn P < O (7 .
Q (Q))

[o© (O,T;L A—1-0+1

A—1—64p , (%"‘1)#
></|Vun ’ |p§C’(/(1—|—un)’\m> + C.
Q Q

Then, we can write the last inequality as follows

N(A—1—64+p)+p(A+1) ) (%—4—1)#
Jun ¥ sc(/u+me) e
Q Q

Choose now A such that

NA—1-6 A1
5= N ) pAFD)

N

that is
A_(m—1)(1\7(29—1—9)+p) ~ m(N(p—1-0)+p)
— y g = .
N—pm+p N—pm+p

Combining (4.27) and (4.28)), we get

R+
/uggc(/(1+un)") +C.
Q Q

(4.26)

(4.27)

(4.28)

(4.29)

By virtue of m < % + 1, we have (% + 1) % < 1 and applying Young’s inequality with indices

(%T;,, Nm/]XT]\l,er)) in (4.29), we deduce that

/quSC’.
Q

(4.30)
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The condition m > +2]1;2+0)1+0 ensures that A > 1 + 6. By the fact that (1 + u,)*'7% > 1 and
combining - , we get

1

/ VP < / IV P(1 + u,) 0 < C (/(1+un)m/>m +C
Q Q Q

1 1
7

gc(/ugm’)m +C:C</ug)m +C<C.
Q Q

/ VP < C. (4.31)
Q
0

Lemma 4.14. Let the assumptions of Theorem |4.5 - be in force. Then the solution u, of (4.4]) is
uniformly bounded in L9(0,T; W, (Q)) N L7(Q), where

_ mWNp-1-09)+p) . mNp-1-0)+p)
CN+1-(1+60)(m—-1) B N—-—pm+p

Proof. By the definitions of W(s) and #(s) in the proof of Lemma [4.13] we also have

This implies

U(s) > CsM —C, VseRT, (4.32)
assuming 0 < A < 14 0. Going back to (4.23)) and from (4.32)), we get

C’/un A+1+A/ /|vun|p |+ )
—1—04/ /un|Vun\p (1 4+ )

g/f(l—i-un) + Cmeas(Q) + C.
Q

By the fact that A(1 + u,)? + au, > ), and applying Hélder’s inequality with indices (m, m/), the last
inequality can be estimate as follows

/\+1 |Vun|p
C/una:t —I—)\// T4, ) 1703

SC(/Q(MFUH)M)’” +C.

Passing to the supremum in time for ¢ € (0,7), we have

|V, [P
L2 (0,T;LAM1(Q)) 0 (1 + un)1+97,\

3 (4.33)

gO(/Q(lJrun)Am/)m +C.

MOUNIM EL OUARDY



CHAPTER 4. SOME NONLINEAR PARABOLIC PROBLEMS WITH SINGULAR NATURAL GROWTH
TERM o7

Let 1 < g < p. Applying Holder’s inequality with indices (2, L) , we get

q9° pP—q

|V, |? (1+0-\)q
/ V| = / L (1w
Q Q(14+wu, »

p—gq

The inequality (4.33), combined with (4.34)), implies that

p—q

/QIVunlq <C ((/Q(l +un)”"’>nll, + 1)Z (/(2(1 +un)“+§‘2)q)p . (4.35)

Applying Lemma [2.9] (here v = u,, p= A+ 1, h = ¢ ), we have

a(N+A+1) g(A+1)
/Qun N ||un||LooN(07T;LH1(Q))/Q|Vun|q.

We improve the above estimate using (4.33)) and (4.35)), obtaining

X ( / (1+un)“?9-’q”q) " (4.36)
Q

1

q
a(N+A+1) O\ ™ Chl
/un <O (/(1+un)m> +1
Q Q

Choose now \ such that

2zl

N+A+1 1+60—\
oo WNFAFD oy (AH0= Mg (4.37)
N pP—q
that is equivalent to
M- DVp-1-0)+p) _ mNp-1-6)+p)
N —pm+p ’ N+1-(1+0)(m-1) (4.38)
_mN(p-1-0)+p) '
and o = :
N —pm+p
By using (4.37)) in (4.36), we deduce
L (gt
/ ul <C </ (1+ un)"> +C. (4.39)
Q Q
By virtue of m < % + 1, then % (% + %) + ’% < 1. Applying Young’s inequality, we deduce
/ uy < C. (4.40)
Q

Since A < 1+6 (iem < p(NfgL;ﬁnge) ), and using (4.37) in (4.35]), we get

/Q|wn|qs ((J (/Q(l—l—un)")é/nLC’)g (/Q(Hun)ff)
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The above estimate and (4.40)) allow to conclude

/ |Vu,|* < C. (4.41)
Q
The estimates (4.40) and (4.41)) completed the proof of Lemma [4.14] O
Lemma 4.15. Let the assumptions of Theorem- 4. be in force. Then the solution u,, of (4.4)) is bounded
in L(0, T; W (), where § = ﬁ Moreover, the sequence Ty (uy,) is bounded in Lp(() T Wy (Q))
for every k > 0.
Proof. By (4.6) and using (4.2)), we have
a |Vu,|P / Un\VUn| /
— — < b(x,t 4.42
2041 Jo oy w0 = Jusn (z, )< Lyo+1 = [ ( )

Let 0 any positive real number such that 1 < § < p. Using Holder’s inequality with indices <§, I)%(S),

we obtain
) p—0
\V4 né 05 Vu,[P]r 05 5
o[, S el [ S
Q {un21} g P {un>1}  Un {un>1}

Using (4.42) in the last inequality, we get

p—94
05 15
/ |VG1(un)\5§C’[ / u} | (4.43)
Q {un>1}

The choice of § = % implies that ¢* = ]%. By Sobolev’s inequality on the first term of (4.43)), we
have

5 -5
F

5 15
( amwj s%/ﬁmmmﬁsoU‘ %ﬂ
Q Q {un>1}
i n
=C U uf;] <C U Gl(un)‘s*} +C,
{un>1} {un>1}

where Cj is the Sobolev constant Since 0 < 1, the inequality (4.44) implies that Gy(u,), hence uy,,
is bounded in L°(Q). From (4.43), it follows the boundedness of Gl(un) in L°(0, T; W°(Q)). Using
Ty (uy,) as test function in 1} we have

P
t/&/awﬁa% /Nv%wQVMVﬂuM»+/bu¢rﬁﬂz?l4nww

(uy, + 1)o+1
/hﬂw /n /f

(4.44)

n
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Therfore

Si(un™) + [ 19T )l +a [ ) < [ £ (),
/Q /Q /C2(U"+n) Q

where S} (u,(T)) = Ou"(T) Ti(s)ds. Since u, > 0, it easy to se that Si(u,(T)) > 0 a.e. in Q. After
dropping the first and third non-negative terms and using (4.5)), the last inequality becomes

/Q|VT1(un)|”§/Qf§C.

We deduce that T} (u,) is bounded in L?(0, T; W, ?()), hence in L(0, T; Wy * (). Since u, = G4 (u,)+
T1(u,), then we deduce that u, is bounded in L(0,T; Wol"s(Q)). Moreover, testing (4.4) by Ty (uy), it
is follows that Ty (u,) is bounded in L?(0,T; Wy *(Q)) for every k > 0. O

Lemma 4.16. Let u, be a solution of . Then for every w CC (), there exists a positive constant
¢, such that
Up > ¢y >0, inw x (0,7, for every n € N.

Proof. For s > 0, we define the non decreasing function

H(s) = /Sl h(o)do = /S1 h(o)do — (p — 1) log s,

where h(s) = h(s) + B2, h(s) = &, and we then consider the non increasing function

1
1/1(3)—/ e PHO g

Observe that lim, o+ ¥(s) = +00  and  limg ;0 ¥(s) = VYoo € [—00,0).
Let 0 < ¢ € C(Q), and take e ()¢ e L2(0, T; W, ?(Q)) as a test function in (4.4). Then, we have

0

- V|
_ YV, |Ph(u, —6H<un)+/b t | Vunl® s,
5/Q| wn |Ph(un,)pe o (z >(un+%)e+1¢€

= [ et
Q

Thanks to easy simplification in the last equality, we can write as follows

T 1 ou,
/ Eqse_ﬁmun) +/ |V, P2V, - Ve PH )
0o Ja

_ b(x, t)uy,
p BH(U’VL) N 7 7 " BH Un
—l—/Q]Vun\ pe {(un—l— Ty Bh un] /fn¢e :
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By the fact that W < h(s) < h(s), with 0 < € < 1 and using (4.2), we get

g Oy, H 2 H
/ g ) 4 / Vit P2V, - Ve PH )
0o Ja Ot 0

—BH (un) —BH (un) _
> /Q fueBHE) 6 > /Q fule 1),

Let v, := ¥(uy,), then Vv, = —e ()W, and so we can write the last inequality as follows
T avn -1
_/ _¢_/ Vo, [P2Vu, - V¢ > / fn(e—BH(w (vn)) _ 1)¢.
0o JQ ot Q Q
Thus, we deduce that v,, is subsolution of
0
o = Aozt flat)g(=) =0, in Q.

with g(s) = e PH@T6) — 1 for every s € (1hs, +00). The function g(s) satisfies:

(1) Z () is increasing for s > 0 large.

(2) The Keller-Osserman condition, i.e.,

+o0 o _?1
/ (/ g(s) ds) do < +oo for some oy > 0.
o) 0

For the proof of (1) and (2) see [144]. Since f satisfies
essinf{f(z,t) 1z € w,t € (0,¢)} >0 Vw CCQ,

we can apply Lemma 3.12 in [105] to the previous equation to obtain the existence of C, 7 > 0 such
that
v, < Cur Yrew andt e (0,T).

Therefore, there exists ¢, > 0 (independent of n) such that

up, > W(Co) = ¢y, in wx (0,7T).

4 Proof of main results

Because the proofs of Theorem [4.2] and Theorem [4.3] are similar too that of Theorem and the proof
of Theorem is also similar to that of Theorem here we only detail the proofs of Theorem
and Theorem (4.5
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Proof. of Theorem 1.4 By Lemma there exist a subsequence of {u,} (still denoted by {u,}) and
a measurable function u such that

u, — u weakly in LP(0,T; Wy ()), (4.45)

un, — u weakly in  L7(Q). (4.46)

In view of Lemma and Remark [4.10| we have that {24} is bounded in the space L¥' (0, T; W~1#'(Q))+
LY(Q). Then, using compactness results (see [139]), we obtain

u, — u strongly in L'(Q)and a.e. in Q. (4.47)

Let z, = f, — b(m,t)%. From ) and ([4.47)), we have z, converges to f + b(z, t) u
By (4.6), we get n

Ik /Q ot [ Mo <2 | 1

Then by (4.5) and (4.47), and the Dominated Convergence Theorem, we obtain z, strongly converges
in L'(Q). Since u,, is solution of

8%:" —Apu, =2, in  Q,
up(z,t) =0 on T
up(x,0) =0 in  Q,

then we can be adopting the approach of [22, Theorem 3.1], we deduce that there exist a subsequence,
still denoted u,,, such that

Vu, — Vu ae. in Q. (4.48)

From (4.45)) we obtain
. N

Vi P2V, — |VulP"2Vu weakly in (Lp (Q)) . (4.49)

O
Now we prove that

n V n P P .
b(z,1t) tn| V| — b(:c,t)| u strongly in L'(Q).

(un + l)G—H
Let E be a compact subset in (), we have

/b(x t)un\Vun]p _/ b(:c,t)un\Vun]p+/ bz, t)un|Vu, |
g (Un+ )9+1 En{un<k} (tn + £)0F En{un>k} (up + =)0+

n n

|Vu, P Un |V, [P

< b, / b, )V inl”
/Em{ungk}( 2 uf) Eﬂ{un>k}( )(un+%)0+1

By Lemma (.16 we get

un’vun‘p 1 / / Un|Vun|p
b(x,t)————— < — [ b(x,t)|VT(u,)|” + b(x,t)——————.
/E 0 e T < g [ 0T+ [ el
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Let € > 0 be fixed. For k > 1, we use Ti(u, — Tip_1(uy,)) as test function in (4.4)), obtaining

/ / 8un T () + /Q YV, [P 2Vu, VT (u, — Tp—1(un))

Un|Vtn|? — Up)) = Uy — u
¥ /Q b(x,t)Wﬂ(un Ty (1) = /Q BTt — Ti 1 ().

Therefore

81 (un(T)) + Fual + [ b, ) — T ()
Q {k—1<un<k} Q (-
- / fnTl(un _Tk—l(un))a
Q

un(T)
where S (u, (7)) = / Ti(s — Tk-1(s)) ds. It easy to see that Si(u,(T)) > 0 a.e. in . Dropping the

0
first and second non-negative terms, the last equality becomes

/Q b(w,t)%ﬂ(un—ﬂ_l(un)) < /Q £yt — T (). (4.50)

Unp

Since T (uy — Ti—1(uy)) >0, Ty (uy — Tp-1(u,)) =0 if u, <k —1, and Ti(u, — Tp—1(u,)) =1 if
u, > k, we have

/b(x t)%ﬂ( — Ti—1(up))

(un +
Un|Vun’p
/Qﬁ{u >k} ot (un+ )9+1T1<u qu(un))
un|Vun|p
+/Qﬂ{u <k} un+ )9+1T1(“ — Th1(un))
/ Un|Vun]P
Qﬂ{un>k} ot (u (t + Lyo1

_I_

Un |V, [P
b(x,t) —————T1(up — Tp—1(uy))
/Qm{ungk} (un + %)GH

U |V, |P
> b(z,t) ———»
/Eﬂ{un>k:} (un + )GH

and

(/Mm%—nﬁmmzf ST (1t — Thr (1)
Q QN{un<k—1}

+/' MMW—nlm»+/ £ Tt — T (1)
QN{k—1<un<k} QN {un>k}

QN{k—1<un<k} QN{un>k}

s/ h/ f=/ s
QN{k—1<un <k} QN{un>k} ON{un>k—1}
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Therefore, from (4.50) and the two later inequalities we obtain

U |V, [P /
b(x,t)———— < I
/Em{un>k} ( )(Un + %)QH QN{un>k—1}

It follows from f € L'(Q) that

p
b(x,t)—————— — 0 as k — 0.
/Er‘l{un>k} (un + 1)9+1
Then, there exist kg > 1 such that

bz, ) YUl Yk > ko, V¥n € N. 4.51
/E I ) (4.51)

Moreover, similar to the proof of [60, Proposition 3.4] we obtain Ty(u,) — Ti(u) strongly in
LP(0,T; Wlp(Q)). Then, there exits n., d. such that meas(E) < §. we have

loc

b(z, t)|VT(u,)|P < = Vn > ne. (4.52)

[N )}

CGE

The estimates ) and (4.52), implies that b(z, t)M is equi-integrable. This fact, together with

)9+1

)\VUI

a.e. convergence of this term to b(z,t implies by Vitali’s Theorem that

Un |V, [P
(u, + %)BH

[Vul?

b(x,t) — b(x,t) VUZ , strongly in L'(Q). (4.53)

Let ¢ € C=(Q) which is zero in a neighborhood of I' U (Q x {T'}). Taking ¢ as a test function in

problem (4.4), by (4.5)), (4.47), (4.49) and (4.53), we can let n — +oo obtaining

2 [Vul?
u— + |Vu|p Vu-Vo+ | b(x,t)—5—¢= [ fe
Q u Q

Thus Theorem is proved.

