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Viterbo, Italie.

• Alaoui Mohammed, Professeur de l’enseignement supérieur, Faculté des Sci-
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• Rachik Mostafa, Professeur de l’enseignement supérieur, Faculté des Sciences
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iv



Abstract

In this thesis, we study the inverse source problem and controllability properties of some systems
governed by degenerate parabolic equations.

Concerning the inverse problem, in Chapter 2, we address the issue of retrieving, simultane-
ously, n source terms in a linear coupled degenerate parabolic system. Using a global Carleman
estimate with a single locally distributed observation, we derive a Lipschitz stability estimate in
determining the n source terms from local measurements of only one component of the system.

For the controllability issue, in Chapter 3, we establish the null controllability of a coupled
system of n ≥ 2 degenerate parabolic equations involving singular potentials. First, under ap-
propriate assumptions on the coupling terms, the wellposedness issue is treated using semigroup
theory and some weighted inequalities of Hardy Poincaré’s type. Then, employing a Carleman
estimate with single internal observation, we prove the null controllability of the system with
a single distributed control. In Chapter 4, we deal with the control problem of a degenerate
parabolic equation with a memory term. We start by deriving the distributed null controllability
of a nonhomogeneous equation with regular solutions. Then, as a consequence, using the Kaku-
tani’s fixed point theorem, we deduce the null controllability property for the initial memory
problem.

Coming to the Chapter 5, we investigate the boundary controllability of some 2× 2 degen-
erate parabolic systems. In particular, we provide necessary and sufficient conditions for the
approximate and null controllability of the system when a unique control force is exerted on
a part of the boundary through a Dirichlet condition. Finally, in Chapter 6, we analyze the
approximate and null controllability properties of a degenerate heat equation when a pointwise
control force acts on a single point inside the spatial domain. Our technique is essentially based
on a spectral analysis and the moment method.

Keywords: Inverse source problem, degenerate parabolic equation, degenerate/singular system,

controllability, observability, parabolic equation with memory, Carleman estimates, moment method,

minimal time.
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Résumé

Dans cette thèse, nous étudions le problème inverse de source et les propriétés de contrôlabilité
de quelques systèmes gouvernés par des équations paraboliques dégénérées.

Concernant le problème inverse, au Chapitre 2, nous abordons la question d’identification
simultanée de n termes sources dans un système parabolique linéaire dégénéré couplé. En util-
isant une estimation globale de type Carleman avec une seule observation localement distribuée,
nous dérivons un résultat de stabilité Lipschitzienne dans la détermination de n termes sources
à partir des mesures locales sur une seule composante du système.

Pour le problème de la contrôlabilité, au Chapitre 3, nous étudions la contrôlabilité à zéro
d’un système couplé de n ≥ 2 équations paraboliques dégénérées faisant intervenir des poten-
tiels singuliers. Tout d’abord, sous des hypothèses adéquates sur les termes de couplage, la
question du caractère bien posé du problème est abordée en utilisant la théorie des semigroupes
combinée par quelques inégalités de Hardy Poincaré. Ensuite, en employant une estimation
de Carleman avec une seule observation interne, nous démontrons la contrôlabilité à zéro du
système par un seul contrôle distribué. Le Chapitre 4 traite un problème de contrôle pour une
équation parabolique dégénérée avec terme mémoire. Dans un premier temps, nous établissons
la contrôlabilité à zéro d’une équation non-homogène dont les solutions sont régulières. Ensuite,
en utilisant le théorème du point fixe de Kakutani, nous déduisons la propriété de contrôlabilité
à zéro du problème mémoire initiale.

Dans le Chapitre 5, nous étudions la contrôlabilité frontière d’un système parabolique dégénéré.
En particulier, nous fournissons des conditions nécessaires et suffisantes pour la contrôlabilité
approchée et à zéro lorsqu’une seule force de contrôle est exercée sur une partie du bord au
moyen d’une condition de Dirichlet. Enfin, dans le Chapitre 6, nous étudions les propriétés de
contrôlabilité approchée et à zéro d’une équation de la chaleur dégénérée lorsqu’une force de
contrôle ponctuelle s’exerce en un seul point à l’intérieur du domaine spatial. Notre technique
est essentiellement basée sur une analyse spectrale ainsi que la méthode des moments.

Mots clés: Problème inverse de source, équation parabolique dégénérée, système dégénéré/singulier,

équation parabolique avec mémoire, contrôlabilité à zéro, observabilité, estimations de Carleman, méthode

des moments, temps minimal.
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General introduction

Over the last three decades, the inverse problems have become the most rapidly developing
fields of modern science thanks to their substantial implications on mathematical modeling of
numerous problems coming from a variety of areas such as medicine, biology, ecology, industry
and from image processing for the restoration of blurred images.

In mathematical physics, the objective of solving a direct problem is to find an exact (or
approximate) functions that describe a physical process at all points of a given domain and all
instants of an interval of time (if the phenomenon is nonstationary). Conversely, the inverse
problem aims to find unknown quantities in governing model from partial information on the
solution of the direct problem. The given measurements (also called observation) represent
the data of the inverse problem, whereas the unknown is called the solution to the problem.
The additional information depends strongly on the model under study as well as the unknown
coefficient. Of course, these observations have to be realistic from a physical point of view;
for instance, in the usual situation, we do not have the complete information on the solutions
over the whole space time domain where the model evolves. However, this information is most
frequently stated as the specification of the value of the solution on a part of the boundary or
in a region inside the domain.

It is well known that most of the inverse problems are ill-posed or improperly posed in
the sense of Hadamard; hence they are more complicated to solve than the direct problems.
Mathematically speaking, this means that either the problem has many possible solutions, or
has no solution in the desired class, or the solution is unstable, that is to say; an arbitrarily
small perturbation in the data may lead to a sufficiently large error in the solution, which may
make the derived solution meaningless. Thus, in the analysis of inverse problems, three main
issues arise naturally, namely, stability, uniqueness and reconstruction of the unknown quantity.

In this work, we restrict ourselves to study stability and uniqueness problems. Concerning
the stability, we are interested in deriving the so-called stability estimates, that is, to find an
estimation of unknown source terms or coefficients using partial measurements. On the other
hand, for the uniqueness issue, we establish whether the adopted extra observation data on the
solution may uniquely identify the unknown functions. The uniqueness and stability issues for
inverse problems has been the object of a vast number of publications. Quoting all these papers
is beyond the scope of this work. The reader interested in a complete introduction on this topic
can refer to the recent books [29, 70, 117, 126].

The fundamental tool we employ when trying to derive uniqueness and stability relies on the
so-called Carleman estimates. These are L2 weighted energy estimates for the solutions of PDEs.
They were first introduced by T. Carleman [64] in 1939, for proving the uniqueness results for ill-
posed Cauchy problems. Since then, these estimates have been rapidly developed and their area
of application has gone beyond its original field: nowadays they play a peculiar role in the study
of inverse problems and controllability issues for PDEs [29, 55, 106, 115]. Originally, Carleman
estimates were first proposed in the theory of inverse problems, by Bukhgeim and Klibanov [46]
in 1981, for proving the conditional estimate of Hölder’s type for the classical heat equation;
their arguments were based on the use of local Carleman inequalities. Then, this result has been
improved in the recent paper [115] by Imanuvilov and Yamamoto (1998), obtaining unconditional
Lipschitz stability estimates, by means of global Carleman estimates. After these fundamental

1



GENERAL INTRODUCTION 2

contributions to the study of inverse problems, there have been great articles appearing in
several dimensions of scope. The inverse problems of two coupled parabolic equations have been
established in numerous papers (see, e.g., [1, 32, 73, 74, 75, 76, 145, 163]). We refer to [29, 166]
for a more detailed survey concerning the applicability of Carleman estimates to the stability
of inverse problems. We underline the fact that all the papers mentioned above deal with the
nondegenerate setting. That is to say; the diffusion coefficients are uniformly coercive. In the
last two decades, a growing interest has been devoted to the study of degenerate parabolic
operators with degeneracy occurring at the boundary or in the interior of the space domain,
namely

Py := yt − (ayx)x, x ∈ (0, 1), (0.0.1)

with a(x0) = 0, being x0 ∈ [0, 1].
For such models, inverse problems of a scalar equation were studied in [37, 55, 63, 154, 155].

The main result in these works is the development of adequate Carleman estimates, which are
a crucial tool to obtain Lipschitz stability for term sources, initial data, potentials and diffusion
coefficients. The case of coupled systems with two parabolic equations is considered in [38, 39].
In Chapter 2, we will extend the previous results to the context of a coupled system of n ≥ 2
degenerate parabolic equations.

Another way to investigate evolution systems is to try to affect its evolution by employing
various external forces. In other words, to determine whether a system can behave precisely
according to our wishes (or in a manner arbitrarily close to it), via some quantities (called
”controls”) applied through actuators.

Mathematically speaking, a control problem can be written under the following abstract
form

dy

dt
= F (y, u), t > 0, y(0) = y0, (0.0.2)

where y0 is the initial datum, y is the state of the system that we are willing to control; it belongs
to an appropriate state space H. On the other hand, u is the control function that lies in a
set of admissible controls U . To control system (0.0.2) means to find an appropriate function
u ∈ U such that the associated solution can be steered from a given initial state to an arbitrary
target in a finite time: this is controllability, one of the central notions in this thesis. The system
(0.0.2) is said to be exactly controllable when any desired state of H can be achieved from any
initial datum in an arbitrary finite time T > 0. In a particular case, if the state of this system
can be steered to the equilibrium, then we speak of null controllability. Then, the system has
approximate controllability property if, from any initial datum, the system can be driven to a
state arbitrary close to the prescribed target. Finally, the controllability to trajectories ensures
that every trajectory (i.e. the value at the final time of a solution of the uncontrolled equation)
can be achieved from any initial state y0. See Section 1.4 in Chapter 1 for more details.

Now, let us briefly review some existing results concerning the controllability of parabolic
systems. We focus on those results that are very much connected with the topics of this work.

The controllability of scalar and non-scalar uniformly parabolic systems has attracted the
interest of many researchers and important progress has been made during the last decades. To
our best knowledge, the first results on the controllability of the scalar equation, date back by
about half a century, concerns the one-dimensional heat equation. They have been established
by H.O. Fattorini and D.L. Russell (see [86, 87]) through the so-called moment method (for more
details, see Subsection 1.4.3.2 in Chapter 1 of this thesis). Later on, the null controllability prob-
lem for parabolic equation (with both boundary and distributed controls) has been established
independently by Lebeau and Robbiano [129] and Fursikov and Imanuvilov [106] in arbitrary
space dimensions via Carleman estimates. Also, controllability of degenerate parabolic equa-
tions has been investigated by many authors in the last years. Let us mention the pioneering
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work [56], where the authors prove that the degenerate equation

ut − (xαux)x = 0, x ∈ (0, 1), (0.0.3)

with suitable boundary conditions, is null controllable by means of distributed controls or bound-
ary controls (located at the non degenerate point) whenever α ∈ [0, 2). Their approach consists
in deriving suitable observability estimate for the adjoint system through new Carleman esti-
mates. On the contrary, the null controllability fails to hold when the aforementioned condition
on α is violated (i.e. when α > 2), see [57]. After those first results, several other works ap-
peared extending them in various situations, such as problems involving a more general diffusion
coefficient and nondivergence form operators, see [5, 52, 55, 63, 104]. To our best knowledge, the
question of controllability of (0.0.3) via an internal control supported on a single point inside
the space domain, has not been addressed. This will be the subject of Chapter 6 of this work.

We remark the fact that all the papers cited above, consider the case where the degener-
acy occurs at the boundary of the space domain. To our knowledge, [104, 105] are the first
works dealing with controllability for operators with mere degeneracy at the interior of the
space domain. Later on, parabolic operators that couples a degenerate diffusion coefficient with
a singular potential has been considered in numerous works, obtaining substantial progress.
Among these papers, we mention [95, 96, 101, 103], where the authors obtain results concerning
well-posednessn, Carleman estimates and controllability.

Coming to the point of control of non-scalar systems, it is by now well understood to the
control community that, the controllability of coupled systems with a low number of controls,
is a challenging issue. We mention [15, 16, 22, 107, 79] among some very initial works on the
distributed controllability problems for coupled parabolic systems. In particular, in [14, 18] the
authors provide a necessary and sufficient condition (more precisely a Kalman rank condition) for
the distributed null-controllability of n×n parabolic systems. It is also worth mentioning [108],
where the authors studied the distributed null-controllability of the so-called cascade system of
n ≥ 1 coupled parabolic equations with a single control force. The extension of such results to
the context of a degenerate/singular cascade system will be the subject of Chapter 3.

Further, concerning the boundary control problem, we must say that the boundary con-
trollability of non-scalar systems (with less number of controls) are fascinating and challenging
problems in the field of control theory. This is mainly due to the fact that the very powerful
Carleman approach is often inefficient in this framework. There are only a few results on this
setting and most of them concern the one-dimensional case with constant coefficients. We refer
to [17, 88], where a necessary and sufficient condition is exhibited. In Chapter 6, as in the
papers above, we will discuss the boundary controllability properties of a coupled system of two
degenerate parabolic equations.

On the other hand, it should be noted that, in all the papers quoted so far, the considered
systems have the property that the mathematical-physical description of their state at a given
instant is affected only by its current state. However, in various fields of science and engineering
such as in the heat conduction in materials with memory, the theory of population dynamics
and nuclear dynamics reactors (see, e.g., [120, 128, 165, 169]), it is essential to take into account
the effect of the past story while describing the system as a function at a given point of time.