Proof. of Theorem [4.5] By Lemma [4.14] there exists a subsequence of {u,} (still denoted by {u,}) and
a measurable function u such that

U, — u weakly in  L9(0, T; Wy ()), (4.54)

u, — u weakly in L7(Q). (4.55)

In view of Lemma and Remark [4.10| we have that {24} is bounded in the space L*(0,T; W~14(Q))
+ LY(Q) with s = p%l, which is sufficient to apply [I39, Corollary 4] in order to deduce that

u, — u strongly in L'(Q)and a.e. inQ. (4.56)
We repeat the same proof as in Theorem [4.4] obtaining
Vu, — Vu ae. in Q. (4.57)
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Using the same proof as in Theorem [4.4] we obtain
Up |V, |P |VulP ]
b(l’, t)m — b(I, t) ue StI'OIlgly m Ll (Q) (458)

(p—1)(N+24-0)

4.14

p—1)(N+2+6)—(No—1
Theorem, we can show

Since m > max (1, (

|V, |P~

. (4.57) and using Vitali’s

)) , then ¢ > p — 1. By Lemma

' — |Vul|P~ ! strongly in L'(Q). (4.59)

Let ¢ € C*(Q) which is zero in a neighborhood of I' U (2 x {T'}). Taking ¢ as a test function in

problem (4.4), by (4.5)), (4.56), (4.58) and (4.59), we can let n — +oo obtaining

_/u8_<p+/ |Vu|p_2Vu~ch+/b(x,t)
Q@ 9t Jg Q

VulP
|qu=/f@
Q
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Chapter 5

Existence of positive solutions to nonlinear
singular parabolic equations with Hardy
potential

1 Introduction

In this chapter, we are interested to prove existence and regularity results for a class of nonlinear singular
parabolic equations involving Hardy potential, as following model

ou ) uP~1 .

i div(a(z,t,Vu)) — MW =-; in Q, -
u=20 on I '
u(z,0) = ug(x) in €,

where 2 is a bounded open subset of RY, (N >3),2<p < N, v, 14> 0,Q =Qx(0,T7), T = 00x(0,T),
with 7" > 0, f is a nonnegative function belonging a suitable Lebesgue space, the initial datum ug €
L>(€2) and satisfies the following bound

VwcCcCcQ, IM,>0 : uy> M, in w. (5.2)

Moreover, the function a :  x (0,7) x RY — R¥ is a Carathéodory function satisfying the following
conditions: there exist positive constants «, 3 such that

a(z,t,§) - & = alg], (5.3)
la(z,t,€)| < Bl¢fF, (5.4)
[CL(I, t)ﬁ) - a(x,t,f’)] ' [g - 5/] >0, (55)

for almost every x € Q,t € (0,7, for every &,& € RN, with & # ¢
Under assumptions (5.3)), (5.4) and (5.5)), the differential operator defined by

A(u) = —div(a(z,t, Vu)), u € LP(0,T;Wy7(Q))
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is coercive and monotone operator acting from the space LP(0, T; W, *(€)) into its dual L” (0, T; W 1% (Q)).
The simplest example is the one in which the operator A is the p-Laplacian: A(u) = — div(|Vul[P72Vu).
From a purely mathematical point of view the literature is wide. In the case 4 = 0 and v = 0,
the existence and regularity of problem has been studied in [16, 22| [75] O8] 108, 128] under the
different assumptions on the data. If v = 0,f = 0 and p > 0 the existence and nonexistence of
solution of problem depending the value of ;1 has been studied by the authors in [84, 131]. When
v =0,f# 0and p > 0, the authors in [4] has been studied the existence and summability of elliptic
problem

|z[?
u=20 on 0f),

where b > 0, > 0,7 > 2* and f € L™(Q), m > 1, M(x) is a matrix satisfies M (x)&-& > €] |M (x)| <
B with a, 8 > 0 for all £ € RY and almost every z € €. Baras in [I3] studied the existence and
nonexistence of problem

{ —div(M (z)Vu) + blu|"?u = 4 f in Q

% —Au=v(z)u+ f(x,t) in Q,
u = on I
u(z,0) = up(x) in Q,

where v(z) = ¢/|z]?,¢c > 0,v € L®(Q\B,) (where B. = {z : |z| < €}), the function v is singular at
the origin and ug, f > 0 satisfies some conditions. In the same contexts Porzio [I30] showed that the
problem

ou i u .

E - le(a(fB, l,u, VU)) = NJW + f m Qa
u =10 on I,
u(z,0) = ug(x) in  Q

admits a solution for 0 < u < 01 (%)2, where ¢, is the coercivity constant of a(x,t,u,Vu), f €

L7(0,T; LK), with » > 1,¢ > 1, and the summability of solution also obtained (See also [82] [132]).
When p = 0 and v > 0, the problem of existence, regularity and uniqueness (sometimes partial unique-
ness) results of have been investigated in different contexts by several authors (see [68, 122, [135] 136]
and references therein). The authors in [68] proved the existence, regularity and uniqueness of solution
to singular parabolic problem

i div(a(z,t,Vu)) = 5 Q,
U= on I
u(z,0) = ug(x) in

where v > 0 and 0 < f € L"™(Q), m > 1 and up € L>®(2) satisfies
Yw CcC Q,dd, >0: uy > d,.

Finally in the elliptic framework when p > 0,7 > 0 the author in [I42] proved the existence of one
positive solution to singular problem

—div(M(2)Vu) —pite = L in - Q,

u >0 in

u=>0 on 0f),
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where 0 € 0,7 > 0,0 < f € L™Q),1 <m < § and 0 < p < (#)2 The stationary problem
associated to problem (55.1) has been studied in [2]; the authors proved the existence and regularity

(and partial uniqueness ) results of solution to singular problem

Ayu = /jJulilj + u% in
u=>0 on 012,

where 0 € 2,7 > 0,0 < pu < (%)p and 0 < fe L™Q),m>1.1f u > (%)p, then the problem has

non solution (see [I]), and also the authors proved that if f is a singular measure with respect to the
p-Capacity associated to VVO1 P(£2) the problem has a non-negative solution in suitable sense.

The aim of this chapter1101011 is to analyze the interaction between the Hardy potential and the
singular term u~” in order to get a solution for largest possible class of the datum f.

The problem is related to the following classical Hardy inequality (see [84])

P
CN,p/ Mala: < / |Vip[Pdz,  for all op € WHP(RY),
R RN

v [al?
p
where Cy, = <¥) is optimal and is not attained. Let’s now give the meaning of the weak solution
to the problem ([5.1)) we will use throughout this chapter.

Definition 5.1. We will say that a function u € L*(0,T; W21 (Q)) is a distributional solution of (5.1)
if

- JuP~!
[Vul[P~h € L0, T Lio (), up € L0, T L, () (5.6)
u=0 ondQ x (0,7) in weak sense, (5.7)

i.e., some positive power of u belongs to a Sobolev space L"(0,T; W, " (), r > 1. Moreover, we require
that
Vw CCQ Jep,>0: u>e, in wx(0,7), (5.8)

—/Quo(x)cp(x,O)—//Quaa—}p%-//Qa(%t»VU)V@
= || e [ e

and that

for all p € CH(Q x [0,T)).

2 The approximation scheme

Let n € N and f,(z,t) be defined by f,(z,t) = min(f(z,t),n); we will consider the following approxi-

mation of (5.1)

ou up~t f
~ —div(a(z,t, Vu,)) — p—2— = - in  Q,
o o+ L (el + 27 5.10)
Uy, =0 on I,
Un(2,0) = up(x) in Q.
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Lemma 5.2. The problem (5.10)) has a non-negative solution belonging to LP(0,T; W, P (Q)) N L*®(Q)
forall p < aCyyp and 2 < p < N.

Proof. Letv € LP(Q) and we define S : LP(Q) — LP(Q) such that S(v) = w, with w € LP(0,T; W, " (Q))N
C([0,T]; L*(£2)) the unique solution of problem

ow wPt fa

— —di t — = 1

at 1V(a(l’, 7vw)) M‘x’p+ % ("U’ + %)7 m Q?
w =70 on I,
w(z,0) = up(x) in Q.

The existence of solution of above problem assured by [108]. Let us take w as a test function in the
above problem, from (/5.3]), we have

%/szu,t)w//Q\ww—u//Q%g//mﬁ%%w%/Qua,

since ug € L*(2) and by Hardy inequality implies

Dropping the first non-negative term and thanks to Holder’s inequality, we have

1 v 1
(a— ) [ [ 1vur < i ( Il rw|p) L ol oy
Q Q 2

By application of Poincaré inequality in the right hand side, it hold that

i
Cnyp

1
Cnyp

QPO 1
IVwl[7sg) < (_—_,J_)pHVwHLP(Q) + m\\%\\%z(m, (5.12)
CN’p CN,p

where C), is the Poincaré constant. This implies that
Jwl|ze@) < R, (5.13)

for some constant R independent of v. So that the ball of radius R is invariant under .S. Using Sobolev
embedding Theorem, it is easy to prove that S is both continuous and compact on LP(Q), so that by
Shauder’s fixed point Theorem there exist u, € LP(0,T; W, 7 (Q)) N L=(Q) such that S(u,) = uy, for
alln e N, 2 <p< N, ie. u, solves

aun Up_l fn

—di t n)) - - . ’
o iv(a(z,t, Vuy,)) M\xk’%—% (Jttn| + L) in  Q
w =0 on T,
tn(@,0) = uo(a) no

Moreover, since W > 0, taking u,, = min(u,,0) test function in ((5.10) and using (5.3)), then we

have . p
—/|u;|2+a// IVUH”—M//ULSO,
2 Ja 0 o |zlP
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dropping the first nonnegative term and by Hardy inequality, we can get

v _
_ Vu P <0,
(a cN,,)//Q' P <

as a — z&— > 0, then we deduce that
N,p
[ 1vur <o
Q

that implies that u,, = 0 a.e and hence u,, > 0. a.e.. O

Lemma 5.3. Let u,, be a solution of (5.10). Then
Yw CcC Q, 3¢, >0 (independent of n): wu, > ¢, in w x [0,T], ¥n € N.
Proof. Since u,, solution of (5.10)), then

8un Upﬂ ! J
— d'V t n T _ = n 7
; 1 (a(l’, s CU )) Iu’l |p 711 (|Un| 711)7

as i > 0, then we obtain
8Un fn
ot (Jtn| + £)77

this implies that the sequence u,, is a sub-solution to problem

a’U . fn .
E — le(G(fE,t, V'U)) = m 1mn Q,
v=20 on I,

v(x,0) = up(z) in Q.

- div(a(xv t, Vun)) >

Thanks to Proposition 2.2 in [68], 3 ¢, > 0 (independent of n) such that
v>¢, inwx(0,T), VneN, Yw CC Q,

since u,, > v, SO
Uy > €, in wx (0,T), Vn e N, Yw CC Q.

3 A priori estimate and main results
Now, we prove some a priori estimates on the sequence of approximated solutions u,,.

P )
Lemma 5.4. Assume that (5.3)-(5.5) hold true, f € Lt (Q). If v < 1 and pp < aCly, then
the sequence u, is uniformly bounded in LP(0,T; W, P(Q)) N L>(0,T; L*(Q)).
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Proof. Take u,x (0. as a test function in (5.10) (with 0 < ¢ < T), from (5.3 and f, < f we have

3 [ e +‘“//'V“”'p“‘//p:w
oot e [ o

since ug € L>®(), thanks to Holder’s and Hardy inequalities imply that

e (o-20) [

— [ u(x,t)+ | a— Vu,|P

5 e+ (=) [ [ vul

< p(I\I’V+2) p(N+2; 1 9

- Hf“L%(Q) (//Q o ) + 5 llollz2():

Passing to the supremum for ¢ € [0, 7]

1 2 o — H / ‘
= n Rl ; " !
2||U I (O,T,LQ(Q))+< CNp) Vel

. PN 42) w1 )
|’JCHL N5 7 (Q) // i §||u0||L2(Q)'

By Lemma (here v = u,, p=2, h =p), we can write

/ a5 < Calluall e [ [ v

(p+N)(A—)

pnve)\  PONFD
SC(//|un|(N+)) " + C(u),

since 0 < v < 1 then % < 1, this implies the sequence u,, is bounded in L (@), hence u,, is
bounded in L?(0, T; Wy P(Q)) N L>(0, T; L*()) with respect to n. O

Lemma 5.5. Assume that (5.3)-(5.5) hold true, v > 1, u < aCly, and f € L(Q), then
i) If v = 1, then uy, is bounded in LP(0,T; Wy () N L0, T; L*(Q)).

i) Ify > 1, then u, is bounded in LP(0,T; W-P(Q)) and Tk(un)wg_l is bounded in LP(0,T; Wy (Q)).
ytp—1
Moreover if ( P )p — A >0, thenuy, *  is bounded in LP(0,T; Wy P(Q)) and u, is bounded
Y+p—1 CNp

in L°(0,T; L*(Q)).

Proof. First case: v =1
Choosing u, x (o) as a test function in (5.10) (with 0 < ¢ < T"), by (5.3)) and the fact that 0 <

1, fn < f, we have
1
2/ xt+a//|Vun|—u//|x‘p
2 2
<[ [rteres[ws [ [+ sl
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thanks to Hardy inequality, there result that

%/Qui(a;,tH( ON,,)/ /|vu \P</ /f+—|!uo||m

Passing to the supremum for ¢ € [0, 7] and the fact that ug € L>(Q2), we get

1

2 H 1 2
sl + (o= =) [[ [9nlr < [[ £+ Gl <

ch is bounded in L?(0,T; Wy*(€)) and in L=(0,T; L*(Q)) with
respect to n. Hence the proof of item 7) is achieved.

Second case: v > 1
Now taking Gy (u,) as test function in ([5.10)), from (5.3) we arrive to

p—1
/\Gk(un(x T)) Pm// VG| // U Gi(un)
|z|P
nG
/ f k /\Gk Uo ,

dropping the first nonnegative term and as Gy (u,) = 0 if u, < k and the fact that Gy (up(z)) < uo(x),

then
p—1
 fsocear - [ 50
Q [P
<[ f"G’“ “" / oz (5.15)
Qﬂ{un>k} n
1
2 2
Skﬁ4Kéf+§LhM@|Sk%k/Qf+;me@

Notice that for all a,b > 0 and for all € > 0, we have

since o —

(5.14)

1
(a+b)" < (146" ta"+(1+ )T r,if r > 1.
For u,, > k, we have v?~'Gy(u,) = (Gg(u,) + k)P "*Gi(u,) and p > 2, then from the previous estimate

we reach that )
uP T G (un) < (14 )P 2(Gr(un))? + (1 + E)p_zkp_le(un). (5.16)

In view of (5.15)) and (5.16]), it follows that

//|VGkun —M1—|—€p2// (G ()
|z|P

Gk’ un 1
<,u(1+ YP2P~ 1// 2 kvl/Qf+§||u0||2L2(Q)>
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as 1t < aC,p, choosing € small enough and by Hardy inequality, we get

Clae.Cx,) [[ 196wl < e [ ) 4 0k ) (5.1)
Applying Holder, Young and Hardy inequalities we conclude that
[ 961 < ok Co £ ol (5.19)
Testing now by (Tk(uy,))?, so that, from and
S| T Tl < o £ ) (5.20)

There hold

pp / 'Y+p

—_ Ty (uy, P C(a, k, p, f, >

o [T P < Gk £l ),
.. . ytp— . 1

this implies that the sequence Ty (u,)” » is bounden in L?(0,T; W,"(Q)). By Lemma and ([5.20)),

yields that Tj(u,) is bounded in L?(0,T; W.?(Q)). Collecting the last affirmation with (5.19)), assume

loc

that the sequence u,, is bounded in L?(0,T; W.?(€2)). Using u}X(0s as test function in (5.10) (with

loc

0<t<T), from (5.3), up € L>(2) and applying Hardy inequality, we get

L uw—l—l(x t)+(a( P ) >/ /|VUW+£ 11?
yHLJg " v+p—1 !

1
< - ’Y+1<// 'Y+1
<[] 5ot oo [t < [ gl

P __p
v+p—1 Cnp

P e
Nl [ g + (o[ —E— ) —E // Ve T <,
’y—i—l Loo(0,T;L7+1(Q)) y+p—1 CN,p 0 -

ytp—1
this implies that u, * is bounded in L?(0,T; W, ?(Q)) and u,, is bounded in L>(0,T; L"*'(Q)) with
respect to n. Since the proof of item i) is achieved. O

since a ( > 0, passing to the supremum for ¢ € [0, 7], we deduce that

p(N+2)
Theorem 5.6. Assume that (5.3)-(5.5) holds true. If v < 1l,p < aCly, and f € LN () (Q).
Then, there exists a solution u to problem in the sense of Deﬁmtzonm Moreover uw € LP(0,T;
Wolp(Q)) N L>(0,T; L*(Q)) and 2 € L (0, T W= (Q)) + L'(0,T; L}, .(Q)).

Remark 5.7. If ;= 0, then the result of Theorem [5.6] coincide with result of Theorem 1.3 in [68].

Theorem 5.8. Suppose that | . (G-5) holds true. If v > 1, u < aCy, and f € L*(Q). Then, there
exists a solution u to problem (5.1)) in the sense of Deﬁmtzon with the following reqularity:
a) If v =1, then u € LP(0,T; Wy*(Q)) N L>(0,T; L*(Q)) and
ou

5 e LP (0, T; W= (Q)) + L*(0, T; LL ().
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b) Ify > 1, thenu € LP(0, T; WP (Q)) and Ty(u) ™7 € LP(0,T; WrP(Q)). Ifa (Hgfl)”—ﬁp >0,

then ™5 € LP(0,T;WiP(Q) and u € L=(0,T; L*(Q)) and 2 € L¥(0,T; W= (w)) +
LY0,T; LY (w)) for all w CC €.

Remark 5.9. If = 0, then the result of Theorem [5.8| coincide with result of Theorem 1.3 in [68].
Before giving the proof of Theorems [5.6] and [5.8, we need the following results:

Proposition 5.10. Under the assumptions of Lemmas and there exists u € LP(0,T; W,2P(2))
such that, up to a subsequence, u, converges to u a.e. on Q, weakly in L*(0,T; W'ZIOCP(Q)) and strongly
in LY(0,T; L .(2)).

loc

and [5.5| we know that w,, is bounded in the space L?(0,T; W,-"(Q)). The last

Proof. From Lemmas loc

affirmation and Lemma imply the sequence { Muué:l + - fn } is bounded in L'(0,T; L} .(€)).

Hence, let ¢ € C}(£2) then one has that {%} is bounded in LP' (0, T; W% (Q))+ L*(Q), which is suf-
ficient to apply [139, Corollary 4] in order to deduce that w,, converges to a function v € L'(0,T; L}, .(2))

loc
and u,, converges to u a.e. in (). O

In the following proposition, we will prove the almost everywhere convergence of the gradient of w,,.

p(N+2)

Proposition 5.11. Let u, be a solution of problem (5.10) and assume that f € Lr®+=-NT=9(Q) if
v < 1and f e LYQ) if v > 1 respectively. Then the sequence Ty(uy,) strongly converges to Ty(u) in
LP(0,T; I/Vlf)f(Q)) and so, in particular, Vu, converges to Vu almost everywhere in Q).

Proof. Let n,m € N denote two value of the parameter describing the approximation. Since is
non-singular problem, we can take Toy(u, — )@ € LP(0,T; WyP(Q)) N L=(Q) as a test function in
the difference of the approximating equations solved by w, and u,,, with ¢ € C}(Q2) independent of
t € [0, 7] and such that 0 < ¢ < 1, obtaining

/OT/Q WC[’%M ~ tm)(2)

+/0 /Q(a(x,t, V) — a(z,t, Vi)V (Top(ty — um)p(z))

= /OT /Q (%Jf%)v  (um f%)m) ol =t )2l

T ug—l u];n—l
“ ) o [y g e et

/OT /Q O ), 1, Yl = /Q /OT%”%“‘” —m)ele)

- /Qe%(un — U )(T) (),

Observe that

(5.21)
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where 09 (t) is the primitive of Ty, () which vanishes for t = 0, and so we can drop the parabolic term

(5.21)) (since it is nonnegative) obtaining
T
/ / (a1, V) — a(,t, Vi)V (T (1t — 1)) ()
Q
t
+/ /(a(x,t, Vu,) —a(z,t, Vi) VT (u, — tp)
o Ja

<o / I fm
QnNsupp(p)

(un + l)W - (U + L)7
T p—1 p—1
un um
L s ) T et

n m

We denote by

A ={(z,t) € Q 1 uy, <k} and Ajpm = {(2,t) € Q1 u, <k, up, <k},

since Agnm C {(z,t) € Q : |uy, — upm| < 2k}, we have
// a(x,t,Vuy,) — al(z,t, Vi)V (Tor(t, — um))e

= // (a(z,t, Vu,) — a(z,t, Vi)V (u, — um)p
2,8) €EQ:|un —um | <2k}

//AM a(r,t, VTi(u,)) — a(z,t, VIi(um))) (VT (un) — VT (um))e
//AM 2, t, V() V() //Am 2, t, VT (1)) VT (1) 0
- //Ak - a@,t, VT (un)) VT (uy so+//Ak a(z,t, VTi(un) V().

In conclusion, we found that

// a(x,t, VTi(u,))VTi(u,)e // a(x,t, VTi(u,)) VT (um)p
Apm A

k,n,m

//Akm’m a(@,t, VT (um)) VT (uy 90+//A a(z, t, V() VT ()

k,m
QNsupp(p) (un + E)V (um + _)’y
uf"*1 upm*1
/ / Lw I e i] Tl = )10

— //Q(a(x,t, Vu,) — a(z,t, Vug))Veo(x)Tog(t, — ty)-

(5.22)

The right-hand side of the previous inequality is infinitesimal for n, m — +o00 and we denote by 7(n, m)

a quantity that goes to zero from n, m — 4o0.
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By using the same proof as Proposition 3.2 in [68], we have

/ Jr fm
QNsupp(p)

// (a(x,t,Vu,) — a(z, t, Vun))Vo(x) Top(uy, — up) = r(n,m).
QNsupp(¢p)

(un + 1) (um + )|
T ug—l Uﬁl_l
/0 /Qu [mp T T pq L} Tor(un, — um)(x) = r(n,m). (5.23)

and

Now, we prove

First of all we prove that

p—1 _ N
| 1’; is bounded in L"(0, T; L ), for every 1 < h < b
x

1 p+(p—-1)N’

Notice that it results 1 < z% < p'. As matter of fact, for every compact w C € it results (thanks

to Hardy inequality and Lemmas and
h T 1y =D T P11
[l —/0 e —/o T
- 0 w |$|p h(p 1) -

h _ 1_E(P*1)
|:L’|

(5.24)

I:vlp+

where the last integral in the right-hand side is finite since it results

/
"

" Pt (p-1N
Hence, by (5.24]) and the convergence a.e. of u, to u in @ we deduce that
Uﬁ_l ugq{_l . —
Lxlp T l}@(az) — 0 weakly in L*(Q).

Notice that, thanks to the Lebesgue Theorem, it results
Tor(Uy, — ) — 0 strongly in L*(Q), for every 1 < s < 400,

and thus it convergences also in L (Q) and (5.23) follows.
Then, the rest of the proof, we proceed as Proposition 3.2 in [68], we obtain up to subsequences,

Ti(tn) = Ti(uw) in LP(0, T; W,2P(Q)), and so Vu, — Vu a.e. in Q. O

loc

Proof of Theorems [5.6 and [5.8. Ify < 1, by Lemmal5.4} we have u,, is bounded in L?(0, T; W, "(Q))
and in L>(0,T; L*(€2)). Then, by Lemma . Proposition and Fatou’s Lemma u € LP(0,T; W, (Q))N
L>(0,T; L2(2)), and moreover “— L ¢ Ll(() T; L} .(Q)) since u satisfies (5.8)), in particular

|gj|P Y uY loc

?9_1; e LP (0, T; W= (Q)) + L*(0, T; LL ().
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If v =1, thanks to Lemma [5.5 we have w, is bounded in
LP(0,T; W, P()) and in L=(0,T; L*(Q)),
as before, we get u € LP(0,T; WyP(Q)) N L>®(0,T; L*(Q)) and u satisfies (5.8); Moreover

e 17 (0.7 W () + L (0,1 L (),

pty—1

In the case v > 1, in view of Lemma , we have that u, * is bounded in LP(0, T} WOI”’(Q)), while u,,

is bounded in

LP(0,T; WP(Q)) and in L>(0,T; L' (Q)).

loc

Then T
we LP0,T;W,P(Q) and u » € LP(0,T; Wy (Q)),

loc

in particular, u = 0 on 9 x (0,T) in weak-sense and

% e LY (0, T; W (w)) + LY0, T; LL (), for all w CC €.

Using Lemma 5.3} Proposition[5.10]and Fatou’s Lemma deduce that u satisfies the condition (5.8). Now
we fix ¢ € C1(Q x [0,7T)), by Lemma [5.4 m and Lemma , we have the boundedness of the sequence
u, in the space LP(0,T;W,"(Q)) and from (5.4)), 1mphes that the sequence a(zx,t, Vu,) is bounded

loc
in LP (w x (0,T)) for all w CC Q. As supp(y) is a compact subset of Q x [0,T), then a(z,t, Vu,) is
\x|2+
have uw,, = v a.e. in ) and Vu, — Vu ae. in () and by Vitali’'s Theorem we obtain

r is bounded in L'(supp(p)). From Propositions [5.10| and |5.11], we

bounded in L¥ (supp(y)) and

n—-+o00

un ur Yo e CH(Qx[0,T 5.26
Hm// lep+%¢_//cg ap P Ve e C(x(0.1). (5.26)

Concerning the passage of limit of term in the right of the approximating problem (/5.10)), since supp(y)
is a compact subset of Q x [0,T), thanks to Lemma , there exists a constant cgypp(e) > 0 such that
Up > Csupp(p), then

lim //Q a(z,t,Vu,) Ve = //Q a(x,t,Vu)Ve VYo e CHQ x [0,7)), (5.25)

and

fn
(un.+.l)7

n

<

@ |l L=(@)

supp(¢p)

for every (z,t) € supp(p), since it is a.e. convergent to u%go for n — 400, by Lebesgue Theorem,

implies that
1irJ£1 // / el Vo € CHQ x [0,T)). (5.27)
n—-+oo un n

By Proposition [5.10] we have

ngglw// u, 22 // % Weeliox[0.1). (5.28)
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Take now ¢ € C1(Q x [0,T)) as a test function in problem (5.10)), by the convergences results (5.25)),
(5.26), (5.27), (5.28) and letting n — 400, we get

it [ 5 fanssso- ] o [ 4

4 Regularity results

In this section we study the regularity of solutions of problem ({5.1)) depending on x,y > 0 and the
summability of f.

The case v > 1

Theorem 5.12. Let v > 1 and suppose that f belongs to L™(Q) with 1 <m < % + 1. If

(Np—N+p)(m—1)+N7mX
N—pm+p

( p(N — pm +p) )p
Nip+~v—1m—pp—2)(m—-1)) "’

then the solution u of (5.1) found in Theorem satisfies the following summability uw € L7 (Q), where

Nip+y—1)+py+1)
m .
N—-—pm+p

0<p<alyy

Proof. Let now choosing u?’ 71y, as test function in (5.10), ¢ > p++_1 and 0 < t < T, then we get

t t
/ 3Unup5 P4 (pS—p+ 1)/ / P Pa(x,t, Vu,). Vi,
0 Jo

—“/ / RO R

from (j5.3)), it follows that
1
/up5 PR (2 t) + a(pd —p+1) / / PP |y, |P

pd—p+2

1
< pd—p+1— pé— p+2
“//mp //f“ e p+2/“

Thanks to ug € L®(Q) and ul*P|Vu, [P = 5|Vul [P, the last inequality becomes

1 po=pi2 a(pd—p+1) p+
s 4 / o
po—p—+2
SM// - +/ /fnU’Zf_f"“_7 || o\|”‘iop+27
o Jo |z|P 0 Jo ps—p+2 L=®
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applying Hardy and Holder’s inequalities, yields

1 §qpo=pt2 a(pd —p+1) P )/t/ 5
- S _|_ _ V P
s [ (275 AV [ [rwa
< ||f||Lm Q) (// (pd—p+1—v)m ) +C

Passing to supremum for ¢ € (0,7) we have

1 5| B apd—p+l )//
——|Ju + vl [P
I (T v

<||f||LmQ)<// (po=p+1=7)m ) +C.