For instance, in the analysis of space-time-dependent reactor dynamics, if the effect of the
linear temperature is taken into account and the reactor model is considered as an infinite rod,
then the group neutron flux z := z(t, x) and the temperature w := w(t, x) in the reactor can be
formulated as a coupled parabolic-ODE system (see, e.g., [121, 128]):{

zt − (a(x)zx)x = (γ1w + γ2 − 1)Σfz,
ργwt = γ3Σgz,

t > 0, x ∈ R,

where a is the diffusion coefficient and γ, Σf , Σg, γi (i = 1, 2, 3) are physical quantities. By
integrating the ODE equation over (0, t) and plugging it into the first equation, we obtain a
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parabolic equation involving nonlinear memory term:

yt − (a(x)yx)x + by

∫ t

0
y(τ, x) dτ + cy = 0, t > 0, x ∈ R, (0.0.4)

where b, c are constants depending on the initial temperature and different physical parameters.
In this thesis, more precisely in Chapter 4, we consider a degenerate linear version of (0.0.4)

with a more general zero order memory, namely yt − (a(x)yx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu (t, x) ∈ (0, T )× (0, 1),

y(0, x) = y0(x), x ∈ (0, 1),

under appropriate boundary conditions, with T > 0 and a ≥ 0 in [0, 1]. We aim to establish the
null controllability property for such a model. We emphasize that significant difficulties arise
from both the degeneracy of the diffusion coefficient as well as the particular form of the memory
term. This makes the problem under investigation exciting and completely different from the
existing works (see e.g., [76, 110, 153]).

Apart from this introduction, this thesis consists of six chapters:

• Chapter 1: We review the main concepts and results related to the notions of inverse
problem and controllability. We focus on those aspects that will be used in the sequel.

• Chapter 2: We deal with the analysis of an inverse source problem for a coupled system
of n degenerate parabolic equations. In particular, we investigate stability estimate of
Lipschitz type in recovering the n source terms in such a system from the data of only a
single component of the vector solution on an arbitrary interior domain. The proof of this
result is mainly based on appropriate Carleman estimates with a unique local observation.

• Chapter 3: We consider a coupled system of n ≥ 2 degenerate/singular parabolic equa-
tions, with degeneracy and singularity occurring in the interior of the space domain. First,
we provide conditions guaranteeing that the system under study is well-posed in appropri-
ate weighted Hilbert spaces. Then, the null controllability result, with a single control, is
proved by duality argument by means of an observability inequality for the adjoint system.

• Chapter 4: We establish the null controllability of a degenerate parabolic equation involv-
ing a memory term, under the action of a distributed control. Using appropriate Carleman
estimates, we prove the null controllability of an equation with source term. Then, the
controllability result for the memory system is obtained under a suitable assumption on
the memory kernel, via a classical fixed point argument.

• Chapter 5: Controllability properties of some 2 × 2 coupled degenerate parabolic sys-
tems with a constant coupling matrix when a scalar control force is exerted on a part of
the boundary of the spatial domain is studied. In particular, we provide necessary and
sufficient conditions for the null and approximate controllability. Our approach is based
on spectral analysis and the moment method.

• Chapter 6: We study the controllability properties of degenerate heat equation when a
control force acts on a single point in the interior of the space domain. We discuss both
approximate and null controllability. We give a necessary and sufficient condition for the
approximate controllability. On the other hand, we show that a minimal time of pointwise
null controllability arises. The fundamental ingredient for deriving these results is the
moment method.

A final comments on the notation: by Q we shall denote the square (0, T ) × (0, 1), and by
C, CT universal positive constant, which are allowed to vary from line to line.
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Main contents of the thesis

In this thesis, we are interested in inverse source problem and controllability properties of some
systems governed by degenerate parabolic equations.

In the following, we present a preliminary survey of the contents of each chapter, introducing
the main results that we achieved with more details.

Chapter 2: Inverse problem for degenerate coupled systems

In this chapter, we analyze the simultaneous identification of n source terms f1, · · · , fn in the
following degenerate coupled parabolic system

∂ty1 − d1(a(x)y1x)x +

2∑
j=1

b1jyj = f1, (t, x) ∈ Q,

∂ty2 − d2(a(x)y2x)x +
3∑
j=1

b2jyj = f2, (t, x) ∈ Q,

...

∂tyn − dn(a(x)ynx)x +

n∑
j=1

bnjyj = fn, (t, x) ∈ Q,

y1(0, x) = y0
1(x), ..., yn(0, x) = y0

n(x), x ∈ (0, 1),

(0.0.5)

associated to appropriate boundary conditions and where (y0
k)1≤k≤n ∈ L2(0, 1)n, the potentials

bkj ∈ L∞(Q) (1 ≤ k, j ≤ n), the diffusion coefficient a vanishes at x = 0 (i.e., a(0) = 0) and
satisfies suitable assumptions.

In particular, we are interested in solving the following problem: is it possible to retrieve the
source terms f1, ..., fn from a reduced number of interior observations of the vector solution on
a subregion ω of (0, 1)?

The key ingredient relies on suitable Carleman estimates for (0.0.5) with a reduced number
of locally distributed observations.

In this purpose, we consider t0 ∈ (0, T ) and denote

Qt0 := (t0, T )× (0, 1), ωt0 := (t0, T )× ω, T ′ :=
T + t0

2
.

Then, as a first step, we derive a new Carleman inequality with a locally distributed observation
for a single degenerate equation, and hence, a Carleman estimate for the coupled system (0.0.5)
by means of n components of the vector solution localized in ω′t0 := (t0, T )×ω′, with ω′ b ω, of
the form:

n∑
k=1

J (yk) ≤ C
n∑
k=1

(∫∫
Qt0

f2
ke

2sΦ dx dt+

∫∫
ω′t0

s3θ3y2
ke

2sΦ dx dt
)
, (0.0.6)

for all s ≥ s0 (s0 being a suitable large constant), where θ(t) is a smooth function, going to +∞
at t = 0, T , and ϕ,Φ are appropriate negative functions going to −∞ at t = 0, T . Here

J (y) :=

∫∫
Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθa(x)y2

x + s3θ3 x2

a(x)
y2
)
e2sϕ dx dt.

Major steps in the proof of the previous inequality are based, in particular, on the following
Hardy-Poincaré type inequality:∫ 1

0

a(x)

x2
y2(x) dx ≤ CHP

∫ 1

0
a(x)y2

x(x) dx.
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Note that, the estimate (0.0.6) could be used to prove Lipschitz stability in determining all the
source terms in (0.0.5) from interior measurements of all components of the solution. However,
thanks to the cascade structure of the considered system, i.e., bkj = 0 (1 ≤ k ≤ n, k+1 ≤ j ≤ n),
we can eliminate n−1 local terms in the right hand side of (0.0.6). More precisely, we can prove
that the following holds:

n∑
k=1

J (yk) ≤ C
( n∑
k=1

∫∫
Qt0

sRθRf2
ke

2sΦk dx dt+

∫∫
ωt0

y2
1 dx dt

)
, (0.0.7)

for some positive constant R, under the following assumption on the coupling terms

supp(bk−1k) ∩ ωt0 6= ∅, ∀k : 2 ≤ k ≤ n. (0.0.8)

Here, Φk (1 ≤ k ≤ n) is an appropriate weight function satisfying Φk → −∞ at t = 0, T . Next,
let C0 > 0, we define

S(C0) := {f ∈ H1(0, T ;L2(0, 1)) : |ft(t, x)| ≤ C0|f(T ′, x)|, for almost all (t, x) ∈ Q}.

Hence, taking the above Carleman estimate into account, and following the approach introduced
by Imanuvilov and Yamamoto [115], for all fk ∈ S(C0) (1 ≤ k ≤ n), we derive a stability estimate
of the form:

n∑
k=1

‖fk‖2L2(Q) ≤ C
( n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) + ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
, (0.0.9)

where C is a positive constant independent of these source terms.
Furthermore, if we restrict ourselves to the case where the source terms take the form

fk(t, x) = gk(x)rk(t, x), ∀k : 1 ≤ k ≤ n,

where rk ∈ C1([0, T ]×[0, 1]) are given smooth functions and gk ∈ L2(0, 1) the unknown functions,
then the uniqueness result follows as a direct consequence of (0.0.9).

Chapter 3: Controllability of degenerate/singular cascade systems

Let n ≥ 1 and ω be an arbitrary nonempty open set of (0, 1). We consider the following coupled
system of n degenerate/singular parabolic equations, where only the first equation is controlled:

∂ty1 − d1(a(x)y1x)x −
n∑
j=1

λ1j

b1j
yj +

n∑
j=1

a1jyj = v1ω, (t, x) ∈ Q,

∂ty2 − d2(a(x)y2x)x −
n∑
j=1

λ2j

b2j
yj +

n∑
j=1

a2jyj = 0, (t, x) ∈ Q,

...

∂tyn − dn(a(x)ynx)x −
n∑
j=1

λnj
bnj

yj +
n∑
j=1

anjyj = 0, (t, x) ∈ Q,

yk(t, 0) = yk(t, 1) = 0, 1 ≤ k ≤ n, t ∈ (0, T ),

yk(0, x) = y0
k(x), 1 ≤ k ≤ n, x ∈ (0, 1),

(0.0.10)

where dk > 0, 1 ≤ k ≤ n, λkj > 0, akj ∈ L∞(Q) (1 ≤ k, j ≤ n), the coefficients a, bkj ,
1 ≤ k, j ≤ n are positives, vanishes at the same interior point x0 ∈ (0, 1) and satisfying suitable
assumptions near this point, (y0

1, · · · , y0
n) ∈ L2(0, 1)n is the initial condition and v ∈ L2(Q) is

the scalar control force.
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The first object of this chapter is to study the well-posedness of the coupled system (0.0.10)
through the semigroup theory and the following improved Hardy-Poincaré inequality

dk

∫ 1

0
ay2

x dx− λkk
∫ 1

0

y2

bkk
dx ≥ Λk

∫ 1

0
ay2

x dx (0.0.11)

in a suitable weighted Hilbert space, for some constants Λk ∈ (0, dk].
Our second aim is to analyze the indirect null controllability property of the degenerate/singular

parabolic system (0.0.10), that is, to control all the equations in (0.0.10) by means of one con-
trol force, with the hope that one can act indirectly on the uncontrolled equations thanks to the
coupling terms ak,j and bkj . In particular, our main result is the following.

Theorem 0.0.1. Suppose that the coupling terms ak,j and bkj and the constants λkj satisfy
appropriate assumptions. Then, given (y0

1, · · · , y0
n) ∈ L2(0, 1)n, there exists a control function

v ∈ L2(Q) such that the corresponding solution to (0.0.10) satisfies

yk(T, ·) = 0 in (0, 1), ∀k : 1 ≤ k ≤ n. (0.0.12)

The main idea of the proof of Theorem 0.0.1 consists in deriving an appropriate Carleman es-
timate (with one locally distributed observation) for any solution Z = (zk)1≤k≤n of the following
adjoint system

∂tzk + dk(a(x)zkx)x +
k+1∑
j=k−1

λjk
bjk

zj −
k+1∑
j=1

ajkzj = 0, (t, x) ∈ Q,

zk(t, 0) = 0, zk(t, 1) = 0, t ∈ (0, T ),

zk(T, x) = zTk (x), x ∈ (0, 1),

(0.0.13)

where zTk ∈ L2(0, 1) and 1 ≤ k ≤ n and deduce an observability inequality, of the form

‖Z(0, ·)‖2L2(0,1)n ≤ CT
∫∫

(0,T )×ω
z2

1(t, x)dx dt, (0.0.14)

for a positive constant CT > 0 depending only on T and ω.
The estimate (0.0.14) is often also referred to as indirect observability since it provides a

quantitative estimate of the total energy for the adjoint system at t = 0 in terms of the observed
quantity of only one component, by means of the observability constant CT .

Let us now briefly explain the main steps of the proof strategy of the observability inequality
(0.0.14). We are going to proceed in three steps.

Step 1. We prove a Carleman inequality with n locally distributed observations, in a sub-
region ω′ b ω of the following form

n∑
k=1

I(zk) ≤ C
n∑
k=1

∫∫
(0,T )×ω′

s2θ2z2
ke

2sΦ dx dt, (0.0.15)

where

I(zk) :=

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt,

for all s ≥ s0 (s0 being a suitable constant), where θ(t), Φ(t, x) and ϕ(t, x) are suitable weight
functions.

The presence of the degeneracy and singularity, in the considered problem, at the same
time generates significant difficulties in the proof of (0.0.15). Thus, a convenient choice of the
weight functions Φ, ϕ, which bring some correction to the degeneracy/singularity, combined with
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an appropriate application of the standard cut-off argument and the following Hardy-Poincaré
inequality ∫ 1

0

y2

bkk
dx ≤ Ck

∫ 1

0
ay2

x dx (0.0.16)

for some constants Ck > 0, will be the key ingredients in order overcome these difficulties.
Notice that, the estimate (0.0.15) could be used to derive the null controllability result of

(0.0.10) via n control forces. However, in practice, it is worthwhile to control the n components
of the system via a low number of controls and the best would be to do it by a single one.

Step 2. We try to reduce the number of the local observations in the right hand side of (0.0.15)
so that we get a Carleman inequality with single observation in the control zone (0, T ) × ω, of
the form

n∑
k=1

I(zk) ≤ C
∫∫

(0,T )×ω
z2

1 dx dt. (0.0.17)

The main technical tool for obtaining this result will be the following inequality

Jω′0(l,Φk, zk) ≤ ε
k+1∑
j=k

I(zk) + Ck

(
1 +

1

ε

) k−1∑
j=1

Jω0(lj ,Φk−1, zj), (0.0.18)

for some constants l, lj > 0 and a sufficiently small ε with ω′0 b ω0 b ω′ b ω and

Jω(d, φ, z) := sd
∫∫
Qω

θdz2e2sφ dx dt

which is valid under a technical condition on the coupling terms. More precisely, (0.0.18) holds
true provided that the support of the coupling terms

−akk−1 +
λkk−1

bkk−1
∀k ∈ {2, · · · , n}

intersect the control domain (0, T ).

Step 3. Finally, employing the Carleman inequality (0.0.17) together with some energy es-
timates, we obtain the observability inequality (0.0.14), which yields the indirect null controlla-
bility result for the coupled degenerate/singular system (0.0.10) by means of standard duality
arguments (see Proposition 1.4.1 in Chapter 1).