Since u, € L=(Q) N LP(0,T; Wy *(2)), then in view to Lemma (with p = 22222 h = p o = uf)

and by (5.29)), we get

N pi—p+2 p(PS—p+2)
// < Collul | / Yl
oo (0,1:L " (@)
<O(// (po—pl- W”) +C,

1
o

p(NS+pS—p+2) ( +1)
// T <C <// (pd—pt1- ’Y)m) + C. (5.30)
Q

Choosing now ¢ such that

(5.29)

hence

(NG +ps —p+2)

o= =@Pi—p+1—y)m (5.31)
N
this equivalent to
s Nmlp+y-1)—plp-2)m—-1) _ Np+y-1)+p(y+1)
p(N —pm + p) ’ N —pm+p

Collecting ((5.30) with (5.31)), we conclude that

1

//u <c<// ) e (5.32)

By virtue of m < ¥ + 1, then (£ + 1)L < 1, since § > Z2=L gives m > 1 and applying Young’s
P N m P

inequality implies that
// u, < C, (5.33)
Q

this last estimate yields that the sequence u,, is bounded in L7(Q), and so v € L?(Q). O
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Theorem 5.13. Let v>1 and f € L"™(Q) with m > % + 1. Then the solution of problem (5.1) found
in Theorem (5.8)) satisfies the following reqularity:

IfA> 7 and W P — e >0, then W€ LP(0,T; WEP(Q)) and w € L(0, T; L*1(Q)).

Proof. Choosing U;\LX(O,t) with A > 0 as test function in ({5.10)

1

t
A+l A-1 _
] Qun (x,t) +>\/ /un a(x,t,Vuy,) - Vu,

! u7)\1+p1 1 A+1
— ug(x )
o 5 L e

From (5.3)) and the fact that m < ﬁ,uo € L>(9) we have
1 t
1Tl uf‘fl(a:,t)—I—)\oz/ /|Vun|pu2_1
Q

_ /t/ufﬁp 1 / /f A— Y4 | || HA+1
Ny 0 0 |$|p nU \ +1 U
By Hardy inequality the later inequality implies
L[ NP / / pe
— t Vi [P
)\+1/u (=, )+(()\+p—1 CNP Ve
t
< / / fnuf7 +C.
0 Jo
Passing to supremum for ¢ € [0, 7] we get
)\pp A4+p—1
A+1 P p
)\+1H n‘LOOOTL/\"'1 ()\+p_1 CNP)//‘V’U“”

/ faud™ + C,

applying Holder inequality we conclude that
A+1 aAp? B \V ML
)\+1|| n||LOO(0TL)\+1Q) +(()\+p_1)p C’N7p>/Q| Un |

<C ( / / uﬁﬁ‘”’m’) "L
Q

Using Sobolev inequality and by the above estimate, we get
( / / N()\+p 1))
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By m > % 5 +1 we have m’ < A2 then for all A > v, we get (A —~)m/ < (’\_V)JSNJFP) < N(;\VJ“_pp_l). Thus

> (. Using Holder’s inequality in the later estimate, we have

aip? H
+p—1)7  Cnyp

p_ N—p)(A=7)
N()\er D\ p* N(A+p 1) N()\er 1)
<// ) <c(// ) el (5.35)

= Nop s (VopO)
N(A+p—1)

choosing )\ such that

, then by Young inequality we deduce that

N(A+p—1)
/ / un N7 < C (5.36)
Q

By the fact that (A —v)m’ < M - ) and using Holder inequality in , we obtain

1 A1 < aAp? )//
Un|| 7o + Vunp |P
el (417~ O, |

(N=p)(A=7)

N(M—p 1) N(A+p 1)
<c(// ) e<e

A+p—1
Since A > ~, ((/\igfpl)p — C}’;p) > 0 and the later estimate we deduce that the sequence wu, * is

uniformly bounded in L?(0,T; W, *(€2)) and u,, is bounded L*°(0,T; L*'(Q)) with respect to n for all
A>y,80u e LP(0,T; Wy P(R)) and u € L>°(0,T; L 1(Q)) for all A > ~. This completed the proof
of Theorem (.13l O

Since L —

The case v < 1
Theorem 5.14. Let v < 1, and suppose that f € L™(Q),m > 1 and

(m = D[N(p—1) +pl + Nmy

0<pu<alyy,

N —pm
( p(N —pm + p) e )p (5:37)
(m =[N =p)(p—=1)+p|+ Nmy+p—-1)/)
Then
(1) If p(]\/'—‘,—QN—J']_\?()l'y) <m < % + 1, then the solution u of found in Theorem satisfies the
following reqularity u € LP(0, T Wol’p(Q)) N L°(Q), with o = mN(PJrZJ:;Z;fZ()vH)_
(17) If 1 < m < %, then there exists a weak solution w of problem such that u €

L0, T; Wy () N L7(Q), with

N(p+7—1)+p(7+1) _ Np+y—1)+py+1)
and o =m )
N+2-—m(l—-7) N—pm+p
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(1i1) If m > % +1 and 0 < pp < aClyp, then the solution u of (5.1) found in Theorem satisfies the
following regularity w € LP(0,T; Wy (Q)) N L=(Q).

Proof. Taking ¢(u,) = ((u, + a)* — a*)x(0,s) as a test function in (5.10), 0 < a < £, A > 0 and using
the ellipticity condition ([5.3)) we have

¢
//@un un)—l—)\oz/ /(un+a))‘_1|Vun|p

//uplun—i—a //f un+a —a'|

_/J, .
|z [P -)

By the fact that (uni%)w < (unﬂm and v~ (u, + a)* < (u, + a)*P~1, we obtain

/\I/(un (x,1)) —i—)\a/ / (tn + a) |V, |P
)\—i-p 1
<M// Un +a) //fn(un—ira)’\”%—/qf(uo),
|z|P 0o Jo Q

where ¥(s) = /0 o(0)de. Since (u, + a)* | Vu,|P = A+p oo |V (un + a) ]p then the last estimate

becomes
)\O{pp +?—1p
/\If(un(xt)) /\+p—1 //|Vun+a |

<“// “”ﬂiﬁp : //f“”““*/‘l’( o)

Since ug € L*>(€2), applying Holder and Hardy inequalities, we find that

fymeon+ (5535 CN)//‘V )
< [fllzm@ (//u + a) ’\W)m) +C.

If A > 1, by definition of ¢(u,) and ¥(u,), we reach that

(5.38)

|S|)\+1

A+17

U(s) > Vs € R. (5.39)

Therefore we obtain that

1 . Aap? // et
—)\+1/u (xt)+(()\+p_1> CNp |V (up, + a) |

< ||f||Lm(Q) (//Q(un + a)(k—v)m/) LC
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Atp—1

A+p—1
Observing that u)™(z,t) = (un P (a, t)> , then the last inequality becomes

1 Ap=l pa41) AapP Ap—1
_ n P Atp—1 v n P p
i fyln +((>\+p—1) CNP)//' tn ¥ @) v

S HfHLm(Q) (//;(Un "‘a)()"Y)m’) + C.

Now passing to the supremum for ¢ € (0,T'), we obtain

Ap—1  p(A+1) A+ 1
||Un p ||x+p+1 o) // |V un_|_a Z ’p

Lo (0,T; L +p+1 (O

<C(//u +a*7>m)m+0 (5.40)

A+p—1

From ((5.40)) and applying Lemma (with p = ];\(_:;_117 h=p,v=u, " ), we have

Adp—1 N+§::\:_1£ Atp=1  p . p(A+1) Adp—1
Sl <o S [ e
Q

Lo°(0,T;LA+p=1 ()

<C’(//u +a) MW) +C,

where C' = C'(a, A\, m, p, tt, Cnp, Cas ||to]| oo (02))- Thus we get

NQA+p—1)+p(A+1) (- ﬁ
//Un N <C<//un+a v)m ) +C.
Q

Letting a — 0, we reach that

1

NA+p—1)+p(A+1) m!
// Un N <C (// (= ”m) +C, (5.41)
Q

NA+p—1)+pA+1)

o= N = A =9y)m, (5.42)

choosing A such that

this equivalent to

m —1)(N(p—1) +p) + Nmy _ Np+y—1)+py+1)
and o =m )
N—pm+p N—-—pm+p

From ([5.42)), the estimate (5.41]) becomes

floase(ffm) " e

y o
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The condition -2 <y < % +1, ensure that A > 1 and (£ +1)-1; < 1, and thanks to Young

p(N+2)=N(1—7)
// uy < C. (5.43)
Q

inequality we deduce that
From (5.37) and, by the fact that and |Vu, [P < (u, + a)* 71| Vu,|P (a > 0, X > 1) going back to (5.40)

and using (5.42)), (5.43) yield that

(F+D 57
// |Vu,|P < // (up + a)* | Vu, [P < C (// uZ) +C <C. (5.44)
Q Q Q

Then by estimates (5.43) and (5.44) we deduce that the sequence w, is bounded in L*(0, T’ Wy (Q))
and in L?(Q) with respect to n, and so u € L?(0,T; W, *(Q) N L?(Q). Hence the proof of item (7) is
achieved.

Now we prove item (i7). Let now taking v < A < 1 and by definition of ¢(u,) and ¥(u, ), we can get

U(s)>Cls|™™ —C  VseR. (5.45)

From ((5.45)) and going back to (5.38)), we have

C/\I/( (x,1)) —|—oz)\/ / (U + a) |V, [P
Y-l
<M// Un + ) //fn(un+a)*7+/xp<uo>+cm\.
|z[P 0o Jao Q

We proceed as before, we obtain that

Ap—1  p(A+1)

Cllun ¥ H”“ Pt
(OTLMP 1(Q))
/\a v( A+p »
oa, CNp | (un +a) 7| (5.46)
1

<C (//Q(un + a)(*—ﬂm') e]

Thanks to Lemma [2.9] and repeat the above process, it hold that

N(Otp—1)+p(A+1) Tt
//un N <c(// (A=y)m ) + C. (5.47)
Q

Let now choosing A such that

U:N()\—l—p—}\;—l—p()\—l—l):O\_fy)m,’ (5.48)

this yields that

yemNety-D+py+1) o (m-DWNp-1) +p)+ Nmy

N—pm+p N—pm+p
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Since A < 1, then m < -2 % +1, and (£ + 1) < 1, from (5.47)), (5.48) and thanks to

p(N+2)=N(1-7)
// uy < C. (5.49)
Q

Young inequality it hold that
By (5.37)), then we have (/\j:;‘f’pl)p — Cz’fr,p > 0. Let 1 < g < p, applying Holder’s inequality and from
(15.46)), we get

Vu,|? a(1-2)
fleer =l St
(up +a) 7
Vu,|P a(1-)) =
S(// u|+ua\1 )\) (// Uy + a) Pq) (5.50)
(A—~)m’ 7’1‘ (1= %
C (un-l—a) v —i—C un—i—a p—q ,
Q

IA

we take ¢ such that

1—A
W= _ 3y, (5.51)
p—q
this equivalent to ¢ = N(]’z,ié i:(rlp 1’;1 Using (5.51) in and letting a — 0, we hold that

//QW<c<//¢9uz>*+o>z<//m*

From ((5.49)) it follows that
/ |Vu,|? < C. (5.52)

Therefore estimates ) and (5.52) imply that the sequence u, is bounded in L%(0,T; W, %(Q)) and
in L7(Q) with respect to n, and sou € LI(0,T; Wy () N L7(Q).
Now we give the proof of item (i77). Taking Gx(un)x (o) as a test function in (5.10) for ¢ € (0,7),

we have
/ /au”Gk(un)—i—/t/@(x?tv Vi)V G ()

_M//\xllur_ k() //fnGk Zn

We observe that the function Gy (u,,) is different from zero only on the set Ay, = {(z,t) € @ : u,(x,t) >
k}, and that, on this set, we have u, + % >k > 1. Note that

t
/ /a(x,t,Vun)VGk(un) :// a(x,t, Vu,)Vu,
0 Q Ak,n
t
204// \vun|p=a/ /\vck<un)1p
Ak 0o Ja

(5.53)
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and

[ [Gre =3 ], g-wr =3 [f, Gitm-ny

_ 2/9Gk(un(iv t)? — 2/QGZ(UO)

applying Hardy inequality and using the fact that Gy (u,) < u, in the set Ay, we can write

[ [ [ e ]
|$|p+‘ Akn |93|p+— Apon ’$|p
t
< Vu,|P = // VG (u,)|P < //VG Uy, )|P
CN’p//AkJ =[] wemr s - [ 9

Inequality ((5.53)) becomes
1 2
— Gk(un) + |VGk Up)|
C’ Nop

//ka Up,) /Gz(uo)

Passing to the supremum in ¢ € (0,7, we get

1 p
—HGk(Un)H%oo(o,T;B(Q)) + (04 e ) / VG (un)?
N,p Q

/ fGr(uy,) /Gz(uo)

From now on, we can follow the standard technique used for the non-singular case in [I1], we deduce
there exist a constant C', independent of n such that

|||l 2 (@) < O (5.54)

Now taking u,, as a test function in (5.10)), by (5.3) and Hardy inequality, we have

e (o) [l ff ey [
= | u,(z,T)+ | a— Vu,|P < fu, 7+ = [ u
3 J, e T) s Q| | A 3 /10

Since ug € L>(f2) and by (5.54) and Hoélder’s inequality,we have

1 2 M)/
= )+ | a— Vg, |”
5 [ (a o) [ 19l

1
1—
< lluallilg, / [ 1+ gl

a1
< llunl [y 1 /1m )| QI + 5lluolf2@) < C.
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As 0 < p < aCy,, and by the last estimate, we obtain

/ Vu, [P < C, (5.55)
Q

where C' is a positive constant independent of n. Hence the proof of Theorem is completed. n

In the following Theorem we are interesting to prove regularity of u solution of ([5.1)) when the datum
f belong to L"(0,T; L9(2)), with r, ¢ > 1.

Theorem 5.15. Under the hypothesis (5.3)-(5.5)), if 0 <y <1 and 0 < p < aMCly,, with

Na(r(p+y—1) = (p—=2)) = Nr+pg(r—1)
Nr —pq(r —1)

( p[NT — pg(r — 1)] >p
Ngr(p+7 =1+ (p—2)N(r—q) —pgr—1)])
fe L0, T;L1Q)) with ¢ and r be real numbers such that

M=

N
r>1,q>1; p§—+]—3§min{6’1,92},
q T

where

N N Np+2p+ N(y—1
0p=—+p and 92:—<1—§)+ P+ p-; 9} )
r T

Then there exists a weak solution u € LP(0,T; WyP(Q)) N L*(Q) to problem (5.1)) with

gr(N+p) (v + 1)+ Np—2)(pr —q+r)

0= Nr —pg(r—1)

Remark 5.16. If -y, u — 0, then the result of Theorem [5.15] coincides with classical regularity results for
parabolic problems with coercivity (see [22, Theorem 1.1}).

Proof. Let now testing (5.3) by ¢(un) = ((un + a)* — a*)x(0, 0 < a < %, A > 0 and repeating the
same passage of proof of item (i) of Theorem in order to arrive to the following inequality

1 Al ap? // Adp—1
[— t P p
)\+1/u (@ )+(()\+p—1) CNp [V ta) 2]

§/Ot/§2f(un+a)’\_7+0.

Passing to supremum for ¢ € [0, 7], we obtain

Oé)\pp A+p—
CO||Un||Loo (0,T;LA1(Q )+ ( >\+p_ 1) CNp) / |V un+a) P |p

/ fu, +a)*™" +C.