Chapter 4: Controllability of degenerate equation with memory

The purpose of this chapter is to study the null controllability property of the following degen-
erate parabolic equation with memory yt − (a(x)yx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu (t, x) ∈ Q,

y(0, x) = y0(x), x ∈ (0, 1),

(0.0.19)

with suitable boundary conditions. Here v = v(x, t) is a locally distributed control which is
acting on the system at a small set ω ⊂ (0, 1), y = y(x, t) is the state and y0 is any given initial
condition and the function a is the diffusion coefficient and we assume that it depends on the
space variable x and degenerates at the boundary of the state space.
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We are going to prove that, if the kernel b has an exponential decay at the end of the time
horizon [0, T ], then, the system (0.0.19) is null controllable, i.e., for any y0 ∈ L2(0, 1), there
exists a control function v ∈ L2(Q), such that the solution of (0.0.19) fulfills

y(T, ·) = 0 in (0, 1).

More precisely, the main result of this chapter reads as follows:

Theorem 0.0.2. Let T > 0, k ≥ 0 and assume that b satisfies

(T − t)2ke
C

(T−t)2 b ∈ L∞((0, T )×Q), (0.0.20)

for some constant C > 0. Then, for any y0 ∈ L2(0, 1), there exists u ∈ L2(Q) such that the
associated solution y of (0.0.19) satisfies

y(T, ·) = 0 in (0, 1).

A common strategy to show null controllability for a linear parabolic equation is based
on proving an observability inequality for the associated adjoint system through appropriate
Carleman estimates. Nevertheless, the usual Carleman inequalities do not seem to be appropriate
for studying the controllability problem for integro-differential equations like (0.0.19), since the
memory terms cannot be controlled by the local estimates. Therefore, to overcome this difficulty,
we shall introduce a nonhomogeneous degenerate parabolic equation{

yt − (a(x)yx)x = f + 1ωu (t, x) ∈ Q,
y(0, x) = y0(x), x ∈ (0, 1),

(0.0.21)

with f ∈ L2(Q), for which we prove the null controllability result via new Carleman estimates
with a weight time function that do not blow up at t = 0. Finally, a fixed point argument is
successfully applicable in an appropriate weighted space to deduce the null controllability result
for the initial system (0.0.19), under a convenient condition on the kernel b.

Let us now briefly discuss the main steps of the proof of Theorem 0.0.2. We proceed in
several steps:
Step 1. Modified Carleman estimate.

We derive a new Carleman estimate with weight time function not exploding at the initial
time t = 0. More precisely, we will prove that the following inequality holds:

‖v(0)‖2L2(0,1) +

∫∫
Q

(sβ)kv2e2sΦ dx dt

≤ C
(∫∫

Q
(sβ)kg2e2sσ dx dt+

∫∫
Qω

(sβ)k+3v2e2sσ dxdt
)

(0.0.22)

for all k ≥ 0 and all s ≥ s0 (s0 being a large constant). Here β is a smooth time function, going
to +∞ at t = T and Φ, σ are appropriate negative time-space functions going to −∞ at t = T .

The above estimate follows from a combination of the usual Carleman inequality for the
degenerate parabolic equation and some energy estimates for the system (0.0.21).

Step 2. Null controllability for (0.0.21)
Following the classical approach, introduced in [106], with the modified Carleman estimate

in the previous step, we can derive a null controllability result for (0.0.21). Nevertheless, as in
the classical case [153], this result is not sufficient to obtain the controllability of the integro-
differential equation (0.0.19).

To our purpose, we will need to prove the null controllability for (0.0.21) with more regular
state. To this end, we introduce the following weighted space:

Es,k =
{
y solution of (0.0.21) : (sβ)−k/2e−sσy ∈ L2(Q)

}
.
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Note that, if y ∈ Es,k, then ∫∫
Q

(sβ)−ke−2sσy2 dxdt < +∞.

Since the weight σ decay to 0 as t→ T−, the boundedness of the above integral implies

y(T, ·) = 0 in (0, 1).

More precisely, the main result of this step is the following.

Theorem 0.0.3. Let T > 0 and k ≥ 0. Assume (sβ)−k/2e−sΦf ∈ L2(Q) with s ≥ s0. Then, for
any y0 ∈ H1

a(0, 1), there exists u ∈ L2(Q) such that the associated solution y of system (0.0.21)
belongs to Es,k.

Moreover, there exists a positive constant C such that the couple (y, u) satisfies∫∫
Q

(sβ)−ke−2sσy2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sσu2 dxdt

≤ C
(∫∫

Q
(sβ)−ke−2sΦf2 dx dt+

∫ 1

0
y2

0 dx
)
. (0.0.23)

Here H1
a(0, 1) is a suitable weighted Sobolev space to be specified later on.

Step 3. Null controllability for an intermediate system
Let w ∈ Es,k,R =

{
w ∈ Es,k : ‖(sβ)−k/2e−sσw‖L2(Q) ≤ R

}
, where R > 0 is an arbitrary

constant.
As an immediate consequence of the result in the previous step, one can deduce that the

following system is null controllable yt − (a(x)yx)x =

t∫
0

b(t, s, x)w(s, x) ds+ 1ωu (t, x) ∈ Q,

y(0, x) = y0(x), x ∈ (0, 1).

(0.0.24)

More precisely, one has.

Proposition 0.0.1. Let T > 0 and k ≥ 0. Assume that the memory kernel b satisfies (0.0.20).
Then, for all w ∈ Es,kR and for any y0 ∈ H1

a(0, 1), there exists u ∈ L2(Q) such that the associated
solution y of system (0.0.24) belongs to Es,k.

Step 4. Conclusion. By Proposition 0.0.1 and the Kakutani’s fixed point theorem, we can
deduce the null controllability of the memory system (0.0.19) with regular initial data. Then,
by means of a standard argument, we can extend this result to the case of initial conditions of
L2(0, 1).

Remark 1. It is worth mentioning that, from the results in Guerrero and Imanuvilov [110], it
seems that the null controllability property of parabolic equations with memory may fail without
any additional conditions on the kernel. On the other hand, observe that the condition (0.0.20)
just restricts the function b very near T , which is due to the fact that the weight function β in
the Carleman estimate (0.0.23) blows up at t = T .
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Chapter 5: Boundary controllability for coupled degenerate systems

This chapter deals with the analysis of boundary controllability properties of the following
degenerate coupled parabolic system

∂ty − (xαyx)x = Ay, in Q,
y(t, 1) = Bv(t), in (0, T ),{

y(t, 0) = 0, 0 ≤ α < 1

xαyx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

y(0, x) = y0(x), in (0, 1),

(0.0.25)

where 0 ≤ α < 2 , A ∈ L(R2) and B ∈ R2 are given, v = v(t) is the control function and
y = (y1, y2)∗ is the state of the system.

It is known that, the boundary controllability result for a scalar degenerate parabolic equa-
tion (with a control acting at the extremity x = 1) can be easily derived from the corresponding
distributed controllability (with a control supported on a small open set inside the domain) and
vice versa. Similarly, when we exert two boundary controls, the system is null controllable at
any time T > 0. Nevertheless, we will see that the situation is completely different in the case
where we exert only one boundary control on the system. More precisely, the distributed and
boundary controllability properties of coupled system (0.0.25) are not equivalent.

We recall that, the null controllability of the following controlled system{
∂ty − (xαyx)x = Ay +B1ωv, in Q,

y(0, x) = y0 ∈ L2(0, 1), in (0, 1),
(0.0.26)

with the same boundary conditions as in (0.0.25), holds if and only if the following algebraic
Kalman’s rank condition

rank[B|AB] = 2, (0.0.27)

is fulfilled (see, for instance, [84]).
Besides, we will prove that, unlike for system (0.0.26), the condition (0.0.27) is necessary

but not sufficient for the null controllability of system (0.0.25).
To this purpose, let us first introduce the following notations:

να =
|1− α|
2− α

and κα =
2− α

2
> 0,

where (jνα,k)k≥1 is the sequence of the zeros of Bessel functions of the first kind of order να (for
a precise definition, see Subsection 5.3.1 in Chapter 5). Hence, the main result of this chapter
will be the following:

Theorem 0.0.4. Let µ1 and µ2 the eigenvalues of the matrix A. Then, system (0.0.25) is null
controllable at time T > 0 if and only if (0.0.27) holds and

κ2
α(j2

να,n − j
2
να,l) 6= µ2 − µ1, ∀n, l ∈ N∗, with n 6= l.

We emphasize that, as we have mentioned before, unlike the distributed controllability,
Carleman estimates for the associated adjoint system to (0.0.25) do not seem to works when
dealing with the boundary null controllability issue.

Furthermore, we will show that, the null boundary controllability property for system (0.0.25)
is equivalent to the corresponding approximate controllability.
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Chapter 6: Pointwise controllability of degenerate heat equation

In this chapter, we consider the following controlled degenerate heat equation

yt − (xαyx)x = δbv(t), (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T ),{

y(t, 0) = 0, 0 ≤ α < 1

xαyx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(0.0.28)

where 0 ≤ α < 1, y0 ∈ L2(0, 1) and v(t) is the control function which acts on a single point
b ∈ (0, 1). We aim to investigate controllability properties for system (0.0.28).

To this, with the same notations as above, we define the following set:

Sνα =
{( jνα,k

jνα,n

) 1
κα , n > k ≥ 1

}
.

In the first main result of this work, we provide a necessary and sufficient condition for the
approximate controllability of problem (0.0.28). One has.

Theorem 0.0.5. Equation (0.0.28) is approximately controllable at time T > 0 if and only if

b /∈ Sνα . (0.0.29)

Theorem 0.0.5 will be proved through the classical method (see Proposition 1.4.12 in Chapter
1). In particular, it relies on the validity of the following unique continuation property

ϕ(·, b) = 0 on (0, T )⇒ ϕ0 = 0 in (0, 1),

for all solutions of the associated adjoint problem

ϕt + (xαϕx)x = 0, (t, x) ∈ Q,
ϕ(t, 1) = 0, t ∈ (0, T ),{

ϕ(t, 0) = 0, 0 ≤ α < 1

xαϕx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕ(T, x) = ϕ0(x), x ∈ (0, 1),

(0.0.30)

This property, in turn, will be established employing a spectral approach.
Let us now present the pointwise null controllability result for the system (0.0.28). This is

the second main achievement in this chapter. It reads as follows.

Theorem 0.0.6. Let y0 ∈ L2(0, 1) and assume that condition (0.0.29) holds. Let us define

T (b, α) = lim sup
k→+∞

−
log(|Φνα,k(b)|)

λνα,k
.

Then, given T > 0, one has:

1. If T > T (b, α), the equation (0.0.28) is null controllable at time T .

2. If T < T (b, α), the equation (0.0.28) is not null controllable at time T .

The first point in Theorem 0.0.6 will be achieved via moment method, whereas for the second
point, we proceed by duality arguments (see Proposition 1.4.1 in Chapter 1). In particular, we
will show that, when T < T (b, α) the observability inequality

‖ϕ(0, ·)‖2L2(0,1) ≤ C
∫ T

0
ϕ(t, b)2 dt,
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fails to hold.
From Theorem 0.0.6, we deduce that system (0.0.28) has a null controllability minimal time

T (b, α) which strongly depends on the control position b and on the rate of the degeneracy α.
At this stage, the following question automatically arise: given T ∗ ∈ [0,+∞], does there exist
α ∈ [0, 2) and b ∈ (0, 1) fulfilling (0.0.29) and such that T (b, α) = T ∗ ? This is an interesting
and probably difficult open question that we shall discuss in the last part of this thesis.



Chapter 1

Preliminaries

This chapter is outlined as follows: In Section 1.1, we introduce some fundamental results con-
cerning the semigroup operators. Then, we present some results on existence and uniqueness for
nonhomogeneous abstract Cauchy problems. In Section 1.2, we provide a brief introduction on
parabolic operators involving degenerate diffusion coefficients and singular potentials. Notably,
in a first part, we focus on degenerate operators. Then, we develop a quick discussion on the
operators that couple degeneracy and singularity. Next, Section 1.3 is concerned with the inverse
problems for degenerate parabolic equations. In particular, we show how Carleman estimates
could be used to prove Lipschitz stability estimate in recovering a source term in the problem
under consideration, and then we comment on the inverse diffusion constant issue. Finally, in
Section 1.4, we recall some fundamental results on controllability of linear differential systems.
We begin by introducing various variants, such as, exact, approximate, null controllability and
controllability to trajectories, and its reciprocal relations. Then, we present, in details, the issues
of distributed and boundary controls of scalar parabolic equations.

1.1 Semigroup operators and abstract Cauchy problem

In this section, we recall some well known results on semigroup theory. We shall focus on
those aspects which are useful for the next chapters. For more details and advanced results, see
[19, 65, 72].

Throughout this section, H denotes a real Hilbert space with the inner product 〈·, ·〉 and the
corresponding norm ‖ · ‖.

1.1.1 Semigroup operators

We begin by stating some basic definitions and properties.

Definition 1.1.1. A linear unbounded operator in H is a pair (A,D(A)), where D(A) is a
linear subspace of H and A is a linear mapping D(A)→ H.

Here D(A) is called the domain of A.

Definition 1.1.2. 1. An operator A is said to be dissipative if

〈Au, u〉 ≤ 0, (1.1.1)

for all u ∈ D(A).

2. A is said to be maximal dissipative if

(i) A is dissipative;

14
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(ii) for all λ > 0 and all f ∈ H, there exists u ∈ D(A) such that u − λAu = f ; i.e.,
(I − λA) is surjective ∀λ > 0.

Definition 1.1.3. The adjoint A∗ of A is the linear operator

A∗ : D(A∗) ⊂ H → H

x 7→ A∗x,

where
D(A∗) =

{
u ∈ H : ∃c > 0, ∀v ∈ D(A), |〈Av, u〉| ≤ c‖v‖

}
.

Definition 1.1.4. Let A : D(A) ⊂ H → H be a linear operator such that D(A) = H and let
A∗ be the adjoint operator of A. Then, A is said to be self-adjoint if

D(A∗) = D(A), and A = A∗.

Theorem 1.1.1. [65, Corollary 2.4.8] If A is a self-adjoint dissipative operator, then A is
maximal dissipative.

Now, we are going to present some recent results on the semigroup operators. First, we begin
by recalling the following definitions.

Definition 1.1.5. A family (T (t))t≥0 of bounded linear operators from H into H is a strongly
continuous semigroup (or simply C0-semigroup) on H provided that

(i) T (0) = I;

(ii) T (s+ t) = T (s)T (t), for every t, s ≥ 0;

(iii) lim
t→0+

T (t)u = u, ∀u ∈ H (strong continuity).

Definition 1.1.6. A semigroup of contractions is a C0-semigroup satisfying

‖T (t)‖ ≤ 1, ∀t ≥ 0.

Definition 1.1.7. The linear operator A defined by

D(A) :=
{
u ∈ H : lim

t→0+

T (t)u− u
t

exists
}

and

Au = lim
t→0+

T (t)u− u
t

, for u ∈ D(A),

is called the infinitesimal generator (or simply generator) of the semigroup T .

The next theorem due to R.S. Phillips characterizes generators of C0-semigroups of contrac-
tions in terms of maximal dissipativity.

Theorem 1.1.2. [19, Theorem 2.8] Let A : D(A) ⊂ H → H be a linear operator. Then, the
following properties are equivalents:

• A is the infinitesimal generator of a C0-semigroup of contractions;

• A is maximal dissipative;

• A∗ is maximal dissipative.

We end this section by the following result.

Theorem 1.1.3. Let A be a maximal dissipative self-adjoint operator, then A generates an
analytic semigroup on H.

For a precise definition and more properties on analytic semigroup we refer to [83, Chapter
II].
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1.1.2 Abstract Cauchy problem

Consider the following nonhomogeneous Cauchy problem dy(t)

dt
= Ay(t) + f(t), t ∈ (0, T )

y(0) = y0,
(CP)

where f : [0, T [→ H. Throughout this subsection, we assume thatA is the infinitesimal generator
of a C0-semigroup (T (t))t≥0.

Definition 1.1.8. Assume that y0 ∈ H and f ∈ Lp(0, T ;H). A function y : [0, T [→ H is said
to be:

i) a classical solution of (CP) on [0, T ] if y ∈ C([0, T ];D(A))∩C1([0, T ];H) and satisfies (CP)
on [0, T ].

ii) a mild solution if y ∈ C([0, T ];H) fulfills

y(t) = T (t)y0 +

∫ t

0
T (t− τ)f(τ) dτ, ∀t ∈ [0, T ].

iii) a strong solution if y ∈ Lp(0, T ;D(A)) ∩W 1,p(0, T ;H) and fulfills (CP) for a.e. t ∈ [0, T ].

Thus, the next well-posedness result holds thanks to the standard theory of semigroups.

Proposition 1.1.1. [34, Proposition 3.3 & 3.8]

i) For all f ∈ H1(0, T ;H) and all y0 ∈ D(A), the problem (CP) admits a unique classical
solution

y ∈ C([0, T ];D(A)) ∩ C1([0, T ];H). (1.1.2)

ii) For all f ∈ L2(0, T ;H) and all y0 ∈ [D(A), H]1/2, the problem (CP) admits a unique strong

solution y ∈ H1(0, T ;H) ∩ L2(0, T ;D(A)).

iii) If moreover, we assume that A generates an analytic semigroup. Then, for all f ∈ L2(0, T ;H)
and all y0 ∈ H, the problem (CP) has a unique mild solution

y ∈ C([0, T ];H) ∩ L2(0, T ; [D(A), H]1/2)

satisfying: for all ε ∈ (0, T ),

y ∈ L2(ε, T ;D(A)) ∩H1(ε, T ;H). (1.1.3)

Here [D(A), H]1/2 denotes the intermediate space between H and the domain D(A). For

instance, [H2(0, 1) ∩H1
0 (0, 1), L2(0, 1)]1/2 = H1

0 (0, 1)

Remark 2. If f ∈ H1(0, T ;H) and y0 ∈ H, by virtue of (1.1.2) and (1.1.3), it comes that the
associated unique solution to (CP) belongs to

y ∈ C([ε, T ];D(A)) ∩ C1([ε, T ];H). (1.1.4)
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1.2 On the degenerate and singular parabolic operators

1.2.1 Degenerate parabolic operator

Many problems that are relevant for applications are modeled by means of parabolic equations
involving a diffusion coefficient that degenerates (i.e., loses the uniform ellipticity) at some
points of the spatial domain. We refer the interested readers to [45, 151] for a motivating
example arising in climatology, coming from the so called Energy Balance models, describing
the role played by continental and oceanic areas of ice on the evolution of the climate. Other
interesting contexts where the degenerate parabolic operators arise concern fluid dynamics, such
as the so called ”Crocco equation”[143], coming from the study of the velocity field of a laminar
flow on a flat plate.

Let us consider the following linear degenerate parabolic operator

Py := yt − (ayx)x, x ∈ (0, 1), (1.2.1)

where the function a degenerates at the point x = 0 (i.e., a(0) = 0) and fulfills the following
hypotheses:

Hypothesis 1.2.1. Weakly degenerate (WD). The function a ∈ C([0, 1])∩C1((0, 1]) is such

that a(0) = 0, a > 0 in (0, 1] and
1

a
∈ L1(0, 1).

Hypothesis 1.2.2. Strongly degenerate (SD). The function a ∈ C1([0, 1]) is such that

a(0) = 0, a > 0 in (0, 1] and
1√
a
∈ L1(0, 1).

Example 1.2.1. A standard example of function fulfilling the Hypotheses 1.2.1 and 1.2.2 is

a(x) = xα, for α ∈ [0, 2). (1.2.2)

1.2.1.1 Function spaces and well-posedness

We begin by recalling the definition of some appropriate weighted Sobolev spaces. The reader is
referred to [5] for more details on these spaces. First of all, we denote by H1

a(0, 1) the following
space:

H1
a(0, 1) :=

{
y ∈ L2(0, 1) ∩H1

loc((0, 1]) :
√
ayx ∈ L2(0, 1)

}
.

• (WD) case:

H1
a(0, 1) :=

{
y ∈ H1

a(0, 1)| y(1) = y(0) = 0
}

and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1)| ayx ∈ H1(0, 1)
}

;

• (SD) case:

H1
a(0, 1) :=

{
y ∈ H1

a(0, 1)| y(1) = 0
}

and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1)| ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1)| y locally a.c. in (0, 1], ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(0) = 0
}
.
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In both cases, we also define the norms:

‖y‖2H1
a

:= ‖y‖2L2(0,1) + ‖
√
ayx‖2L2(0,1), ‖y‖2H2

a
:= ‖y‖2H1

a
+ ‖(ayx)x‖2L2(0,1).

By the definition of H1
a(0, 1) it is clear that if y ∈ H2

a(0, 1), the trace of y at x = 1 makes
sense and this allows to consider Dirichlet condition y(1) = 0, in both cases of degeneracy,
namely (WD) and (SD). On the contrary, the trace at x = 0 makes sense only in the (WD) case.

Indeed, using the fact that
1

a
∈ L1(0, 1), we can prove that H1

a(0, 1) ⊂W 1,1(0, 1). This property

fails to hold in the (SD) case. Hence, the Dirichlet condition at x = 0 does not make sense
anymore. However, Vancostenoble in [159, Proposition 1] proved that the functions of H2

a(0, 1)
satisfy the Neumann boundary condition (ayx)(0) = 0.

Therefor, depending on the nature of a, we can associate to (1.2.1) the following boundary
conditions:

• (WD) case:
y(0) = y(1) = 0; (1.2.3)

• (SD) case:
(a(x)yx)(0) = y(1) = 0. (1.2.4)

We define the operator (A,D(A)) by

Ay := (ayx)x, y ∈ D(A) = H2
a(0, 1). (1.2.5)

For the operator (A,D(A)) the next result follows (see e.g. [59]).

Proposition 1.2.1. The operator A : D(A) → L2(0, 1) is closed, self-adjoint and dissipative
with dense domain.

Now, let A be the degenerate operator defined in (1.2.5) and consider the following linear
parabolic equation 

yt −Ay = f, (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T ),{
y(t, 0) = 0, (WD),
(ayx)(t, 0) = 0, (SD),

t ∈ (0, T ),

y(0, x) = y0,

(1.2.6)

where y0 ∈ L2(0, 1) and f ∈ L2(Q).
By invoking Proposition 1.2.1, one can show that A is the infinitesimal generator of an

analytic semi-group of contractions on L2(0, 1) (see Theorem 1.1.1-1.1.3).
Thus, the following well-posedness result holds (see e.g. Proposition 1.1.1 or [63, Theorem

2.1-2.2]).

Proposition 1.2.2. • For all y0 ∈ D(A) and for all f ∈ H1(0, T ;L2(0, 1)), (1.2.6) admits
a unique solution

y ∈ C
(
[0, T ], D(A)

)
∩ C1(0, T ;L2(0, 1)).

• For all f ∈ L2(Q) and for all y0 ∈ L2(0, 1), (1.2.6) has a unique solution y ∈ C(0, T ;L2(0, 1))∩
L2(0, T ;H1

a(0, 1)) such that for every ε ∈ (0, T ) there holds

y ∈ L2
(
ε, T ;D(A)

)
∩H1

(
ε, T ;L2(0, 1)

)
. (1.2.7)

Moreover, if f ∈ H1(0, T ;L2(0, 1)), then for every ε ∈ (0, T ), one has

y ∈ C
(
[ε, T ];D(A)

)
∩ C1([ε, T ];L2(0, 1)).
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We also recall the following compactness results.

Theorem 1.2.1. [5, Section 6]

1. The space H1
a(0, 1) is compactly embedded in L2(0, 1).

2. The space H2
a(0, 1) is compactly embedded in H1

a(0, 1).

Theorem 1.2.2. [5, Theorem 6.4] The space L2
(
0, T ;H2

a(0, 1)
)
∩H1

(
0, T ;L2(0, 1)

)
is compactly

embedded in L2(0, T ;H1
a(0, 1)) ∩ C([0, T ];L2(0, 1)).

1.2.1.2 Hardy Poincaré inequality

We emphasize that, the main ingredient in the proof of Carleman estimates stated in Sections
1.3-1.4 and Chapters 2 and 4, rely on an appropriate Hardy Poincaré’s inequality. Before going
further, let us first make the following assumptions on the function a.

Hypothesis 1.2.3. (WD) case. The function a ∈ C([0, 1]) ∩ C1((0, 1]) is such that a > 0 in
(0, 1], a(0) = 0 and ∃α ∈ [0, 1) such that xa′(x) ≤ αa(x) ∀x ∈ [0, 1].

Hypothesis 1.2.4. (SD) case. The function a ∈ C1([0, 1]) is such that a > 0 in (0, 1], a(0) = 0
and ∃α ∈ [1, 2) such that xa′(x) ≤ αa(x) ∀x ∈ [0, 1]. Moreover,

∃γ ∈ (1, α], x 7→ a(x)

xγ
is increasing near 0, when α > 1,

∃γ ∈ (0, 1), x 7→ a(x)

xγ
is increasing near 0, when α = 1.

(1.2.8)

The prototype a(x) = xα, being α ∈ [0, 2), satisfies the above assumptions.

Remark 3. In the definitions above, and from now on, we have denoted with ′ the derivative
of a function depending only on one variable, while derivatives for functions of several variables
will be denoted, as usual, with subscript letters, like yx, yt and so on.

Remark 4. Thanks to the Hypotheses 1.2.3-1.2.4, one has

xa′(x) ≤ αa(x), ∀x ∈ [0, 1],

thus, x 7→ xα

a(x)
is nondecreasing on (0, 1]. Therefore

1

a(x)
≤ 1

xαa(1)
, ∀x ∈ [0, 1].

This implies that
1

a
∈ L1(0, 1) if α ∈ (0, 1) and

1√
a
∈ L1(0, 1) if α ∈ [1, 2). As a consequence,

Hypotheses 1.2.3 and 1.2.4 yield respectively the Hypotheses 1.2.1 and 1.2.2.

Under the previous assumptions, we have.

Theorem 1.2.3. [5, Proposition 2.1] Assume that one among the Hypothesis 1.2.3 or 1.2.4
holds. Then, there exists a positive constant CHP such that∫ 1

0

a

x2
u2 dx ≤ CHP

∫ 1

0
au2

x dx (1.2.9)

for all u ∈ H1
a(0, 1).
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Remark 5. Note that, using the same arguments as above, with some suitable changes, we can
treat the general case where a degenerates at both extremities of the interval [0, 1]. As a typical
example of a, one can consider the double power function

a(x) = xα1(1− x)α2 , x ∈ [0, 1],

with α1, α2 ∈ [0, 2) .

Finally, we would like to mention that, the case of degenerate parabolic operators in the
higher space dimension have been treated by P. Cannarsa, P. Martinez and J. Vancostenoble in
the recent paper [55], under some strong regularity on the involved diffusion matrix.

1.2.2 Degenerate/Singular parabolic operator

Singular potentials arise in various areas of applied science, such as quantum mechanics [43],
electron capture problems [35] and in linearized combustion models [28]. This explain the in-
creasing interest of the recent years for the parabolic operators involving such kind of potentials,
namely

yt − yxx +
λ

|x|β
y, (t, x) ∈ (0, T )× (0, 1). (1.2.10)

Since the pioneering work [24] by P. Baras and J.A. Goldstein, it is known that:

• when β < 2, global positive solutions occur, for all λ ∈ R;

• when β > 2, instantaneous and complete blow-up appears, for all λ ∈ R.

Thus, the case β = 2 is critical. This makes the inverse square potential
λ

|x|2
more interesting.

We point out that, in this case, the behavior of the associated Cauchy problem to (1.2.10)
(with suitable boundary conditions) is mainly determined by the value of the parameter λ;
there exists a critical value of λ that changes radically the well-posedness of the equation. More
precisely, the following situations arise [24]:

• when λ ≤ 1

4
, positive solution exists;

• when λ >
1

4
, the problem is ill-posed.