(5.56)
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A+p—1
Setting v, = u, * and I = / f(u, +a)*7, formula (5.56) can be rewritten as
Q
p(A+1) Oé)\pp
collva| |70, ( ) / Vo |P <I+C. (5.57)
L>=(0,T;L S Q) A+p—1) CN,p
Using Holder’s inequality twice, for all ¢ > 1 and r > 1 we get
T % p(A=7) _q q%ql
[S/ (/fQ) (/U,i‘ﬂ'lql)
0 Q Q
r—1
T ) _q_ quril "
< Wllroamay | [ ([ oF77) (5.59
0 Q
T pA=)r
= | [Nl 5
0 LOFr—1{e—1) ()
Let us define n € (0, 1) such that
A+p—1)(g—1) 1 A+p—1
p(A—)q p p(A+1)
Thus, by the Lemma [2.9, applied to
A— A+1
A+p—1)(¢g—1) A+p—1
we have
DT A=) ot ey
[loal | 270500 < Cllunll gon NIV e : (5.61)
L O+p=1(a=1) (Q) A+
Integrating on time we obtain
_ r—1
T p(A=)r r
[ | ™
n P(A—7)q
0 LOFr—1)(a—1) (Q)
. . . o - (5.62)
- &5 N | "
<llenll*E [ IVl
Le=(0,1;L =1 () LJo
If n < 1, applying the Young inequality with exponents
A+1 A+1
1=mA =) L+y+nA=7)’
we deduce
T p(A=)r =
A i
0 LOFp=D(a=1) () (5.63)

I)’\()\‘H)
<l . 4G U 170

Lo (0,T;LATP=1(Q))

p(A—y)r

T+ p—D(r—D
LP(Q)

r—1 A+1
r I+y+n(A—7)
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Letting € = C—O and collecting - - ) and (| - we have

p(>\+1) a{)\pp
collvp M1 +< ) Vv,
ol | ||Lw(07T;L§<+Ap+71{ ) Otp—1¢ Cny Vo, [7,

< llonll™70 o (5.64)
2 Loo(0.T5L 3P 1 (Q))

r—1 A+1

ﬂ% r 1+y+n(A—v)
Loy, / Vo155 te.

Now we choose A satisfying

np(A —)r
_) 5.65
Otp-Dr—1 T (5.65)
such that A >~ >0, r >1and 0 < pu < ‘()“\p CN)” From (5.67)), it hold that
p(/\+1) Oz)\pp il
el - ) IVl
2 reorn ity \A+p—1)  Cuy, @) (5.66)
p(r—1) A+1
< Cf06||an||Lp€Q) A= e,
Since, from (5.65)
rmA=y)=A+p—-1)(r—1)
we have
8= r=1 o A+1 _ =D+ (r=1)(A+1)
oo y+n(A—y) = r(l+n)+rm(A—y) — r(Q+y)+(A+p-1)(r—1)
(r—1)(A+1) <1
= DD+ ) 1) (p—2) ’
and so
2O+ apP L )
At+p— p
Un, + - an
2 H ||L (OTL;K(*-AIE% Q) <<>\ +p—=1P  Cn, | HLP(Q) (5.67)

<C’fC’HVUnH o T

with 8 < 1. If n = 1, choosing A as in (5.65)), (5.63) becomes (5.67) with 3 = = < 1. Thus from (5.67)

immediately follows
HUTLH g p(A+1) + HVUTLHLP(Q) S 62- (568)
Leo(0,T5LAFP=1 ()

Thanks to Lemma [2.9] we obtain
[vallze@) < s,
+p(>\+1)

At+p—
N

where 0 = p . Recalling the definition of v, we thus have proved that

unllzsq) < s, (5.69)
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where c3 is a positive constant independent of n, and

U/\+p—1  NA+p—1)+pA+1)
P N '

From (5.59)) and ([5.65)), we deduce that

5= (5.70)

Ng[r(p+~—1) = (p —2)]

A41=
" Nr —pg(r — 1) ’

(5.71)

which implies, by (5.71))

s_ NP+ D)+ Np—2)(ar —q+1)
Nr—pq(r—1) :

we now have to check that A > 1 and that 7, defined in (5.59), belong to (0, 1). After easy calculations,
we obtain that A > 1 if and only if

p<E+E<E<1_£)+Np+2p+N(v—l)
qg T T 2 2

while the condition 7 < 1 hold is satisfied and only if
N p N
—+=-<—+0p.
q r T

The condition 1 > 0 is automatically satisfied if A > 1.
It remains to prove the estimate in LP(0, T; W, *(Q2)). By (5.56), (5.55), (5.68) and A > 1, we obtain

// VP < // VP (i + ) < 3, (5.72)
Q Q

then the sequence u,, bounded in L?(0, T; W, ?(Q)), and so u € LP(0,T; Wy*()). The estimates ([5.69)
and (5.72)) completed the proof of Theorem [5.15] O
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Chapter 6

Existence and regularity results for a
singular parabolic equations with
degenerate coercivity

1 Introduction

In this final chapter, we study the existence and regularity results of double nonlinear parabolic problems
with absorption term and with singular lower order term, whose the model example is the following:

O AW+t = h(w)f Q.
u(z,0) =0 in :
u =0 on I

where

A(u) = —div(a(z, t,u, Vu)).
Here Q) is a bounded open subset of RN, (N > p > 2) and 0 < T < 400, f is a non-negative function
that belong to some Lebesgue space, f € L™(Q), m>1 Q=Qx (0,7), T =00 x (0,T), 0 <y <1
and s > 1. a(x,t,0,€) : 2 x (0,T) x R x RY — RN is a Carathéodory function (i.e it is continuous

with respect to o and ¢ for almost (z,t) € @, and measurable with respect to (x,t) for every o € R and
¢ e RY) satisfying for a.e (x,t) € Q, V &,& € RY:

alg]”

a(x,t,a,f)f Z W’ (62)
la(@,t,0,8)] < b(x,t) + |o"~" + €], (6.3)
(CL('T’ t,o, g) - a(x, t, o, g))(f - 5,) >0 5 7é 5,7 (64>

where « is positive constant, 0 < 6 < 1 and b is a non-negative function and belong to L (Q),
p = 1%' The singular sourcing term h : [0,00) — [0, 00| is a continuous, bounded outside the origin
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with ~(0) # 0 and such that the following propertied hold true

(h1) de > 0 such that h(s) < % Vs > 0.
s
In the non-singular case (i.e. h = 1) in [75, [143] existence and regularity results for nonlinear

parabolic equations in divergence form depending on the summability of f have been proved when the
absorption term |ul[*~'u (s > 1) doesn’t appear, we recall that under uniform ellipticity, that is when
0 = 0, the existence and regularity solutions was obtained in [20, 56, OT]. When the term |u|*~!u exists,
several works study the existence and regularity of solution of problem ( see [23,[106], and reference
therein ).

Finally, concerning the singular model case the authors in [68] studied existence and regularity of
problem

u(z,0) = ug(x) in  Q

u =0 on I,
withy >0,p>2,f >0, f € L™Q), m>1and ug € L>*(Q). In [122] the authors studied the existence
and uniqueness solution of problem

0
a—:f — Apu = [ed 3,

% — Apu = h(U)f +u in Q0 x (O’T)’
w=0 on 00Qx (0,7),
u = g in  Qx{0},

where p > 2 — ﬁ, up is a non-negative function, p is a non-negative bounded Radon measure on
Q x (0,T), f is a non-negative function in L'(2 x (0,7)), and h is a positive continuous function
possibly blowing up at the origin.

In the elliptic case the authors in [63], studied existence a solution of (6.1]), where A(u) = —div(a(x, Vu)),
f = p and h continuous positive function outside the origin such that lim, o+ h(s) = +oo. In [62] the
authors proving existence and regularity of (6.1)), where A(u) = —Apyu and h(u) = X with v > 0.
See as well [81], 118, [136]. If hold true, the differential operator A(u) is not coercive as u becomes
large. This shows that the classical methods (see [I0§] ) can’t be applied to prove the existence of
solution to problem even if the data h(u)f is sufficiently regular.

We overcome this difficulty by replacing operator A(u) by another one defined by means of trunca-
tions and using Shouder’s fixed point Theorem, our objective is to look for the existence of solution to
problem , for different summabilities of the datum.

The main tool we use is an a prior estimate for solutions of approximate equations with non degen-
erate coercivity ( which thus have solution ) and then we pass to the limit to find a solutions.

We first define the notion of a weak solution to as follows:

Definition 6.1. We say that v € LP(0,T; W, (Q)) is a weak solution to problem (6.1), if a(z,t,u, Vu) €
LYQ), |ul*7'ue LY Q) and h(u)f € L'(Q), and the equality

T a¢ T
—/ /u—dxdt—l—/ /@(x,t,u,Vu)dexdt (6.5)
0o Ja Ot 0 Ja

—|—/OT/Q\u]S_1u¢d:Edt: /OT/Qh(u)fwdxdt
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holds for every ¢ € LP(0,T; W, 7(Q)) N L=(Q).
2 Some technical lemmas and main results
In order to prove the main results of this chapter, we need to the following lemmas.
Let a,b, A and p be a positive real numbers with p > 1. Let us define
e —1 if s>0,
ols) = { —e 1 if s<0. (6.6)
Note that the function ¢ has the same sign as its argument. Furthermore, we have
Lemma 6.2. [51, Lemma 2.1] If X > (27“) + p, then we have
ap'(s) — ble(s)] > ge)‘s Vs >0, (6.7)
s p
o(s) = {90 (—)} Vs >0, (6.8)
p
dd > 0 and M > 0 such that
s\ 1" s\ 1"
o <mlo(2)] e arfe(2)] wza (6.9
p p
lo(s)| > s Vs € IR. (6.10)
Lemma 6.3. [51, Lemma 6.1] Let ¢ be the function defined by
o) = [ elo)is, (6.11)
0
where ¢ defined in (6.6). Then there exist a constant Cy > 0 such that
s p
o(s) > Cy {gp <—)} Vs >0, p>2. (6.12)

p

Now we state the mains results.

Theorem 6.4. Under the assumptions (6.2)- (6.4)) and h satisfies (h1). If f € L"™(Q) with m > > L

then there exists a bounded weak solution u € LP(0,T; W, *(Q)) N L=(Q) to problem (6.1).
Remark 6.5. The results of Theorem [6.4] coincide with regularity results of [143].

Theorem 6.6. Under the assumptions (6.2)-(6.4) and h satisfies (h1). If f € L™(Q) with m = >+ L
Then there exists a solution u to problem (6.1)) such that u € LP(0,T; WyP(Q)) N L (Q). With 2 < r <

+00.
Remark 6.7. The result of Theorem [6.6 has been obtained in [I07].
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Theorem 6.8. Under the assumptions (6.2))-(6.4) and h satisfied (h1). If f € L™(Q) with

p(N +2+6(p — 1)) N
N2 16— 1) NOp-D 14 "< !

and s > 1, then there exist a solution u to problem (6.1)) such that u € LP(0,T; W, *(Q)) N L"(Q), where

N—pm+ N—pm-+p ’
mIN(p+7-1)+p(r+1) - No(p-1)] s < p(L4my) + N (p—1)(1-6)
N—pm+p N—pm+p ’

{ (m—1)[p(N+1—5)—NO(p—1)]+N (s+1—m(1—7)) s> p(1+m’y)+N(p 1)(1-6)
r

Theorem 6.9. Under the assumptions (6.2)-(6.4) and h satisfied (h1). If f € L™(Q) with

p(N +2+6(p—1))
1§m<p(N+2+9(p_1))_N[9(p—1)+1_'7]

and s > 1, then there exist a solution u to problem (6.1)) such that L9(0,T; W, 9(Q)) N L"(Q), where

m[N(p+y—1)+p(y+1)—Nbo(p—1)]
N+2—m(l—7v)—60(p—1)(m—1)

and r is defined in Theorem[6.8.

Remark 6.10. If 6§ = 0, then the result of Theorem coincide with result case (b) of item (7ii) of
Theorem 4.1 in [68], and the result of Theorem |6.9| coincide with result of Theorem 4.2 in [6§].

In the following theorem we will see the impact of the term |ul*~u on the regularity of solution u

m : (N+2+0(p—1))
of problem ([6.1)) when the data f € L™(Q), with 1 <m < p(N+2+g(p—1))—J\g)[9(p—1)+1—W]'

Theorem 6.11. Under the assumptions (6.2)-(6.4) and h satisfied (h1), f € L"™(Q) with

p(N+2+6(p—1))

PSS N T2 6 1) NBp - 1]

(i) If s > He(pm_#, then there exist a solution u of problem (6.1) with u € LP(0,T; Wy(Q)) N

L(8+7)m(Q)‘
(17) If%# <s< W, then there exist a solution u of problem (6.1)) with the regularity
w e L0, T; Wy'(2)), where g = %, moreover u € L"(Q), where
(3—’—7)777/ > p(N+1+TJI’<]’7) N(1+9(p 1))
=) pmlst)NFl(m—l)stmy] o p(N+1+mv) N(1+9(p 1))
N[1+6(p—1)+s] —pm+p '

Remark 6.12. If 6 = 0 and v — 0, then the result of Theorem [6.11| coincide with result of Theorem 2.2
and Theorem 2.3 in [106].
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3 A priori estimates

For n € IN, let Ty(s) = max(—k, min(s, k)), we will consider the following approximation of (6.1)

Oun —diva(x, t, Ty(un), V) + |ta|* "y = hy(un) f in - Q,
Uup(7,0) = up(z) = 0 in  Q, (6.13)
U, =0 on T

where f, = T,,(f) and f,, € C3°(Q), such that

[ fallem@) < [[fllim@) and fu — f strongly in L™(Q).

Moreover, define h(0) = limg_,q h(s), we set

i (5) = { n(h(s)) for s> 0,

min(n, h(0)) otherwise.

Lemma 6.13. Let a satisfy . - and (| . Then the approximating problem - has a
non-negative solution u, € LP(0,T; Wy?(Q2)) N L>®(Q) for alln € IN fivred and 2 < p < N.

Proof. Let n € IN and v € LP(Q) be fixed. We know that the following class of doubly degenerate
nonlinear singular parabolic problem

88_1;) —diva(z,t, T(w), Vw) + |w|* tw = h,(v)f, in Q,
w(z,0) = ug(z) =0 in  Q, (6.14)
w(z,t) =0 on I,

has a unique solution w € LP(0, T; W, 7(Q)) N L®(Q) such that w, € L*(Q)+ L” (0, T; W~ (Q)), see
[T08]. Moreover, since the datum h,,(v) f,, bounded, we have that w € L*>°(Q) and there exists a positive
constant d, independents of v and w (but possibly depending in n), such that ||w||.=g) < d. Our aim
is to prove the existence of fixed point of the map S : LP(Q) — LP(Q), where S(v) = w, and w the
weak solution of problem . Again, thanks to the regularity of the datum h,(v)f,, we can take
(1 + |w|)?®=D+ — 1)sign(w) as test function in (6.14)), we obtain

/ /wt (14 |w])?@=V+ — 1)sign(w)dxdt
-1+ 1)/ a(z,t, Tp(w), Vw) - Vw(1l + |w|)?P~Vdzdt
Q

+/ lw|*((1 4 |w])?P=D+ — 1) dzdt

/ / (1) fu (1 + )P4 — Dysign (w)ddt
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By (6.2) and by classical integration by parts formulas, we have

1 p—1)42
o [0 e I e T
_ % +a@(p—1)+ )/ |Vw|Pdxdt

/ /wt 1+ |w|)?P= Y+ sign (w)dzdt

+(9(p—1)+1)/Qa(x,t,Tn(w),Vw)-Vw(1+\w\)9(p1)dxdt.

The term on the right of the last equality is estimated as follows

/ () (1 + |0])?~ D+ sign (w)dadt < n? / (14 ] P+ gt
Q Q

< n?2¢D|Q| 4 n22/D / P G,
Q
and so, dropping the positive term and using Holder’s inequality, we obtain

/ \Vw|Pdzdt < n?20P=D|Q| + n229(p_1)/ Jw|? P~ D+ gzt
Q Q

! ]
So«(f)(p—1>+1>(7”‘2( 191+ 5 1>+2>

O(p—=1+1)
220p 1) 1*7
| (/ |w|pdxdt)

a@(p—1)+1)
O(p—1)+1

S Cl + Cz (/ |w]pdxdt) ’ s
Q

_ 1 260(p—1) 2] _ n220C Q|
where C = “O-DFD ( 20P=DIQ] + 0(p— 1)+2) Cy = a(@(p—1)+1)

By Poincaré inequality and applying Young’s inequality with €, we obtain

1
Cp

1— 6(p—1)+1
P

/ lwPdedt < Cy + 602/ \w|Pdxdt + C,
Q Q
take e = @ in last inequality, we have

/ wlPdzdt < 202(Cy + C.),
Q

where C), the constant of Poincaré. Which implies

(/ le”dfvdt>p < Cs, (6.15)
Q
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1

where C3 = (2C2(Cy + C)) 7, for some constant Cs independent of v and w (possible depending on ).

We are going to prove that S is both continuous and compact on B. (B is a ball of LP(Q) of
radius C3). B is invariant for S. Let v, be a bounded sequence in B. We will show that there exists
a subsequence of w, that is strongly convergent in LP(Q). Taking ((1 + |w,|)?®=Y+! — 1)sign(w,) as a
test function in the problem solved by w,., that is the following

% — diva(z,t, Ty(w,), Vw,) + |w,|*tw, = hy(v,)fn in  Q,
wy(x,t) =0 on I,
wy(2,0) = up(z) =0 in Q.

We have

O(p—1)+1

T -
/ varHLP(Q)dt < Cl + CQ </ |’wT’de3dt) )
0 Q

with () is defined before and independent of r. Since the ball of LP(Q) is invariant for S, we have w,
belong to B and so, from the last inequality, we obtain that w, is bounded in LP(0,T; W,?(Q)).

Ja(e, £, T, (w,), Vo) < (b, 1) + P + [V 71

< 222, )Y + 222 P + 271 [V o
T

~ / (@, t,wy, Vo) [P < 2% 72[b(z, 1)]] + 2772w )

P /
p—ol “ D e
+2 HwTHLP(O,T;WOl’p(Q)) < +o00.
We have w, bounded in LP(0,T; W,"(Q)), then (w,) is bounded in dual space L” (0,T; W=7 (Q)) +
LY(Q) see [139] implies that w, is relatively strongly compact in L'(Q); thus, there exists a subsequence
of w, that almost everywhere converge to some limit function w € L*(Q).

Now, we recall that w, is bounded in L*(Q) with ||w||r~(g) < d, where d is a positive constant
independent of r. Thus, since there exists a subsequence of w, that converge a.e. to w, this allows to
use Lebesgue Theorem to ensure that this subsequence of w, converges strongly to w in LP(Q), and
so S is compact. Now we prove that S is continuous. Let v, be a sequence of functions converging to
v in LP(Q), and let w, := S(v,). v, — v strongly in LP(Q), implies that v, — v a.e in @, hence
hn(v) fr converges to h, (v) f, a.e in @ and by the dominated convergence theorem one has that h,(v,) f,
converge strongly to h,(v)f, in LP(Q). Hence, by uniqueness, one deduce that w, := S(v,) converges
to w := S(v) in LP(Q). This gives the continuity of S. So that by Shouder’s fixed point Theorem, u,,
will exist in B such that u,, = S(u,), i.e., such that u, solves . In particular, we will have that
u, € LP(0,T; WyP(Q)) with (u,); € LP (0, T; W= (Q)) + LY(Q) for all n € IN and 2 < p < N and,
since the right hand side of is non-negative, that wu,, is non-negative. O]

Lemma 6.14. Assume that the hypotheses (6.2))-(6.4) hold true and the datum f is a function in L™(Q).
Ifm > % + 1, then for every solution u, of (6.13)) there exists a positives constants Cs,, Cy independent
of n, such that

[unl[z=(@) < Coos

||un||LP(0’T;W01*p(Q)) < Co.
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Proof. Let Gi(s) = s — Ti(s), for all s € IR and k > 0. We define the following function
H(s) /s L do, se€ R
= O" .
o (L+]o])?

For a solution w, of problem (6.13)) we set v = ¢(Gy(H (u,))), where k > 0 and ¢ is defined by (6.6)).
Observe that v has the same sign as u,, and belong to LP(0, T; Wy (Q)). Let as denoted by Ay, (t) the

following set
Apn(t) ={z € Q: |H(up(z,t))| > k}.

A straight forward computation gives

Vu,

Vv = @’(Gk(H(Un)))W

XAk,nJ

where X 4, , stands for the characteristic function of the set Ay .
By definitions of H and Ay ,(t), we deduce that u, > H(u,) and u, > k in the set Ay, (t).
Now, choosing v as a test function in (6.13)), we have for all 7 € (0, T

/ /6’un (Gr(H(un))) dmdt+/ / a(x,t, T, (uy,), Vuy,) - Vodzdt

+/ /|un|s_1unvdxdt§/ /hn(un)fnvdmdt.
0 Q 0 Q

[ G GuH @)+ ) o
Akn(t) at
Vu,
+/ / a(z,t, Ty (uy,), Vuy,) - —————¢'dxdt
0 J A ( (1) ) (1 + |un)?

—l—// \un\s_lunvdxdtg// h(uy) fulv|dxdt,
0 JAg(t) 0 JAL (1)

where ¢ = ¢'(Gr(H (uy))). In the set Ay, (f), v has the same sign as u,, i.e / / |t |*~ P upvdadt > 0
Ak n

Hence

and the fact of h is bounded in (0, +00), then

//Akn(t) o7 (G(H () (1 + [un|)"ddt

Vu,
o Lo a(x,t, T, (uy, )Vun)-—(l Ty

< ||hHL°°((0+oo))/ / | ful|v|dzdt.

o'dxdt
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Note that on the set Ay, (t) one has (1 + |u,(z,t)]) > (k(1 — ) + 1)79. thus by (6.2) we obtain
(k(1 = ) + 1)7% / / Gk 1+ fun])'0) ) dardt
Ak,n
+a/ / VWl (B )t
Akn

(1+ |un|

< ||h||L°°((0,+oo))/ / | ful |v]dzdt.
0 Ak,n(t)

Observe that since k£ > 0, we have
"0
S GulHlun o)) dodt = [ 0(GulH(un(o.7))))da
0 Ak,n( )
- / O(Gr(H (un(x,0))))dr = / (Gr(H (un(z,7))))dz.
Agyn(7) Ap,n (1)
Using we obtain

Co(k(1 - 6) + 1)12‘9/ |wy,[Pd

+a / /A ) IV S (Go(H (uy)))ddt

(1+ Junl)?

< ||h||L°°((0,+oo))/ / | fullv|dxdt,
0 Ak,n(t)

where wy, = ¢ (W) Now, for all s > 0 we have
“(3)
b

(1YY Vu,|P , _
Tl = v (5) e (G )

p

= et P = NHae| = ()],

which implies

Therefore, we can write

C’4/ ]wk|pda:+05/ / |Vwy|[Pdxdt < Ch/ / | ful|v|dxdt,
Ag,n(T) 0 JApn(t) 0 JAg ()

where Cy = Cy(k(1 —0) +1)77, Cs = 22 and Cy = ||h]| o ((0.400))-
Let t; € (0,7 be arbitrary and Wthh will be chosen later. For all t € (0,t], we have

t1
06 (”wk"ip(o,tl;LP(Ak,n(t))) + vakHip(Ak,n(t))) S \/0\ /Ak (t) |fn|’U|d$dt, (616)
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with ¢ = min{.C5}  Now we estimate the integral in the right hand side of (6.16)). By (6.9)) we have
Ch

t1
/ / fulloldedt
0 Ak,n(t)
t1 t1
:/ / |anv\d:cdt+/ / ullo|dadt
0 Agtan(t) 0 Ak.n )\ Aktd,n(t)
t1 t1
SM/ / |fn||wk|pdxdt+/ / (llo|dadt
0 JApian(t) 0 JARn(®\Aktdn(t)
t1 t1
<M / / fullwelPdzdt + o(d) / / (fuldedt.
0 Ak’n(t) 0 Ak.’n(t)

Applying Holder inequality twice, we obtain

t1
/ / | ful |wp |Pdxdt
0 Apn(t) .
11 m
S(/ / |fn|mm> (/ / |wk|m1dxdt)
0 Agn(t) Ap,n(t

n—1

t1 m
< / / |f|"dxdt / / |w| 7T dadt
0 JAgn(®) Ag,n(t)

m—1

t1 m
< [ fllzm@) </0 /A o |wk|’”1dl‘dt) : (6.18)
k,n

Since we are going to chose m large enough, we can define v; € (0,1) as

(6.17)

1 N
— et =1-u.
m  pm
Let as also define m y
m = L : V:E,and m=m(l+v). (6.19)
m—1 N

Combining (6.17) and (6.18)), we obtain
m—1

t1 t1 T
/ / | fallwi[Pdxdt < || f]|lLm) (/ / |wk|m—1da:dt>
Akn(t Ak,n(t)
= | fllzm@) (/ / |wg|™ d:cdt)
Ak 'n.(t)
p(1+v)
= | fllzm @) (/ / Iwk\lfvda:dt>
0 JApn(t)

p(+v)

=y / / |wk|1+vdxdt :
Akn(t
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where Cy = || f||zm(g)- Applying Hélder’s inequality in last inequality, we have

t1
/ / ol Pdadt
0 Ak,n(t)
1 L4 m
t1 . 14+v 1+v
< Cy / / |wg | dz / dx dt
Ap,n(t) Ap,n ()
£z t &
< Cy / / |wy | dadt / / dxdt
Apg n(t 0 Ak,n(t)
=Cy (/ / |wk|md:vdt>
Ak n

t1 E
= Cy ( / / |wk|md$dt> O(k)m . (6.20)
0 Ap.n(t)

t1 m
([ 1At
0
Here, O(k) stands for the function

Il

Ok) /0 | Ao ().

Define 6 = %mml. Since m > 1 and v > 0, it’s not hard to check that 0 < ¢ < 1. Furthermore
1

_5<__ )+__

Thus, by using the Lemma [2.9| ( here p = p, h = p, o = 1, v = wy), we have

1 . =
o 1-9)m
||wk|’im(o,tl;Lm(Ak,n(t))) < Cyn (/0 ||vwk||Lp(Ak,n( | k||(L” Akn(t))dt>

t1 . r
o
< anHwkHLw(Otl,Lp(Akn(t))) (/0 vakHLP(Ak’n(t))dt> :
Applying Young’s inequality we get
104l 2 0.0 (1 )

mé
< Con(1 = Bkl oz ) +an6(/ Vel >dt)

By (6.18) and the definition of §, we obtain /d = p and thus we get

Hwk||zL)Th(0,t1;Lm(Ak7n(t)) < G Hwk”v (0,t1) X Ag n (1)) (6.21)
where
10kl (0.60)x Aty = 10K Lo 0.01:00 a0 ) + VORI o 0,005 (41 00))
and C; = max{C,,(1 — ), C,,0}. Hence
t1
| fullwldzdt < Cpl|wpl[]n g, pm O (k)™
/0 /Ak,n(t) f (0,t1; L™ (Ag 0 (1)) (622)

pv
< CrCs0(k) ™ [[we | [v((0,01)x Ay ()

MOUNIM EL OUARDY



CHAPTER 6. EXISTENCE AND REGULARITY RESULTS FOR A SINGULAR PARABOLIC
EQUATIONS WITH DEGENERATE COERCIVITY 101

where Cy = || f||m(g). On the other hand, the second term in the right hand side in (6.17) satisfies

—1

- " m=1
/ / fuldedt < /ﬁ/h (o dadt / / dudt
Ag n(t Ak n 0 Ak,n(t)
tl m—1
< Ifllmo (A mmmuQ
p(1+v)

= C0(k) 5, (6.23)

where Cy = || f||zm(q)- Using (6.16)), (6.21]) and (6.22)), we get

Col[wrl[7((0,41)x Ax(0))

= Cs ( |Jwpll] O, LP (A (1)) T ||wk||Lp(o t LP(Akn(t))))

/‘/ Fulloldedt
tAk n
<M/‘/ [ ful lwrldadt + o (d /L/ fuldadt
Ak n Ak n

p(1+v)
< MC;CrO( )meka (O41) x Apn(t) T (k)=
hence P
Cﬁ"wk”\/((o,tl)XAk,n(t))
< MC;CrO(k) % [Jwgl %

p(1+v)

+ o(d)CrOk) "5

((0,t1) X Ag,n ()

We choose now t; small enough in order to get
MC;Csti Q5 < Cs. (6.24)

We can conclude that
p(1+v)

1wrll¥ 0,0y x g ey < CTOK) 7

Cyre(d)
Co — MCCst |Q%

where C7 = , then, by (6.20) we get

p(1+v)

wrl| Lo rs0m (a0 < C5C70O(k) . (6.25)
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Let h > k. Observe that on the set Ay, ,(t) one has Gy(H (u,)) > h — k. Thus,

| [wr|| L 04150 (Ag (6)))
:H¢<@@ym>v

Gr(H(un)) |7

L (0,t1;L7M (Ag 1 (t)))

) L7 (0,t1;L™ (A 0 (1))
1
= ;) |Gre(H (uy))] |§m(o,t1;m(A,€,n(t)))

) / / kﬂﬂ/(ﬂ(Gk(H(un)))mdxdt)
) / / M@(Gk(H(un)))mdm]s)m
)p /Ot1 /Ah,n(t)(h_ /f)mdxdt>m
)
)

S

"= ([ 1Anatolar)”

(h — k)P (h),

which to get with (6.24)) yield

M/

W= G

o(k)'™, Vh>k>1,

where M’ = (pPC} C7) Note that

N
v>0<=1+—<m.
p

Therefore, by Lemma with © = p, there exists a positive constant v; > 1, independent of n, such
that o(71) = 0, which means that

lun| < (1 (1= 0) +1)77 — 1, ace. in Q x [0,4].