Here, the critical value λ =
1

4
is the optimal value of the constant appearing in the following

weighted Hardy’s inequality [112, 144]

1

4

∫ 1

0

y2

|x|2
dx ≤

∫ 1

0
y2
x dx, ∀u ∈ H1

0 (0, 1). (1.2.11)

Later on, combining the result in [59] and [160] on the purely degenerate and purely singular
operators, respectively, well-posedness result and new Carleman estimates where established in
[95, 96, 159] for degenerate/singular operators of the form

yt − (a(x)yx)x +
λ

|x|β2
y, (t, x) ∈ (0, T )× (0, 1), (1.2.12)

( for a(x) ∼ xβ1 , β1 ∈ [0, 2) and β1 + β2 ≤ 2) with suitable boundary conditions and under
appropriate assumptions on the involved coefficients:{

β1 ∈ [0, 2), 0 < β2 < 2− β1, λ ∈ R;

β1 ∈ [0, 2)\{1}, β2 = 2− β1, λ ≤ λ∗(a, β).
(1.2.13)
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Here λ∗(a, β1) denotes the optimal constant in the following inequality

λ∗(a, β1)

∫ 1

0

y2

x2−β1
dx ≤

∫ 1

0
ay2

x dx. (1.2.14)

Notice that, in the second assumption in (1.2.13), the case β1 = 1 (and equivalently β2 =
2− β1 = 1) was removed since, in this case λ∗ may be equal to 0. Hence, by virtue of (1.2.14),

the fact that
√
ayx belongs to L2(0, 1) does not necessarily imply that

y√
x
∈ L2(0, 1).

More recently, in [101, 103], G. Fragnelli and D. Mugnai complemented these results ad-
dressing the case of non smooth diffusion coefficients and potentials with mere degeneracy and
singularity inside of the spatial domain, namely

yt − (a(x)yx)x +
λ

b(x)
y, (t, x) ∈ (0, T )× (0, 1), (1.2.15)

The ways in which the functions a and b degenerate at x0 ∈ (0, 1) may differ, and for this reason
(1.2.15) has been investigated under the following assumptions:

Hypothesis 1.2.5. Double weakly degenerate case (WWD). There exists x0 ∈ (0, 1) such that
a, b ∈ C1([0, 1] \ {x0}), a, b > 0 in [0, 1] \ {x0}, a(x0) = b(x0) = 0 and there exists β1, β2 ∈ (0, 1)
such that (x− x0)a′ ≤ β1a and (x− x0)b′ ≤ β2b a.e. in [0, 1].

Hypothesis 1.2.6. Weakly strongly degenerate case (WSD). There exists x0 ∈ (0, 1) such that
a ∈ C1([0, 1]\{x0}), b ∈ C1([0, 1]\{x0})∩W 1,∞(0, 1), a, b > 0 in [0, 1]\{x0}, a(x0) = b(x0) = 0
and there exists β1 ∈ (0, 1), β2 ≥ 1 such that (x− x0)a′ ≤ β1a and (x− x0)b′ ≤ β2b a.e. in [0, 1].

Hypothesis 1.2.7. Strongly weakly degenerate case (SWD). There exists x0 ∈ (0, 1) such that
a ∈ C1([0, 1]\{x0})∩W 1,∞(0, 1), b ∈ C1([0, 1]\{x0}), a, b > 0 in [0, 1]\{x0}, a(x0) = b(x0) = 0
and there exists β1 ≥ 1, β2 ∈ (0, 1) such that (x−x0)a′ ≤ β1a and (x−x0)b′ ≤ β2b a.e. in [0, 1].

Hypothesis 1.2.8. Double strongly degenerate case (SSD). There exists x0 ∈ (0, 1) such that
a, b ∈ C1([0, 1] \ {x0}) ∩W 1,∞(0, 1), a, b > 0 in [0, 1] \ {x0}, a(x0) = b(x0) = 0 and there exists
β1, β2 ≥ 1 such that (x− x0)a′ ≤ β1a and (x− x0)b′ ≤ β2b a.e. in [0, 1].

A typical example is

a(x) = |x− x0|β1 and b(x) = |x− x0|β2 , with β1, β2 ∈ [0, 2).

Remark 6. We point out that, contrarily to the case of boundary degeneracy (and degener-
acy/singularity), it can be shown that Dirichlet boundary conditions make sense for all situa-
tions, namely (WWD)-(SSD).

We emphasize that, the restriction β1 + β2 < 2 is related to the controllability issue. In
particular, this is not necessary for the well-posedness result, at least in the case where λ < 0.
Otherwise, when λ > 0, the major step in the proof of the well-posedness for the Cauchy
problem associated to (1.2.15) relies heavily on a Hardy-Poincaré inequality of the form: there
exists C̃ > 0 such that ∫ 1

0

y2

b
dx ≤ C̃

∫ 1

0
ay2

x dx, ∀y ∈ Ha,b(0, 1), (1.2.16)

where Ha,b(0, 1) is an appropriate weighted Hilbert space which may coincide with the Sobolev
space H1

0 (0, 1) in some cases. This inequality holds true if one among Hypotheses (WWD)-(SSD)
is fulfilled with β1 + β2 < 2. Once again, the case β1 = β2 = 1 should be removed since, as

above, an inequality of the form (1.2.16) fails to hold. Further, under the condition λ ∈ (0,
1

C̃
),
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the unbounded operator Au := (ayx)x +
λ

b
y with appropriate domain D(A) is dissipative in the

space Ha,b(0, 1). Indeed, by invoking (1.2.16), we infer that

−〈Ay, y〉L2(0,1) =

∫ 1

0
ay2

x dx− λ
∫ 1

0

y2

b
dx

≥ C‖y‖2Ha,b , ∀y ∈ D(A),

for some constant C > 0. On the other hand, by means of standard arguments, one may also
prove that the operator (A,D(A)) is self-adjoint. Hence, in view of Theorems 1.1.1 and 1.1.3,
as an immediate consequence of the previous results, it follows that (A,D(A)) generates an
analytic semigroup of contractions in L2(0, 1). Furthermore, a result of existence and uniqueness,
analogous to one in the purely degenerate context (see Proposition 1.2.2), holds.

We refer to [101], for precise definitions and properties of the space Ha,b(0, 1) and the domain
D(A).

1.3 Inverse problem

We present a simple inverse problem that consists the determination of an unknown source term
in a degenerate parabolic equation from some measurement data on a part of the boundary of
the spatial domain. In particular, we explain how the uniqueness and stability properties can be
achieved following the fundamental approach proposed by Imanuvilov and Yamamoto in [115]
which is mainly based on Carleman estimates.

Consider the linear degenerate parabolic equation
yt − (ayx)x = f, (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T )

and

{
y(t, 0) = 0, (WD),
(ayx)(t, 0) = 0, (SD),

t ∈ (0, T ),

y(0, ·) = y0 ∈ L2(0, 1)

(1.3.1)

where f ∈ L2(Q) and the coefficient a degenerates at the extremity x = 0 and satisfies the
Hypotheses 1.2.3 and 1.2.4.

The inverse source problem can be described in the following way: is it possible to retrieve
the source term f in (1.3.1) from the knowledge of the term (ayx)x at some fixed time T ′ along
with an additional boundary observation of the solution?

To this purpose, one needs to assume that the source term f to be recovered belongs to an
admissible set. Therefore, for a given constant C0 > 0, we shall suppose that f lies in

S(C0) := {g ∈ H1(0, T ;L2(0, 1))| |gt(t, x)| ≤ C0|g(T ′, x)|, for a.e. (t, x) ∈ Q}. (1.3.2)

The answer of the previous question is the following result concerning the Lipschitz stability
estimate of the parabolic equation (1.3.1) in terms of boundary measurements:

Theorem 1.3.1. Let T > 0, C0 > 0 and y0 ∈ L2(0, 1) be given. Then, there exists C =
C(T, t0, C0) > 0 such that, for every f ∈ S(C0), the solution y of (1.3.1) fulfills

‖f‖2L2(Q) ≤ C
(
‖(ayx)x(T ′, ·)‖2L2(0,1) + ‖yt,x(·, 1)‖2L2(t0,T )

)
. (1.3.3)

The proof of Theorem 1.3.1 will be given later on.

Remark 7. We point out that, a Lipschitz stability estimate like (1.3.3) has been established
in [55] for smooth degenerate operators in dimension two and in [37] for a one dimensional
operator, in nondivergence form, involving interior degeneracy.
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Remark 8. Since in Theorem 1.3.1 the source term f lies in S(C0) and in particular in
H1(0, T ;L2(0, T )), then, the regularity results stated in Proposition 1.2.2 guarantee that the
associated solution y belongs to C([0, T ];D(A)). Therefore, the first term in the right hand side
of (1.3.3) is well defined. The second term will be discussed later on.

Remark 9. • We would like to mention that t0 is taking to be away from t = 0 since in this
case better regularity results hold considering (t0, T ) instead of (0, T ), see Proposition 1.2.2.

• We point out that, if one can choose the initial time t0 closer to the final instant T , one only
requires the boundary observation on a vary small interval of time.

• Note also that, in our inverse problem we require some measurements of the solution at a fixed
time T ′ < T . This restriction comes from the approach followed in the proof which is mainly
based on Carleman estimates. Therefore, it would be extremely interesting to know whether the
stability estimate (1.3.3) remains true when T ′ = T .

Remark 10. The assumption (1.3.2) may appear as a strong restriction. Nevertheless, for a
general term source, i.e., f ∈ L2(Q) (without any additional assumption), employing an argu-
ment of controllability for the problem under consideration, it can be shown that the estimate
(1.3.3) fails to hold. We refer to [116, p. 159] where this result was first proved for the standard
heat equation. See also [158, Remark 3.2] for further discussion on this issue in the context of
heat equation involving inverse-square.

The second issue in our inverse problem is the uniqueness, namely: can we deduce that

(ay1x)x(T ′, ·) = (ay2x)x(T ′, ·), in (0, 1) and y1t,x(·, 1) = y2t,x(·, 1) on (t0, T )

imply f1 ≡ f2 in Q.
We emphasize that, the estimate (1.3.3) yields stability of inverse source problem, however,

it does not ensure the uniqueness result since the set of the admissible sources S(C0) is not a
linear space. Thus, in order to overcome this difficulty, one needs to restrict the study to the
situation where only the spatial part of the source term is unknown. To be more precise, we
shall assume that the source term f takes the following form

f(t, x) = g(x)r(t, x),

where g ∈ L2(0, 1) is the unknown spatial term and r ∈ C1([0, T ] × [0, 1]) is a given smooth
function satisfying |r(T ′, x)| ≥ c for some given constant c > 0. Thus, as a direct consequence
of Theorem 1.3.1, we get the following result.

Theorem 1.3.2. There exists a constants C = C(T, t0, C0) > 0 such that for all f1 = rg1 and
all f2 = rg2 with g1, g2 ∈ L2(0, 1) the associated solutions y1 and y2 of (1.3.1) fulfill

‖g1 − g2‖2L2(0,1) ≤ C
(
‖(a(y1x − y2x))x(T ′, ·)‖2L2(0,1) + ‖y1t,x − y2t,x(·, 1)‖2L2(t0,T )

)
. (1.3.4)

We skip the proof of Theorem 1.3.2 since it is analogue to that of Theorem 2.1.2 in Chapter
2.

As an immediate consequence of the above theorem, we infer the desired uniqueness result.
As we have said before, the most powerful tool to establish the stability estimate for inverse

problems of recovering coefficients or source terms of various partial differential equations takes
the form of Carleman estimates. The later will be the objective of the following subsection.
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1.3.1 Carleman estimates

We present suitable estimates of Carleman type satisfied by solutions of the nonhomogeneous
degenerate parabolic problem (1.3.1). To this aim, proceeding as in [63], we begin by introducing
the following weight functions

θ(t) :=
1

(t− t0)4(T − t)4
, ψ(x) := γ

(∫ x

0

y

a(y)
dy − d

)
,

ϕ(t, x) := θ(t)ψ(x), and η(t) := T + t0 − 2t.

(1.3.5)

Here t0 > 0, γ > 0 and d > d? := sup
[0,1]

∫ x

0

y

a(y)
dy. With these choices, it comes that

−γd ≤ ψ(x) < 0, for all x ∈ [0, 1]. (1.3.6)

Moreover, one can easily check that

θ(t)→ +∞, as t→ t+0 , T
− (1.3.7)

and
|θt| ≤ Cθ5/4, |θtt| ≤ Cθ3/2 in (t0, T ). (1.3.8)

Therefore, ϕ(t, x) < 0 for all (t, x) ∈ Q and ϕ(t, ·)→ −∞ as t→ t+0 , T
−.

Remark 11. All the results stated in this thesis remain valid when the expression of the

weighted time function θ(t) :=
1

[(t− t0)(T − t)]4
is replaced by θ(t) :=

1

[(t− t0)(T − t)]2
. We

refer to [2, Remark 1] for a discussion on this fact.
Moreover, if the problem is considered in (0, T ), these results still hold considering θ(t) :=
1

[t(T − t)]4
or θ(t) :=

1

[t(T − t)]2
.

Denote by

I(y) :=

∫∫
Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθa(x)y2

x + s3θ3 x2

a(x)
y2
)
e2sϕ dx dt.

The following Carleman inequality holds.

Theorem 1.3.3. There exist two positive constants C and s0, such that all solutions y of (1.3.1)
fulfill, for all s ≥ s0,

I(y) ≤ C
(∫∫

Qt0

f2e2sϕ dx dt+ sγa(1)

∫ T

t0

θ(t)y2
x(t, 1)e2sϕ(t,1) dt

)
. (1.3.9)

The proof of the above theorem is completely similar to the one of Theorem 2.3.1 in Chapter
2. Thus we omit it.

Remark 12. Notice that, since the weight function ϕ is negative and θ blows up at the extrem-
ities of the time interval [t0, T ], all the involved weights in the above estimate are exponentially
vanishing at t = t0 and t = T . This explains why the estimate (1.3.9) holds without any
assumption on the values of the function y at t = t0, T .
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1.3.2 Proof of Theorem 1.3.1

In this paragraph we prove the stability estimate (1.3.3) following the arguments in [63, 115].
In proving this estimate, the Carleman inequality stated previously will play a peculiar role.

Since y0 ∈ L2(0, 1) and g ∈ H1(0, T ;L2(0, 1)), it follows from Proposition 1.2.2 that the solu-
tion y of (1.3.1) satisfies sufficient regularity properties to perform the following computations.