Iterating this procedure successively in the sets € x [tq,2t1], Q x [2t1,3t1], -+, Q X [mty, T], where
T —mt; < t1, ( notice that the process works since in all these sets ((6.24)) is verified ), we conclude that
there is a constant C',, not depending on n, such that

lnlloo < Co, e in Q@ = x (0,T).

Let us u, a test function in problem (6.13)) and using (6.2), definition of h,, we obtain

/un z,T d:c—iroz/ / |Vun] d:cdt
1+ |uy,|)¥
/ /\un\s“dxdt</ / Up) frnundxdt,

MOUNIM EL OUARDY



CHAPTER 6. EXISTENCE AND REGULARITY RESULTS FOR A SINGULAR PARABOLIC
EQUATIONS WITH DEGENERATE COERCIVITY 103

/ / [Ven " da:dtJr/ lu \8+1dxdt</T/h(u ) futtnddt
1_|_’un|0(p1 0 n =~ Jo 0 n)JnUn .

By the fact that h bounded in (0,400), ||u,||r~ < Cx and using last inequality we obtain

hence

(1+O s 1)/|Vun|”dwdt< [[un | o= @) 17l (0,400 112 )| Q17

Then
/ ]Vun|pdxdt+/ |up |* T dadt < Cs, (6.26)
Q

where Cy = MHM!LO@( 0,400 || f]Lm( )|Qyﬁ independent of n. O

Proof of Theorem[6.4. By Lemma we have the sequence {u,} is bounded in L>®(Q)NLP(0, T; Wy *(2)).
Then, there exist a function v € L=(Q) N LP(0,T; Wy P(R2)) and a subsequence, still denoted by {u,,},
such that
u, — u weakly inL?(0,T; W, ?(Q))
u, — u weakly* inL>(Q) for o*(L=(Q), L'(Q)).
Moreover the sequence {8“” }, is bounded in L'(Q) + L¥ (0, T; W~'(Q)), using compactness argument

in [I39], we obtain that
u, — u strongly in L'(Q). (6.27)

Hence
U, — u a.e in Q (6.28)

Now, adapting the approach of [22, Theorem 3.1}, then there exists a subsequence (still denoted {u,,})
such that
Vu, — Vu a.e in Q. (6.29)

From (6.27)), (6.28) and (6.3) and the continuity of a(z,t, .,.), using Vitali’s Theorem, we obtain
a(z,t, T(uy), V) — a(x,t,u, Vu) weakly L (Q). (6.30)

We shall now prove that |u,|*u, — |u|*"‘u and h,(u,)f, — h(u)f strongly in L'(Q). Let E be a
measurable subset of ). By Holder’s inequality and (6.26]) we have

/\un\sdazdtg (/ |unys+1dxdt) B
E E

Hence, the sequence {|u,|*} is equi-integrable and then so is {|u,|*~'u, }. Using (6.26]), (6.27) and Vilali’s
Theorem, we obtain |u|*"'u € L'(Q) and

1 = 1
1 < CgH B < oo.

| |* My, — |ul*tu strongly in LY(Q). (6.31)
Let ¢ € LP(0,T; WP () N L>®(R) as a function test in ([6.6), we obtain

—/ unwtdmdt—l—/ a(x,t, T, (uy), Vuy,) - Vipdzdt
Q Q
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—I—/Q|un|5_1un@/1da:dt:/th(un)fn@/)dxdt. (6.32)

We are left to pass to the limit in the non-linear lower order term involving h. If ~(0) < oo we use
Lebesgue’s dominated convergence theorem and we easily pass n to the limit. From now, we assume
that h(0) = co. Let ¢ be a non-negative function in LP(0, T; Wi’ (Q2)) N L>=(Q2) as a test function in the

weak formulation (6.32))) we have

—/ un@/}tdxdt—k/ a(x,t, T, (uy,), Vuy,) - Vipdzdt
Q Q

+/ \un\s1unwdxdt:/hn(un)fnz/1da:dt,
Q Q
using (6.3) and Young inequality, we obtain
1 1 /
/ ho (uy) frbdxdt < —/ |u, [Pdxdt + —// | |P dadt
Q p Q
/ (b, ) + TP + [V 1) - bzt

/|un|8dasdt+ /W\ dxdt

1
< Hunllzo@) + Hellw o) + Z 1l @ +

22p -1

&Hunllm

+ L@ §/|!w|

HUHHLP 0.7 WP ( ))+§HV¢HL#(Q)+%H%’ s (Q)

Then
/ ho(uy) fopdxdt < C, (6.33)
Q

hence {h,(u,)fn} is bounded in L'(Q). We fix § > 0 and we decompose the right hand side of (6.32)) in
the following way

/ b () fotpdxdt = / ho () froibdaxdt
Q QN{un <6}

+ / ho (uy) frtbdadt, (6.34)
QN{un>6}

without losing generality we may assume the parameter 6 ¢ {3 : [{u,(x,t) = f}| > 0} which is at most
countable set. The second term in ([6.34) passes to the limit again by the Lebesgue Theorem as

B () Fath X fun >0} < S[up )[ (s)]fv € LYQ), (6.35)
we get
lim ho () foibdxdt = / h(u) fidxdt.
=0 Jon{un>6} QN{u>8}

First of all we apply the Fatou Lemma and (6.33]) in order to deduce that

/ h(u) fidxdt < lim inf/ b (up) frobdzdt < C,
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hence h(u)f € L'(Q). This allows to apply once again the Lebesgue Theorem as § — 0 obtaining

lim lim ho(uy) foibdxdt :/ h(u) fidzdt. (6.36)
QN{u>0}

d—0n—oo0 QN {un>6}

We also observe that h(u)f € L'(Q) gives that the set {u = 0} is contained in the set {f = 0} up to
set of zero Lebesgue measure. This means that

/ h(u) fobdadt — / h(u) fobdadt, (6.37)
QN{u>0} Q

and the proof is done once we have shown that the first term in the right hand side of (6.34]) converges
to zero a.s.,resp., n —» +00 and 0 — 0. To this aim we define

1 it (<4,
V=g 2t if 6 < (<26,
0 if ¢ > 26.

Take Vs(u,,)1 as a test function in (6.13)), we get

/%%(un)@/}d:ﬂdt+/a(:vJ,Tn(Un),VUn)'V(%(Un)¢)d$dt
0 0 Q

+/ \un\s1unV5(un)wdxdt—/hn(un)fn%(un)wdxdt.
Q Q

Using integration by parties and definition of Vj, we have

/ / tin s (un ) bdadt = /Q O () pdadt,

a(x,t, Ty (up), V).V (Vs(up))dzdt :/ a(x,t, Tp(un), Vuy).VpVs(uy)dzdt

where &(f) — / ity
/Q (
.

a(x,t, Tn(un), Vuy).VVs(up)pdedt = 7 a(x,t, Ty (un), Vuy).VpVs(uy,)dzdt
Q Q

—é/ a(x,t, Ty (un), Vuy).Vupipdzdt
{d<un<26}
S/a(m,t,Tn(un),Vun).Vz/JV(;(un)dxdt.
Q
Hence

/ (1) uVitbdadt = / () fu Vidrdt
QN{un<é}

+ i (t0n) f Vytodavdt.
QN{S<un<26}
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Then we using the above estimates, we get

/ P () fr Vsodzdt < —/ O (uy, )1pdadt

QN{un<d} Q

—l—/a(aj,t,Tn(un),Vun)~V¢V5(un)d1:dt+/ |, |5 1, Vs (w0, )0 d it
Q Q

Using that Vj is bounded and ¢ is continue we deduce that ®(u,)w; — ®(u)v; and |w, |5~ u, Vs(u, ) —
lu|* " uVsy strongly in L'(Q) and a(x, t, T, (), V) Vs(un) — a(, t,u, Vu)Vs(u) weakly in L' (Q)V as
n tends to infinity. This implies that

lim,, o sup/ P () fripdadt < —/ O (u)ippdadt
Qﬂ{un§5} {

u=0}
+ / a(x,t,u, Vu) - VpVs(u)drdt + / lu|*~ Vs (u)ypdadt,
{u=0} {u=0}

then

lim sup/ hi(uy) fubdzdt = 0. (6.38)

oo QN{un<s}
Hence ([6.37)), (6.38)) implies that

lim [ h,(uy) fotpdedt = / h(u) fipdadt. (6.39)

Let n — oo in (6.32), by (6.27)), (6.30)), (6.31) and (6.39) we get

—/uwtda:dt—i-/ a(x,t,u, Vu) - Vipdxdt
Q

- /@ lu|* " tupdrdt = / h(u) fapdxdt.
Q Q

Moreover, decomposing any 1 = 9" — 1), and using that is linear in v, we deduce that )
holds for every ¢ € LP(0,T; W, (Q)) N L=(Q).

We treated h(s) unbounded as stands to 0, as regards bounded function h the proofs is easier and
the only difference deals with the passage to the limit in the right hand side of . We can avoid
introducing 0 and we can substitute with

0 < h(un) fr < ||Al|Lec() f-

Using the same argument above we have that h, (u,) f,, — h(u)f strongly in L'(€2) as n tends to infinity.
Then we can conclude as in case of an unbounded h. The proof of Theorem is completed. O

Lemma 6.15. Assume that hypotheses (6.2))-(6.4) hold true, h satisfies (h1) and the datum f € L™(Q)
%ti; m = % + 1. Then for every solution wu, of (6.13) there exists a positive constants C1y, C15 such
a

Hunl ‘LP(O,T;WOL”(Q)) S C’157 (640)

||wn|Lr(@) < Clas (6.41)

with 2 < r < +o00.
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Proof of Lemma[06.15. Let A be a real positive number which will be determined lately. For ¢ € (0,71,
using ¢ (u,) = ((1 4 |u,|)* — 1)sign(u,)X (0., as a test function in problem ([6.13)), we have

//8 (tn, da:dr+)\// (z,t, Ty (un), Vi) - Vi (14 |u,| ) dodr

//’Un’ (1 + |un|)? —1dxdr—// () (1 + |un|)* = 1)dzdr.

Using (6.2) and the fact that ((1 + |u,|)* — 1) > |u,|* and by definition of k,, we obtain

/\Il(un (x,1)) dx+a>\/ / |Vun|6(p 1)(1 + Jup )N dadr

1+ |u
+ / / [ dadr < / / h(un) ful (1 4+ [un]) — 1]dadr, (6.42)
0 Jo 0o Jo
where ,
= / Y(o)do. (6.43)
0
By definition of ¢ (¢) and ¥ (¢), we get whenever A > 1,
|€|)\+1
> . .
\I/(K)_A+1, vl e IR (6.44)

Combining (6.42)), (6.44) and h bounded in (0, +00) we have

AH/ |un (2 t)l“ldﬁoa/ /|vun|p 1+ Ju, )0V dgdr

//|un|A+sdxdT<||h||Loo(0+oo //|fn||1—|—|un| — 1|dzdr

1, (6.45)
< 1kl =0ty o llm) ( / AR d:cdr)

1
7

t m
< Ml ol [ [ 10+l = 117

AH/|un(w )M dx

o )(p D)
T e T (6.4

1
7

< Wl zosooy 1l ( / 16+ b - um’dxdT)

fA>1+0(p—1), we get

Hence

A+A=0)(p=1)
C’9| |un| |>\i_ol(()7T;L>\+1(Q)) + ClO / |V|Un| p |dedt
3 (6.47)

< Cll </ |Un|>\m dl‘dt) " +011,
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o 1 .
where Cy = %H, Cip = W and Oy = ||h||Loo((0,+oo))||f||Lm(Q)2)‘max(la|Q|’"')- Setting

A+(1=0)(p—1)

Vp = |u,|~ » , then we have |u,| = v,""" 7T Using ([6.47)), we get

(A1)p

Colloal "0 s +Cio / Vo, Pdudt
T (6.48)

)\pm/ m/
S 011 </ U€+(1_0)(p_1)d$dt) + CH.
Q

By Lemma [2.9 ( here h =p, p = —pOHD ) apg using | , we obtain
P = 3+1-06-D

pp
/Q|vn|0dxdtSC\|vn||L]VOO(07T;L,,(Q))/Q]an|dedt

1

/ L N
<C | (/ U€+(1)\_p6)(p_1)d$dt) R %;
Q
)\pm/ #
g—ié </ vﬁ“l_e)(”_l)d:ﬁdt) + g—i;
Q
) a1 S (&+D
Apm m/ :
S C 012 </ U€+(1_0>(p_l)dl’dt) + 012
Q
_ opm! a7 (F 1)
< 013 </ U€+(1—9)(p—1)dl,dt) 4 013,
Q
p £ . m
where C5 = C'max (%“, g“) and Ci3 = C’QWCng. By virtue of m = % +1,and o > W, we
have W (N + 1) =1 and )\—i-i\p+)(pl)] < 1, applying Holder’s inequality we get
)\pm/
cOFI-0-1) Apm/
/ ’Unladxdt S 013 / |Un|o-d$dt |Q| o(A+(1-0)(p—1))
Q Q
hence applying Young’s inequality with e, we have
/ |vn | dadt < e/ v |7 dxdt + C,
Q Q
take € = %, we get
/ |’Un|adl‘dt S 014, (649)
Q
where C14 = 2C.. Then we get
Q
with 7 = o x H(l_g)(p_l) = mN(leL(pp;)W To ensure A > 1+ 6(p — 1) this needs r > p(&32 + W).
Thus, if r > p(832 + %) is proved. If 2 < r < p(&F2 + 9(p—]V1)), it is classical since ) is bounded.
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By (6.46)), (6.49), (6.50) and A > 1+ 6(p — 1), we get

/ |V, [Pdrdt < / |V, [P(1 + |, )10 Vdadt < Cys. (6.51)
Q Q

]
Lemma 6.16. Let s > 1. Assume that hypothesis (6.2)) — (6.4]) hold, h satisfies (h1) and f € L™(Q)

with N+2+86 1 N
p(N +2+0(p— 1) cme N
p(N+2+6(p—1)) = N[f(p—1)+1-1] p
Then for every solution u, of (6.13), there ezists positive constants Cas and Cyy independent of n such
that

|tn||ro,rizr ) < Coas ||unl|zr@) < Cas,

where r is defined in Theorem[0.§.

Lemma 6.17. Let s > 1. Assume that hypothesis (6.2 - hold, h satisfies (hl) and the datum
f e L™Q) with
N+2+4+60(p—1
e PN +246(p— 1)) |
PIN+2+0(p—1)) = N[f(p—1)+1—1]
Then for every solution u, of (6.13)), there exists positive constants Caz and Cos independent of n such
that

l|tnl|Lao,ma@)) < Cosy ||un||zr@) < Cos,

where q and r are defined in Theorem[6.9.

Proof of Lemmas[6.16, [6.17 For t € (0,T], taking ¢(u,) = ((1 + |un])°™ — 1)x (0, X sign(uy,),d > 0 as
test function in problem (/6.13)), using (6.2)) and (h1), we have

Vu,|P
/¢unxt dx+oz(5—|—1// 1+||uu’ —dxdr

+/ /\un\s+5+1dxd7§016/ /\anun]‘sH_“*dxdT,
0 Jo 0 Jo

¢
where ¥(0) = / ©(y)dy. By definition of ¢(¢) and ¢ (¢), we also have if 0 < § < §(p — 1)
0

(6.52)

CirllT? — Cog < (),  VLER.

By using the last inequality, Holder’s inequality in ({6.52]), we obtain
542 |V, |P
017/|unxt| dx—l—oz5+1// TESTRE pl),gdxdT

+/ /|un‘s+6+1dl’d7' < 027 1+ (/ /un|(6+1—7)m/dxd7_>m 7
0 JQ 0 JOQ
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where Cy7 positive constant depend only Cig, Cos, || f||2m (@) and meas(§2). Passing to the supremum in
t €10,7T], we get

Cualunl | +C Vo
17]|Un L°°(0TL5+2(Q 18 o (1+|un)9(13—1)—5 T

] (6.53)

1+ < / |un\(5“”>m’dxdt) "
Q

where C1g = a(d + 1). Let 1 < g < p, applying Holder’s inequality and by last inequality, we have

+ / || dadt < Cyy
Q

q(6(p—1)—9)

1
/]Vun|qudt: [V | +|“L dedt
: @ (1 fu)
|V |? z aotp==5) 5
(/Q (1 + [un])?-D5 dzdt /Q(l + [un]) dxdt (6.54)

P—gq

1+ (/ [, |1 d:z:dt) <1+/ |5 ‘”dxdt) .

where Cg is a positive constant depend only Ci, C7, Cis, Co7 and meas(Q).
By Lemma (where v = u,, p =0+ 2, h = q) and using (6.53)), (6.54)), we obtain

aNF5+2 (042) q
[ |  ddt < ||u”||L°°(0TL5+2(Q) |Vun| dxdt
Q

gt N (O(p—1)-5) e
< CQU (1—}—/ (64+1— ’Ymd:L‘dt) (1+/ |un|q9p 1)—5 dl'dt) 3
Q

Let now Choosing ¢ and such that

< Cl

g(N + 6+ 2) o
U_T G+1—7)m = Pr— (6.55)

that is
p(N+2)—NO(p—1)— Nm/(1 —~)

Nm'— N —p ’
mIN(p+v—1)+py+1) - No(p—1)]
N —-—pm+p
mN(p+v—1)+py+1) - No(p—1)]
N+2—0p—-1)(m—-1)—m(l—7)

using (6.55)) in last inequality, we get

No? T 7
/ U |7dxdt < Cyy (1 —i—/ ]un|"dxdt)
Q Q
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By virtue of m < % + 1, we have 1% + # + w47 < 1 and applying Young’s inequality, then we deduce
that
/ |un|7dxdt < Cy. (6.56)
Q

If s > p(Hm?\),tgg;pl)(l_e), then s+ 60 + 1 > o, by (6.53)), (6.55)), (6.56), Holder’s inequality and Young’s

inequality, we get

/ [+ it < Cop, (6.57)
Q
where s +0 + 1 = (m_l)[p(N“_8)_]]522;12“\[(5“_7”(1_7)). The estimates ((6.56]) and (6.57)), implies
/ fup|"dzdt < Cos. (6.58)
Q
The condition m < p(N+2+g((jj;\i—§)2)te]§/p[g(lp)l1)+17'y}’ ensure that 6 — 0(p — 1) < 0, then by (6.54), (6.55)) and
(6.56)), we can get
/ |Vu,|dzdt < Cos. (6.59)
Q
By the definitions of ¢(¢) and ©(¢), we can get whenever 6 > 0
|£|5+2

Going back to (6.52), By the above estimate , Holder’s inequality, some simplification and passing to
supermum for ¢ € (0,7), we get

S+p—6(p—1) S+p—0(p—1)
Casllfun) 25 S N e
Loo(0,T;L5FP—0(=1) (Q)) 0

€ (6.60)

+/ |U,n|5+5+1d$dt < 016||f||Lm(Q) (/ |un|(5+1—7)m/dxdt) 7

Q@ Q
1 a(§+1)pp . S+p—0(p—1) p(5+2)

where Cos = 535,02 = otp—00—1))7 " Now applying Lemma (wherev = |u,|” »  ,p= T T

h = p), from and we use the same argument as before, we obtain

/ |Un|ad$dt < 030; / |Un|rdl‘dt < 031. (661)
Q Q

. N42+0(p—1 .
In the case § > 0(p — 1) (i.e m > p(N+2+g((p_ﬂ;))+_]§[p[g(p)ll)+1_7]), combining ([6.60)), (6.61), we deduce that

/ |Vu,|Pdedt < Cyy. (6.62)
Q

The estimates (6.58), (6.59),(6.61) and (6.62) completed the proof of Lemma and Lemma
6.17] =
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Lemma 6.18. Assume that hypothesis (6.2))-(6.4) hold, h satisfies (h1) and f € L™(Q) with

p(N+2+6(p—1))
p(N+2+0(p—1)) =N(p—1)+1-19]

l<m<

Then for every solution u, of (6.13)), there exists positive constants cy,cs,cs and cg independent of n
such that

="M then

1+0(p—1
(i) If s > Hoo-lomy

|[unl|o,1L00)) < 5,

[[tn]| Lnm gy < ca

(17) If —1+9(;;np1)1mp7 < 5 < HOl—my li ™ then

|[n|Lso,7;20(0)) < co,
luallzr@) < es.
where ¢ and r are defined in Theorem |6.11).

Proof of Lemma[6.18. Fort € (0,T),let o(u,) = (14 |u,|)*™=D+m7 —1)sing(u, ) x (0, as test function
in (6.13),by (6.2) and the condition (h1), we have

Vu,
/Qw(un(:c,t))dxdT—l—a(( )4 my) // — !f’(l’ : \S m—

t (6.63)
+ / / (14 [ "Dy Z 1)dzdr < e / / |t 5P D+m9 g
0 Q 0 Q

¢
where 1({) = / ¢(0)do, ¥ € R. Since ¢ |¢|!Fsm=D+my _ ¢, < )(f), VO € R, where cg, c1, ¢y are tree

0
positive constants. By last inequality, Holder’s inequality and passing to the supremum in ¢t € (0,7,
we get

1+s(m—1)+m~y |Vun‘p
ClHunHLoo 0,T;Li+s(m=1)+mv(Q)) + C3/Q (1 + |un|)9(p—1)—s(m—1)—m'y+1

dxdt

1
o

+/ |t | dzdt < comeasQ + co | f]]Lm(o) (/ ]un](5+7)mdxdt) :
Q Q

where c3 = a(s(m — 1) + my). Using Young’s inequality with €, we have

1+s(m—1)+my |Vun|p

Lo (0,T5 L1+ (m=1) o () T CB/Q (1+ !unl)e(p‘l)‘s(m‘”‘m“dxdt

¢ fun||

~|—/ | ™ dadt < comeasQ 4 C. + 6/ |t | CT ™ At
Q Q
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Taking € = % in last inequality, implies that

1+s(m—1)+m~y + 63/ |Vun‘p
oo 1+s(m—1)+m —1)—s(m—1)—m
Lo°(0,T;L1+s(m=1)+m(Q)) o (1 + [uy )01 —s(m—T)=m+1

dxdt

¢ fun||

+/ |t | S A dt < ey, (6.64)
Q

where ¢, is a positive constant depend of cq, co, meas§2, || f||Lm ()
If s > M(Z:#, then O(p — 1) — s(m —1) —my+1 <0, from (6.64)) we get

'V, [P
p
J, s < /Q (1 Ju o st 4200 < €5 (6:69)

where c5 = ¢4. The estimates and ([6.65)) completed the proof of item (i).

(i )IfW< <1+6(’T’n# then@( 1)—s(m—1)—mvy+1>0,let 1 <q < p, applying

Holder’s inequality, we get

(6(p—1)—s(m—1)—my+1)q

V| (1 + [unl) P
/Q]Vun‘qda:dt = g 1 |)(9(p71)78(m71)*m’y+1)q dxdt
Up P
|Vu,|? v
< (/Q 1+ ’un’)e(pfl)fs(mfl)fm’ﬁ&dwdt
X ( / (L ) dwdt) o
Q
then by (6.64), we get
(B(p—1)—s(m—1)—m~y+1)qg %
/ IV dadt < cq ( / (1 + Jun) = dxdt) | (6.66)
Q Q
We now choose ¢ in order to have
Op—1)—s(m—1)—my+1
(Op—1) S(p_q) T+ 1g _ (s +7)m. (6.67)
The last equality implies that
p(s +7)m

(6.68)

- 1+60(p—1)+s
By Lemma (where v =u,, p=1+s(m—1)+my,h=qgand 0 =1 N+p ), from([6.64) and (66.66),

we obtain
(A+s(m—1)+my)q

/ |t |7 dxdt < CHunHLm(OTLHé(,,L rm (@) / |Vu,|?dzdt < c;. (6.69)
Q

m 0(p— . my)— 0(p—
If g > pVHIE N’Y)pm—&(—:;i_ ®=1) “then (s +~)m > o if s < 2L N'y_)prfi(;r @=1) “then (s +~)m < o.
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The estimates (6.64) and (6.69) yields

/ |un|"dxdt < cg. (6.70)
Q
Using (6.64) and (6.67) in (6.66]), we get
/ |Vu,|*dzdt < cy. (6.71)
Q
0

4 Proof of main results

Proof of Theorem Theorem Theorem and Theorem [0.11] Because the proof of Theorem|[6.6]
Theorem [6.9] and Theorem is similar to that of Theorem [6.8, Now we give the proof Theorem [6.§|

By Lemma we have the sequence {u,} is bounded in L"(Q) N LP(0,T; W, (€)). Then there
exist a function u € L"(Q) N LP(0,T; W, *(€)) and sub-sequence, still denoted by {u,}, such that

u, — u weakly in LP(0,T; Wy (Q)), (6.72)

up, — u weakly in L"(Q). (6.73)

From (6.33), (6.72) and (6.73) we have the sequence {2} = div a(,t, T, (uy), Vi) + (hn(un) fr —
|un|*1u,) is bounded in the space L¥ (0, T; W= (Q)) + L'(Q), using the compactness argument in

[139], we obtain that
u, — u strongly in L'(Q). (6.74)

Hence
Uy, — U a.e. in Q. (6.75)

Now, we adapting the approach of [22] Theorem 3.1] there exists a subsequence (still denoted by {u,})
such that

Vu, — Vu ae. in Q. (6.76)
From (6.75)), (6.76) and (6.3)), using Vitali’s Theorem, we obtain
a(z,t, Tp(un), Vi) — a(x, t,u, Vu) weakly in LP (Q). (6.77)

We shall now prove that |u,|*"'u, — |ul*"'u and h,(u,)fn, — h(u)f strongly in L'(Q). Indeed, let
®; be a sequence of increasing, positive uniformly bounded C'*°(Q) functions, such that

1 if s>,
di(s) — ¢ 0 if |s| <.
-1 if s < =9.
choosing ¢;(u,) as a test function in (6.13)), we get

/ g [Vt (1 )t < / (i) fohi ()t
Q Q

< ||h||L°°((0,+oo))/qubi(un)dxdt.
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The limit on ¢ implies

|unfdxdt§|vwhw“m+“mu/‘ fdudt. (6.78)

/{(w,t)EQIIUn(M)I%} {(z,t)€Q:[un(z,t)[>0}

We are going to use this inequality to show that if £ is any measurable subset of (), then

lim / |up|*dxdt =0
E

|E|—0

uniformly with respect to n. Using (6.78)), for any 6 > 0 we have

/WWMﬁgmm+/‘ lup|*ddt
E En{(z,t)€Q:|un(z,t)|>d}

< 5% E] + 1|1 (04001 / Fdudt,
{(z,t)€Q:|un (z,t)|>5}

The fact f € L'(Q) allows us to say that for any given ¢ > 0, there exist d, such that

||h||Loo((o,+oo))/ fdxdt < e.
{(z,t)€Q:|un (z,t)|>5e }

/ fwnlddt < 51| + ellhll (oo
E

In this way

and so

|El|iE>0/E Uy |*dxdt < €||h]] Lo ((0,400)) Ve >0,

we thus proved that lim g / |up|*dzdt = 0 uniformly with respect to n. Vitali’s Theorem and
implies that "

| |* 1, — ul* "t strongly in L'(Q). (6.79)
Using the same argument ones of the Theorem [6.4] we get

B (tn) fn — h(u)f strongly in L*(Q). (6.80)

Let now ¢ € C=(Q), which is zero in neighborhood of T'U (2 x {T'}). Inserting ¢ as test function in
(6.13), we get

—/un%dxdt%—/a(x,t,Tn(un),Vun)-ngda:dt
o Ot Q

+/ufl_1ungbdxdt:/hn(un)fngbd:pdt.
Q Q

let n — 400 in last inequality, by (6.74), (6.77)), (6.79) and (6.80)), we get
9¢

—/u—da:dt—i—/a(:z;,t,u, Vu) - Vodadt
Q Ot Q

—I—/Qus_lugbdxdt:/Qh(u)f(bdxdt.
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Conclusion and Perspectives

In this thesis, we have proved the existence and regularity of solutions to certain singular parabolic
problems with strong nonlinearities. More precisely, In the first step, we have approximated the singular
problems considered by another-ones non-singular, and based on the classical results that exist in the
parabolic PDEs and the application of the fixed point theorem we have proved the existence of a weak
solution to the approximate problems. In the second step, we have proved some prior estimates for
the weak solutions to the approximate problems, also we have shown an important property of these
solutions that is the strict positivity in the interior of the parabolic cylinder, which gives meaning to
a weak formulation of problems, also this property used in the proofs of convergences of the singular
terms. In the thirty steps, we have used the estimates obtained in the second step and also we used the
classical results of compacity, which permit passing to the limit in the approximate problems, and then
we obtain the solution of the problems considered. In the last step, we have localized our attention to the
study of the regularity of the solution and its gradient, which depends on the parameters (v, 0, i, s, m...)
and the summability of the data f. To achieve this regularity we have used the Gagliardo-Nirenberg
inequality.

For the perspective, we are now working on creating a new mathematical model that takes into
account the different aspects. More precisely, we are interested in studying the singular parabolic
problems with convection and reaction terms. the simple models are the following:

u A= —div(julfuB(z,t) + L inQ,

ot uY
u=0 on [, (6.81)
uo(x,t =0) = up(x) in

and

9 — Apu = |Vul? + uiy in @,
u=0 on T (6.82)
up(z,t = 0) = up(x) in Q.

Another perspective is the study of the existence and regularity of solutions to certain singular
parabolic problems in fractional concepts.
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