Let z = yt where y solves (1.3.1) in (t0, T ). Then, thanks to Proposition 1.2.2, y belongs to

C
(
[t0, T ], D(A)

)
∩ C1([t0, T ];L2(0, 1)).

In particular, we have that y(t0) ∈ D(A), hence, by (1.2.7) and using standard arguments (see
for instance [63, Lemma 2.2 and Remark 2.2]), one can show that z belongs to

H1
(
t0, T ;L2(0, 1)

)
∩ L2

(
t0, T ;D(A)

)
.

Therefore, the second term in the right hand side of the stability estimate (1.3.3) is well defined.
Now, applying the Carleman inequality (1.3.9) to the system satisfied by z, we have that

I(z) ≤ C
(∫∫

Qt0

f2e2sϕ dx dt+ sγa(1)

∫ T

t0

θ(t)z2
x(t, 1)e2sϕ(t,1) dt

)
:= J(f, z), (1.3.10)

for all s ≥ s0 and for a positive constant C.
We divide the remaining part of the proof into three steps.

Step 1. We claim that there exists C = C(t0, T ) > 0 such that

I(z) ≤ C
( 1√

s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx+ ‖yt,x(·, 1)‖2L2(t0,T )

)
. (1.3.11)

By observing that
sup
t∈[0,T ]

sθ(t)e2sϕ(t,1) < +∞,

one has

sγa(1)

∫ T

t0

θ(t)z2
x(t, 1)e2sϕ(t,1)dt ≤ C‖(yt)x(·, 1)‖2L2(t0,T ). (1.3.12)

On the other hand, the assumption f ∈ S(C0) implies that∫∫
Qt0

|ft|e2sϕ dx dt ≤ C0

∫∫
Qt0

|f(T ′, x)|e2sϕ(t,x) dx dt. (1.3.13)

At this stage, we will need the next technical result (whose proof is postpone to the Appendix).

Lemma 1.3.1. There exists C > 0, which is independent of s, such that∫∫
Qt0

f2(T ′, x)e2sϕdxdt ≤ C√
s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x)dx.

Let us continue with the proof of (1.3.11). By (1.3.12) together with (1.3.13) and Lemma
1.3.1, we deduce that

J(f, z) ≤ C
( 1√

s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx+ ‖yt,x(·, 1)‖2L2(t0,T )

)
,
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which yields (1.3.11).
Step 2. We claim that there exists C = C(t0, T ) > 0 such that∫ 1

0
z2(T ′, x)e2sϕ(T ′,x) dx ≤ CI(z), (1.3.14)

where I(z) is defined in (1.3.10).
From the fact that θ(t)→ +∞ as t→ t+0 and ϕ < 0, we get that

lim
t→t0

z(t, x)esϕ(t,x) = 0, for a.e. x ∈ (0, 1).

Thus, ∫ 1

0
z2(T ′, x)e2sϕ(T ′,x) dx =

∫ 1

0

∫ T ′

t0

∂

∂t

(
z2e2sϕ

)
dxdt

=

∫ 1

0

∫ T ′

t0

(
2sϕtz

2 + 2zzt

)
e2sϕ dxdt. (1.3.15)

Next, employing the Young’s inequality, we obtain∫ 1

0

∫ T ′

t0

2zzte
2sϕ dxdt ≤ C

∫∫
Qt0

z2
t

sθ
e2sϕ dxdt+

∫∫
Qt0

sθze2sϕ dxdt. (1.3.16)

Now, by observing that |ϕt| ≤ Cθ
3
2 |ηψ|, it holds that

2

∫ 1

0

∫ T ′

t0

sϕtz
2e2sϕdxdt ≤ C

∫∫
Qt0

sθ3/2|ηψ|z2e2sϕdxdt. (1.3.17)

Plugging (1.3.16) and (1.3.17) in (1.3.15), we obtain (1.3.14). Hence, the claim of the second
step is proved.
Step 3. Conclusion.

From (1.3.10), (1.3.11) and (1.3.14), we find that∫ 1

0
z2(T ′, x)e2sϕ(T ′,x) dx ≤ C

( 1√
s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx+ ‖yt,x(·, 1)‖2L2(t0,T )

)
. (1.3.18)

On the other hand, in view of (1.3.1), one can write

f(T ′, ·) = −(ayx)x(T ′, ·) + yt(T
′, ·)

= −(ayx)x(T ′, ·) + z(T ′, ·), in (0, 1).

Hence, ∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx ≤ C‖(ayx)x(T ′, ·)‖2L2(0,1) + C

∫ 1

0
z2(T ′, x)e2sϕ(T ′,x) dx,

since sup
x∈(0,1)

e2sϕ(T ′,x) < +∞.

Now, substituting (1.3.18) in the previous inequality, it comes that∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx ≤ C‖(ayx)x(T ′, ·)‖2L2(0,1) + C‖yt,x(·, 1)‖2L2(t0,T )

+
C√
s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx. (1.3.19)
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By the estimate (1.3.19), we conclude that, for s large enough,∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx ≤ C‖(ayx)x(T ′, ·)‖2L2(0,1) + C‖yt,x(·, 1)‖2L2(t0,T ).

Next, using once again the fact that f ∈ S(C0), one can write

|f(t, x)| ≤
∫ t

T ′
|ft(τ, x)|dτ + |f(T ′, x)|

≤ C|f(T ′, x)|, (1.3.20)

for some positive constant C = C(C0, T ).
On the other hand, using the definition of ϕ, we have that

c̃ ≤ inf
x∈(0,1)

e2sϕ(T ′,x)

for some constant c̃ > 0. This together with (1.3.19) and (1.3.20) gives

‖f‖2L2(Q) ≤ C
∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx

≤ C‖(ayx)x(T ′, ·)‖2L2(0,1) + C‖yt,x(·, 1)‖2L2(t0,T )

and hence the proof of Theorem 1.3.1 is completed.

Remark 13. Substituting the boundary observation (yt)x(·, 1)|(t0,T ) by a locally distributed
observation yt|(t0,T )×ω, we get another stability estimate similar to the one stated in Theorem
1.3.1. This issue has recently been considered in [63] in the case where the diffusion coefficient
is given by a(x) = xα, being 0 ≤ α < 2.

In Chapter 2, we will provide an extension of the results proved above for a scalar equation
to the context of a general coupled system.

The construction of a source term in a partial differential equation allows one to solve other
types of inverse problems, such as, the identification of potential and diffusion coefficients. In
the following, we briefly discuss a recent result concerning the inverse diffusion problem for the
following degenerate parabolic equation

yt − d(ayx)x = f, (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T )

and

{
y(t, 0) = 0, (WD),
(ayx)(t, 0) = 0, (SD),

t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(1.3.21)

where d ∈ I := [d0, d1], being 0 < d0 < d1. More precisely, we address the following question: is
it possible to recover the constant d in (1.3.21) from partial measurements of the solution y of
(1.3.21), namely the term (ayx)x at a fixed time t = T ′ and the spatial derivative of the solution
y on a part of the boundary?

In order to deal with this question, as pointed out by J. Trot [154], the solution of the problem
under consideration needs to satisfy more refined regularity results than those stated previously.
For this, it is mandatory to impose some restrictions on the sets of the initial conditions and
source terms.

Then, under suitable assumptions on the data y0 and f , the estimate stated in Theorem
1.3.1 for source terms together with a maximum principle gives the following stability estimate:
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Theorem 1.3.4. For all d ∈ I and all d̃ ∈ I, the corresponding solutions yd and yd̃ of problem
(1.3.21) satisfy:

|d− d̃|2 ≤ C
(
‖
(
a(yd,x − yd̃,x)

)
x
(T ′, ·)‖2L2(0,1) + C‖(yd,t − yd̃,t)x(·, 1)‖2L2(t0,T )

)
. (1.3.22)

for some positive constant C = C(d0, d1, t0, T, a, y0, f).

The proof of the previous Theorem is analogous to the one of [154, Theorem 4], the only
difference being that here we consider a more general diffusion coefficient a instead of xα. How-
ever, we believe that by a simple adaptation of the proof, it can be shown that the estimate
(1.3.22) holds. Being far from the purpose of this work, the details will be omitted.

As in [154], the proof of Theorem 1.3.4 relies on transforming the issue of identification of the
diffusion constant in (1.3.21) into an inverse source problem for another equation like (1.3.21).
Then, this later can be treated employing the stability estimate proved in Theorem 1.3.1.

Finally, it should be noted that, the stability estimates for both considered inverse problems,
namely source terms and diffusion constants hold true provided that the rate of the degeneracy
α (see Hypotheses 1.2.3 and 1.2.4) is less than 2. As far as we know, the question whether these
estimates still valid when α > 2 remains completely open even for the particular case a(x) = xα.

1.4 Controllability

In this section, we recall some fundamental results on the controllability of linear differential
systems. We refer to [72, 168] for a complete and more general presentation on this topic.

Let H and U be two Hilbert spaces and consider the following linear control system: dy(t)

dt
= Ay(t) +Bu(t), t ∈ (0, T )

y(0) = y0,
(S)

where y0 ∈ H is the initial datum, y = y(t) is the state of the system, which takes values in the
state space H, A : D(A)→ H is a closed unbounded operator which generates a C0-semigroup
(T (t))t≥0 on H, u = u(t) denotes the control force taking values in the control space U and
B ∈ L(U ;H). The operator A determines the dynamic of the system whereas B describes the
way the control acts on the system.

We assume that the Cauchy problem (S) is well posed in the sense of Hadamard, i.e., for all
y0 ∈ H and u ∈ L2(0, T ;U), it exists a unique y ∈ C([0, T ];H) fulfilling

sup
t∈[0,T ]

‖y(t)‖H ≤ C(‖u‖L2(0,T ;U) + ‖y0‖H),

for some constant C > 0 depending on A, B and T .
Let us now introduce the different notions of controllability for the abstract system (S).

Definition 1.4.1. System (S) is exactly controllable at time T if, for any initial state y0 ∈ H
and any desired state yT ∈ H, there exists a control function u ∈ L2(0, T ;U) such that the
corresponding solution y fulfills

y(T ) = yT in H.

Definition 1.4.2. System (S) is null controllable at time T if, for any initial state y0 ∈ H,
there exists a control function u ∈ L2(0, T ;U) such that the corresponding solution y fulfills

y(T ) = 0 in H.
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Definition 1.4.3. System (S) is approximately controllable at time T if, for any initial
state y0 ∈ H, any desired state yT ∈ H and any ε > 0, there exists u ∈ L2(0, T ;U) such that
the corresponding solution y satisfies

‖y(T )− yT ‖H ≤ ε.

Definition 1.4.4. System (S) is controllable to trajectories at time T if, for any trajectory
ỹ (i.e., solution of (S) corresponding to ỹ0 ∈ H and u ≡ 0) and any y0 ∈ H, there exists
u ∈ L2(0, T ;U) such that the associated solution y to (S) satisfies

y(T ) = ỹ(T ) in H.

Remark 14. According to the Definition 1.4.4, the aim of the control to trajectories process
consists in driving the state of the system (S) from any initial datum y0 to an arbitrary final
state of the uncontrolled system by means of a suitable control u.

Obviously, exact controllability of system (S) gives controllability to trajectories, null and
approximate controllability. However, the converse does not hold for a large class of nonlinear
ODEs and time-irreversible PDEs. A typical example is the heat equation, which is known to
be null controllable, from both internal and boundary controls, and not exactly controllable
[87, 106].

On the other hand, it is not difficult to see that, in the linear case, the controllability to
trajectories and the null controllability are equivalent notions. Indeed, let y0, ỹ0 ∈ H and
denote by ỹ the solution of (S) associated to ỹ0. We introduce the following change of variables
z := y − ỹ. Thanks to the linearity of the system, it is straightforward to check that z satisfies
(S) with an initial datum y0 − ỹ0 ∈ H. Therefore, controllability to trajectories for system (S)
is reduced to null controllability property for the system satisfied by z. We emphasize that, this
may no longer be true in the framework of nonlinear systems.

1.4.1 Controllability of finite dimensional systems

It is by now well known that, in the context of linear finite dimensional systems (i.e., the case
where H = Rn, U = Rm(n,m ≥ 1) and A ∈ L(Rn), B ∈ L(Rm;Rn) are two given matrices
with constant real coefficients), the four concepts of controllability are equivalent. Moreover,
the controllability property, for such a system, holds true if and only if the following algebraic
Kalman’s rank condition

rank[B|AB|A2B| · · · |An−1B] = n (1.4.1)

is fulfilled.
Of course the case where m < n (i.e. the number of control forces is less than the number

of components of the system) is the most interesting case.
Notice that, the condition (1.4.1) is independent on the initial datum y0 and the control time

T . Thus, if such a linear system is controllable in some time T > 0, then it is controllable for
every T > 0. Nevertheless, the situation may be completely different in the case of PDEs.

1.4.2 Controllability and duality

In the present subsection, we characterize null and approximate controllability properties for
the linear system (S) by appropriate dual formulations for its adjoint problem.

In particular, in the next result, we are going to show that the null controllability property
for (S) is equivalent to an observability inequality for the following adjoint system (which is a
backward in time problem):  −dz(t)dt

= A∗z(t), t ∈ (0, T )

z(T ) = zT ∈ H.
(D)
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Here A∗ is the adjoint of the operator A.
The following result holds.

Proposition 1.4.1. System (S) is null controllable at time T > 0 if and only if there exists a
positive constant Cobs such that solutions of the adjoint system (D) satisfy

‖z(0)‖2H ≤ Cobs
∫ T

0
‖B∗z(t)‖2Udt, ∀zT ∈ H. (1.4.2)

Here B∗ is the adjoint of the control operator B.

Remark 15. We emphasize that, the constant Cobs in (1.4.2) depends on A, B and T .

Proof. The proof of this Theorem is inspired by [66].
(⇐) Assume that (1.4.2) holds. Let y0 ∈ H.
We introduce the following subspace Y of L2(0, T ;U)

Y := {B∗z| z is a solution of (D) for some zT ∈ H}.

For any B∗z ∈ Y , we define the following functional F : Y 7→ R given by

F (B∗z) := −〈z(0), y0〉H . (1.4.3)

By Cauchy-Schwartz inequality and (1.4.2), we have

‖F (B∗z)‖H ≤ ‖z(0)‖H‖y0‖H
≤ Cobs‖B∗z‖L2(0,T ;U)‖y0‖H .

Therefore, F is a bounded linear functional on the normed vector space H with the norm
inherited from L2(0, T ;U). Hence, by the Hahn-Banach Theorem, F can be extended to a
bounded linear functional on L2(0, T ;U) (and we keep the same notation to denote it).

Next, employing the Riesz Representation Theorem, we infer that, there exists a unique
w ∈ L2(0, T ;U) such that

F (v) = 〈v, w〉L2(0,T ;U), ∀v ∈ L2(0, T ;U).

Thus, for any B∗z ∈ Y , we have

F (B∗z) = 〈B∗z, w〉L2(0,T ;U),

which, together with (1.4.3), gives

−〈z(0), y0〉H = 〈B∗z, w〉L2(0,T ;U). (1.4.4)

We claim that
w = u. (1.4.5)

Indeed, multiplying the equation (S) by z, integrating by parts over Q and using (D), we obtain

〈zT , y(T )〉H − 〈z(0), y0〉H =

∫ T

0
〈yt(s), z(s)〉H ds

+

∫ T

0
〈zt(s), y(s)〉H ds

= 〈B∗z, u〉L2(0,T ;U) (1.4.6)

for all zT ∈ H.
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Combining this with (1.4.4) and (1.4.5), we conclude that

〈zT , y(T )〉H = 0 for any zT ∈ H.

Consequently, y(T ) = 0 in H and hence the null controllability result.
(⇒) Now, we suppose that (S) is null controllable, i.e., for any y0 ∈ H there exists u ∈

L2(0, T ;U) such that the corresponding solution y of (S) fulfills y(T ) = 0 in H. We want to
prove that (1.4.2) holds true.

For any zT ∈ H, we introduce the operator G : H 7→ H given by

G(zT ) := z(0). (1.4.7)

We proceed by contradiction. Assume that (1.4.2) does not hold. Then, there exists a sequence
{zT,k}k≥1 such that the corresponding solution {zk}k≥1 to (S) with zT = zT,k satisfies, for any
k ∈ N∗

k2

∫ T

0
‖B∗zk(t)‖2Udt < ‖zk(0)‖2H ,

hence

0 ≤
∫ T

0
‖B∗zk(t)‖2U dt <

1

k2
‖zk(0)‖2H . (1.4.8)

Let z̃T,k :=

√
kzT,k

‖zk(0)‖H
and denote by z̃k the associated solution to (D) with zT = z̃T,k, hence

z̃k =

√
kzk

‖zk(0)‖H
.

Thus, by (1.4.8), it follows that∫ T

0
‖B∗z̃k(t)‖2U dt =

k

‖zk(0)‖2H

∫ T

0
‖B∗zk(t)‖2U dt

≤ 1

k
. (1.4.9)

Using (1.4.7) we also have

‖G(z̃T,k)‖2H = ‖z̃2
k(0)‖2H

= k. (1.4.10)

Now, proceeding as in (1.4.6) and having in mind the fact that y(T ) = 0 in H, we find that the
solution of (D) satisfies

−〈z(0), y0〉H = 〈B∗z, u〉L2(0,T ;U), for any zT ∈ H.

Applying the above identity for zT = z̃T,k and using (1.4.7), it holds that

−〈G(z̃T,k), y0〉H = 〈B∗z̃k, u〉L2(0,T ;U). (1.4.11)

From (1.4.9) and (1.4.11), we can easily see that G(z̃T,k) converges (weakly) to 0 in H.
Thus, by the Principle of Uniform Boundedness, we infer that the sequence {G(z̃T,k)}k≥1 is

uniformly bounded in H. This clearly provides a contradiction to (1.4.9) and hence the claim
follows.

Remark 16. The usefulness of the above Proposition consists on the fact that it reduces the
proof of the null controllability of (S) to the study of an observability inequality for the homo-
geneous system (D) which appears, at least conceptually, to be a simpler problem.
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Remark 17. The observability inequality (1.4.2), when it holds, permits us to estimate the total
energy of the solution of the backward system (D) at time t = 0 simply through a measurement
of the output B∗z on [0, T ]. However, in general, such an inequality is far from being evident
and it needs a more careful analysis and major tools adapted to the considered problem; for
instance, microlocal analysis, Ingham inequalities, multiplier methods or Carleman estimates
[26, 106, 123, 132, 146, 147].

Next, we will show that the approximate controllability of (S) can be characterized by a
unique continuation property for the adjoint system (D).

Proposition 1.4.2. System (S) is approximately controllable at time T > 0 if and only if, for
any zT ∈ H the solution to system (D) satisfies the following unique continuation property:

B∗z = 0⇒ z = 0. (1.4.12)

Proof. For any y0 ∈ H and u ∈ L2(0, T ;U), we denote by y(t; y0, u) the solution of (S) at time
t ∈ [0, T ].

We introduce the following operators S : H 7→ H and L : L2(0, T ;U) 7→ H defined by

S(y0) := y(T ; y0, 0) and L(u) := y(T ; 0, u).

Thanks to the linearity of the system (S), one has

y(T ; y0, u) = y(T ; 0, u) + y(T ; y0, 0)

= L(u) + S(y0).

Hence, system (S) is approximately controllable if and only if

∀y0, yT ∈ H, ∀ε > 0, ∃u ∈ L2(0, T ;U) such that

‖L(u) + S(y0)− yT ‖H ≤ ε,

which can be written as

∀ε > 0, ∀wT ∈ H, ∃u ∈ L2(0, T ;U) such that

‖L(u)− wT ‖H ≤ ε.

Therefore,
L(L2(0, T ;U)) = H,

which is equivalent to
Ker(L∗) = {0}. (1.4.13)

On the other hand, proceeding as in (1.4.6), one can see that the solutions of (S) and (D) satisfy

〈L(u), zT 〉H = 〈y(T ; 0, u), zT 〉H
= 〈u,B∗z〉L2(0,T ;U) for any zT ∈ H,

which yields
L∗(zT ) = B∗z for any zT ∈ H. (1.4.14)

By (1.4.13) and (1.4.14), we deduce that

L∗(zT ) = B∗z ≡ 0⇒ zT ≡ 0

and the thesis follows.
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We say that the operator A∗ fulfills the backward uniqueness property when the solutions of
system (D) satisfy

z(0) = 0⇒ z ≡ 0 on [0, T ]. (1.4.15)

In other words, if the distribution of the dual system (D) vanishes at time t = 0, then this
distribution has been identically null all long the time interval [0, T ].

Remark 18. Assume that solutions of the adjoint system (D) fulfill the backward unique-
ness property (1.4.15). Then, the observability inequality (1.4.2) yields the unique continuation
property (1.4.12). As a consequence, in this case, null controllability implies approximate con-
trollability. Once again, this is not necessarily true in the nonlinear framework.

Once the observability inequality (1.4.2) is fulfilled for every solutions of the adjoint system
(D), or, equivalently, the null controllability property of (S) holds, it is possible to obtain an
estimate on the control force, with an L2-norm, by means of the observability constant Cobs and
the initial data y0. More precisely, one has.

Proposition 1.4.3. Assume that the observability inequality (1.4.2) holds for all solutions of
(D). Then, system (S) is null controllable. Moreover, there exists some positive constant Cobs >
0 such that

‖u‖2L2(0,T ;U) ≤ Cobs‖y0‖2H . (1.4.16)

For a proof, see for instance [72, Theorem 2.44, p. 56] and [90].

1.4.3 Methods to study null controllability problem

In this subsection, we present some approaches that are useful to address the null controllability
issue for parabolic systems. In order to understand how to use such approaches, we will apply
them to some control problems that have already been solved.

1.4.3.1 Carleman estimates

The aim of this part is to explain how works the Carleman estimates to solve null controllability
problem for degenerate parabolic equation

yt − (ayx)x = 1ωu, (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T )

and

{
y(t, 0) = 0, (WD),
(ayx)(t, 0) = 0, (SD),

t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(1.4.17)

where 1ω is the characteristic function of the nonempty open set ω ⊂ (0, 1), the coefficient
a degenerates at x = 0 and y0 ∈ L2(0, 1). In particular, we will show that an observability
inequality for the solution of the associated adjoint problem

−zt − (azx)x = 0, (t, x) ∈ Q,
z(t, 1) = 0, t ∈ (0, T )

and

{
z(t, 0) = 0, (WD),
(azx)(t, 0) = 0, (SD),

t ∈ (0, T ),

z(T ) = zT ∈ L2(0, 1),

(1.4.18)

is a direct consequence of suitable Carleman estimates for the involved parabolic operator. To
this aim, as in the subsection 1.3.1, we begin by recalling the following weight functions:

θ(t) :=
1

(t(T − t))4
, and ϕ(t, x) := θ(t)ψ(x). (1.4.19)
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where ψ denotes the same space negative function defined in (1.3.5). Observe that θ satisfies
the same properties in (1.3.7) (with t0 = 0).

As a first step, we derive an intermediate Carleman inequality (with boundary observation)
for the adjoint parabolic operator

Pw := −wt − (awx)x,

with the same boundary conditions as above. One has.

Theorem 1.4.1. [5, Lemma 4.2] There exist two positive constants C and s0, such that for all
s ≥ s0, ∫∫

Q

(
sθa(x)w2

x + s3θ3 x2

a(x)
w2
)
e2sϕ dx dt

≤ C
(∫∫

Q
|Pw|2e2sϕdxdt+ sγa(1)

∫ T

0
θ(t)w2

x(t, 1)e2sϕ(t,1) dt
)
. (1.4.20)

With the aid of Theorem 1.4.1 together with the Hardy-Poincaré inequality (1.2.9) and a
standard cut-off argument, we can prove the following ω-local Carleman estimate for (1.4.18).

Theorem 1.4.2. There exist two positive constants C and s0, such that every solution z of
(1.4.18) fulfills, for all s ≥ s0,∫∫

Q

(
sθa(x)z2

x + s3θ3 x2

a(x)
z2
)
e2sϕ dx dt ≤ C

∫∫
(0,T )×ω

z2dxdt. (1.4.21)

Proof. For the proof we refer to [5, Lemma 4.2]. See also Theorem 2.3.2 in Chapter 2, where
this inequality is established for a coupled system in (t0, T ) × (0, 1), with t0 > 0, instead of Q.
Nevertheless, this inequality still true in (0, T )× (0, 1) with suitable changes.

Next, we shall apply the above Carleman estimates to deduce the observability inequality
for the adjoint problem (1.4.18).

Proposition 1.4.4. Let T > 0. Then, there exists a positive constant Cobs such that every
solutions z of system (1.4.18) fulfills∫ 1

0
z2(0, x)dx ≤ Cobs

∫∫
(0,T )×ω

z2dxdt. (1.4.22)

Proof. Multiplying the adjoint equation (1.4.18) by zt and integrating by parts over (0, 1), we
obtain

0 =

∫ 1

0
(zt + (azx)x)zt dx

=

∫ 1

0
z2
t dx+ [azxzt]

x=1
x=0 −

∫ 1

0
azxztx dx

=

∫ 1

0
z2
t dx−

∫ 1

0
azxztx dx,

from which we derive

1

2

d

dt

∫ 1

0
az2
x dx ≥ 0. (1.4.23)
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Thus, the function t 7→
∫ 1

0
a(x)z2

x(t, x) dx is nondecreasing for all t ∈ [0, T ]. In particular,

∫ 1

0
az2
x(0, x) dx ≤

∫ 1

0
az2
x(t, x) dx ∀t ∈ [0, T ].

Integrating this inequality over [T/4, 3T/4], θ being bounded therein, we get that∫ 1

0
az2
x(0, x) dx ≤ 2

T

∫ 3T/4

T/4

∫ 1

0
az2
x(t, x) dx dt

≤ C
∫ 3T/4

T/4

∫ 1

0
sθa(x)z2

x(t, x)e2sϕ(t,x) dx dt

≤ C
∫∫
Q
sθa(x)z2

xe
2sϕ dx dt.

Thus applying Theorem 1.4.2, it follows that∫ 1

0
az2
x(0, x) dx ≤ C

∫ T

0

∫
ω
z2 dxdt. (1.4.24)

On the other hand, having in mind the fact that the function x 7→ x2

a(x)
is nondecreasing in

(0, 1), applying the Hardy-Poincaré inequality (1.2.9), we immediately get∫ 1

0
z2(0, x)dx ≤ C

∫ 1

0
az2
x(0, x)dx.

Finally, plugging the last inequality in (1.4.24), we end up with∫ 1

0
z2(0, x) dx ≤ C

∫ T

0

∫
ω
z2 dxdt

and the conclusion follows with Cobs = C.

As an immediate consequence of the observability inequality (1.4.22) and in view of Propo-
sition 1.4.1, it follows that the degenerate parabolic equation (1.4.17) is null controllable. More-
over, thanks to Proposition 1.4.3 the associated control function satisfies

‖u‖2L2(Q) ≤ Cobs‖y0‖2L2(0,1).

Remark 19. Observe that, with the same kind of arguments employed above in the proof of
Theorem 1.4.2, as a consequence of Theorem 1.4.1 we can deduce the boundary null controllabil-
ity of the state equation (1.4.17) when the control force acts at the nondegenerate point x = 1.
Nevertheless, the situation is different and more complex if the control acts at the degenerate
extremity x = 0. We refer to [111] where this problem is treated by means of moment method
and the transmutation approach, under some restrictions on the regularity of the initial datums.

We emphasize that, once we find a control function acting on a control zone ω ⊂ (0, 1) that
drives the system from an initial datum y0 to the equilibrium state at time t = T , i.e., the
solution of (1.4.17) fulfills y(T ) = 0, we can stop controlling, by putting u ≡ 0 for t ≥ T , and
the underlying system naturally stays at rest for every t ≥ T , that is to say,

y(t, ·) = 0, for all t ≥ T.

However, this is not the case for evolution equations involving memory terms.
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1.4.3.2 Moment Method

We address the boundary null controllability result for the one-dimensional heat equation using
the so called moment method developed by Fattorini and Russell [87]. The main idea relies on
reducing the null controllability property to a moment problem. Then, this later will be solved
by making use of a technique based on the construction of a biorthogonal family to a sequence
of real exponential functions.

Of course, by using the same arguments with some minor changes, we can prove an analogous
result for a degenerate parabolic equation with a diffusion coefficient of the form a(x) = xα,
being α ∈ [0, 2). However, for the sake of simplicity we prefer to restrict our attention on the
simplest nondegenerate case (i.e., α = 0).

Consider the following controlled heat equation
yt − yxx = 0, (t, x) ∈ Q,
y(t, 0) = 0, y(t, 1) = v(t), t ∈ (0, T ),

y(0, ·) = y0 ∈ L2(0, 1).
(1.4.25)

Here v is the control function which is placed at the extremity x = 1.
Following the same arguments presented in [88], one can easily show that for a given initial

datum y0 ∈ L2(0, 1) and a control v ∈ L2(0, T ), system (1.4.25) has a unique solution y ∈
L2(Q) ∩ C(0, T ;H−1(0, 1)), which depends continuously on y0 and v, that is

sup
t∈[0,T ]

‖y(t)‖H−1(0,1) ≤ C(‖y0‖L2(0,1) + ‖v‖L2(0,T )).

The null controllability property for system (1.4.25) reads as follows.

Theorem 1.4.3. Let T > 0. For all y0 ∈ L2(0, 1), it exists a control function v ∈ L2(0, T ) such
that the solution of (1.4.25) fulfills

y(T, ·) = 0 in (0, 1).

Before starting the proof of the previous Theorem, we first show that the null controllability
problem can be characterized in terms of an appropriate property for the following adjoint
system 

−wt − wxx = 0, (t, x) ∈ Q,
w(t, 0) = w(t, 1) = 0, t ∈ (0, T ),

w(T, ·) = wT ∈ L2(0, 1), x ∈ (0, 1).
(1.4.26)

Proposition 1.4.5. System (1.4.25) is null-controllable at time T > 0 if and only if, for any
y0 ∈ L2(0, 1) there exists v ∈ L2(0, T ) such that the following identity holds∫ T

0
v(t)wx(t, 1) dt =

∫ 1

0
y0(x)w(0, x) dx, ∀wT ∈ L2(0, 1), (1.4.27)

where w is the solution of system (1.4.26) associated to wT .

Proof. Multiplying system (1.4.25) by w and the adjoint problem (1.4.26) by y, integrating by
parts over Q, we obtain∫∫

Q
ytw dxdt−

∫∫
Q
yxwx dxdt+

∫ T

0
wx(t, 1)v(t) dt = 0

and ∫∫
Q
wty dxdt+

∫∫
Q
wxyx dxdt = 0.
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Thus, ∫∫
Q

(yw)t dxdt+

∫ T

0
wx(t, 1)v(t) dt = 0.

Consequently, ∫ T

0
v(t)wx(t, 1) dt =

∫ 1

0
y0(x)w(0, x) dx−

∫ 1

0
y(T, x)wT (x) dx. (1.4.28)

Notice that, if (1.4.27) is fulfilled, we get that∫ 1

0
y(T, x)wT (x) dx = 0, ∀wT ∈ L2(0, 1)

which yields y(T, ·) = 0.
Therefore, the solution of (1.4.25) is controllable to zero at time T and v is the null control.
Reciprocally, assume that v drives the solution of (1.4.25) to zero at time T . Thus, (1.4.27)

follows immediately from (1.4.28) and the proof is concluded.

At this point, we recall that the operator−∂xx on (0, 1) with homogeneous Dirichlet boundary
conditions has a sequence of positive eigenvalues and normalized eigenfunctions defined by

λk = k2π2, ϕk(x) =
√

2 sin(kπx), k ≥ 1, x ∈ (0, 1) (1.4.29)

and the sequence {ϕk}k≥1 forms a Hilbert basis of L2(0, 1).
As mentioned above, the proof of Theorem 1.4.3 is based on the construction and the estimate

of a suitable biorthogonal sequence to the exponential family {e−λkt}k≥1 in L2(0, T ). The main
ideas are due to R.D. Russell and H.O. Fattorini (see, for instance [87] and [88, Lemma 3.1]).
More precisely, we have.

Theorem 1.4.4. Let (Λk)k≥1 be a sequence of real positive numbers such that, for some ρ > 0,
we have: ∑

k≥1

1

Λk
< +∞ and |Λn − Λk| ≥ ρ|n− k|, ∀k, n ≥ 1. (1.4.30)

Then, there exists a biorthogonal family {qk}k≥1 in L2(0, T ) to {e−Λkt}k≥1, i.e.,∫ T

0
e−Λktql(t) dt = δkl, ∀k, l ≥ 1. (1.4.31)

Here, δkl denotes the Kronecker symbol.
Moreover, the following estimation holds

∀ε > 0, ∃Cε > 0 such that ‖qk‖L2(0,T ) ≤ CεeεΛk , ∀k ≥ 1. (1.4.32)

Remark 20. We point out that, the convergence of the series
∑
k≥1

1

Λk
, when it is fulfilled,

guarantees the existence of the biorthogonal family {qk}k≥1, while the gap condition

|Λn − Λk| ≥ ρ|n− k|, ∀k, n ≥ 1

is crucial for obtaining the estimate (1.4.32) and hence the null controllability result for problem
(1.4.25) in arbitrary small times T > 0.

Now, we are ready to present the proof of Theorem 1.4.25. The proof strategy is divided into
two main steps. The starting point is to transform the null controllability issue to a moment
problem. At this step, we will provide the explicit form of the control function in terms of
the biorthogonal family defined in Theorem 1.4.4. Then, in the second step, we prove that the
constructed control function is well defined.
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Proof of Theorem 1.4.3. Step 1. Using the fact that {ϕk}k forms a basis of L2(0, 1) and thanks
to Proposition 1.4.5, the null controllability of (1.4.25) is equivalent to:

find v ∈ L2(0, T ) such that∫ T

0
v(t)wk,x(t, 1) dt =

∫ 1

0
y0(x)wk(0, x) dx, ∀k ≥ 1,

where wk(t, ·) = e−λk(T−t)ϕk is the solution of system (1.4.26) associated to wT = ϕk.
Hence, v is a null control for our problem if and only if

√
λk

∫ T

0
v(t)e−λk(T−t) dt = e−λkT

∫ 1

0
y0(x)ϕk(x) dx, ∀k ≥ 1,

which is equivalent to find u(·) := v(T − ·) ∈ L2(0, T ) such that∫ T

0
u(t)e−λkt dt = ck, ∀k ≥ 1, (1.4.33)

where ck =
e−λkT√
λk

∫ 1

0
y0(x)ϕk(x) dx.

Next, we are going to solve the moment problem (1.4.33). First, notice that the sequence
{λk}k fulfills the conditions (1.4.30) in Theorem 1.4.4. Hence, {e−λkt}k≥1 has a biorthogonal
family {qk}k≥1 in L2(0, T ) satisfying the estimate (1.4.32). Therefore, we can formally solve
(1.4.33) by setting

u(t) = v(T − t) =
∑
k≥1

ckqk(t). (1.4.34)

Indeed, plugging (1.4.34) in (1.4.33), we (formally) obtain∫ T

0
u(t)e−λlt dt =

∑
k≥1

ck

∫ T

0
qk(t)e

−λlt dt = cl, ∀l ≥ 1.

Step 2. In order to conclude, it suffices to show that u ∈ L2(0, T ) and, equivalently, v ∈ L2(0, T ).

To this end, using the bound (1.4.32), with ε =
T

2
, it follows that

‖v‖L2(0,T ) = ‖u‖L2(0,T ) ≤
∑
k≥1

|ck|‖qk‖L2(0,T )

≤ CT ‖y0‖L2(0,1)

∑
k≥1

e−λkT/2√
λk

≤ CT ‖y0‖L2(0,1)

∑
k≥1

e−k
2(π2T/2)

k
< +∞,

which yields that the control function v belong to L2(0, T ) and concludes the proof.

Summarizing, in order to apply the moment method, we must, at least, check that:

• a biorthogonal family {qk}k≥1 exists;

• the formal series (1.4.34) that define v converges. To this end, we need an L2 upper bound
of qk, ∀k ≥ 1.
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As mentioned in [17], it is possible to consider a more general second order self-adjoint operator
instead of −∂xx. Notably, one can consider an operator A of the following form

(Ay)(x) := (a(x)y′(x))′ + d(x)y(x), (1.4.35)

where a ∈ C2([0, 1]), d ∈ C([0, 1]) and for a constant c1 > 0, we have

c1 ≤ a(x), x ∈ (0, 1).

It is known (see for instance [78, 87] ) that −A with homogeneous boundary conditions possesses
an increasing sequence of eigenvalues {λk}k≥1 and eigenfunctions {ϕk}k≥1 so that, for γ =∫ 1

0
a(x)−

1
2 dx, we have

λk =
π2

γ2
(k + β)2 + O(1), |ϕ′k(1)| = c2

√
λk, for k → +∞, (1.4.36)

for some constants c2, β > 0.

Remark 21. Notice that, the sequence {λk}k≥1 given above may contain negative elements.
However, by observing that λk goes to +∞ as k → +∞, one can find k0 ∈ N such that for all
k ≥ k0, λk0 > 0. Thus, by choosing M > 0 sufficiently large and setting λ̃k = λk + M , we
construct a strictly positive increasing sequence.

By easy calculations, one can show that the sequence {λ̃k}k≥1 satisfies all the conditions in
Theorem 1.4.4. Therefore, the proof of the null controllability of (1.4.25) given in Theorem 1.4.3
can be easily adapted to the operator A defined in (1.4.35) to obtain similar result. Indeed, in
the present context, it is not difficult to prove that the associated moment problem takes the
following form ∫ T

0
u(t)e−λ̃kt dt = ck, ∀k ≥ 1,

where u(t) := eMtv(T − t) and ck =
e−λkT

|ϕ′k(0)|

∫ 1

0
y0(x)ϕk(x) dx.

Proceeding as before, one can see that a formal solution to the above moment problem takes
the form

u(t) =
∑
k≥1

ckqk(t),

where {qk}k≥1 is a biorthogonal family to {e−λ̃kt}k≥1 in L2(0, T ). Hence, the control function
is given by

v(t) =
∑
k≥1

cke
−Mtqk(T − t).

Finally, using the bound of the biorthogonal family given in (1.4.32) and arguing as previously,
one can show that v ∈ L2(0, T ).

To our best knowledge, the question whether similar results hold true in the framework of a
general degenerate diffusion coefficient is completely open.

Remark 22. Let us remark that, the null controllability result, via boundary and distributed
controls, holds for scalar parabolic equations in arbitrary small time T . This is due to the fact
that the parabolic operator possess the property of infinite speed of propagation. However, this
is not, in general, true for various control problems. See for instance, Chapter 6 where we have
proved that the pointwise null controllability for a degenerate heat equation holds if and only if
the control time T is greater than a quantity T0 ∈ [0,∞]. See also [77] for the same result for
the nondegenerate sitting.



Chapter 2

Inverse problem for degenerate
coupled systems

This chapter presents an inverse source problem for a cascade system of n coupled degenerate
parabolic equations. In particular, we prove stability and uniqueness results for the inverse
problem of determining the source terms by observations in an arbitrary subdomain over a time
interval of only one component and data of the n components at a fixed positive time over the
whole spatial domain. The proof is based on the application of a Carleman estimate with a
single observation acting on a subdomain.

The results obtained in this chapter are presented in the research article [12], in collaboration
with Abdelkarim Hajjaj, Lahcen Maniar and Jawad Salhi.

2.1 Introduction and main results

This chapter is devoted to the question of the reconstruction of all the source terms for a
degenerate parabolic system of n coupled equations, with the main particularity that we observe
only one component of the system. More precisely, we consider the following parabolic linear
system of n-coupled degenerate equations, with n forces:

∂ty1 − d1(a(x)y1x)x +

2∑
j=1

b1jyj = f1, (t, x) ∈ Q,

∂ty2 − d2(a(x)y2x)x +
3∑
j=1

b2jyj = f2, (t, x) ∈ Q,

...

∂tyn − dn(a(x)ynx)x +

n∑
j=1

bnjyj = fn, (t, x) ∈ Q,

yk(t, 1) = 0,

{
yk(t, 0) = 0, (WD),

(aykx)(t, 0) = 0, (SD),

t ∈ (0, T ), 1 ≤ k ≤ n,
y1(0, x) = y0

1(x), ..., yn(0, x) = y0
n(x), x ∈ (0, 1),

(2.1.1)

where(y0
k)1≤k≤n ∈ L2(0, 1)n, T > 0 fixed, the coupling terms bkj = bkj(t, x) ∈ L∞(Q) (1 ≤

k, j ≤ n) and the function a is a diffusion coefficient which degenerates at 0 (i.e., a(0) = 0) and
satisfies the Hypotheses 1.2.3 and 1.2.4.

40
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Equivalently, the previous system can be written as
Yt −DAY + BY = F (t, x) ∈ Q,
CY = 0, (t, x) ∈ Σ,

Y (0, x) = Y 0(x), x ∈ (0, 1),
(2.1.2)

where Σ := (0, T )×{0, 1}, D is a n×n matrix, B is a n×n matrix, Y = (yk)1≤k≤n is the state
and F = (f1, f2, ..., fn)?. The operator DA is defined by DAY =

(
d1(ay1x)x, ..., dn(aynx)x

)
for

Y ∈ D(DA) ⊂ L2(0, 1)n.
The boundary condition CY = 0 is either Y (0) = Y (1) = 0 in the weakly degenerate case

(WD) or Y (1) = (aYx)(0) = 0 in the strongly degenerate case (SD).
We are interested in answering the following inverse problem: can we retrieve the source

terms f1, ..., fn in system (2.1.1) from incomplete data, that is to say, from a reduced number
of measurements of the solution?

For this purpose, we define the zone of measurements ω to be a nonempty open subset of
(0, 1). For t0 ∈ (0, T ), we shall use the following notations Qt0 = (t0, T )×(0, 1), ωt0 = (t0, T )×ω
and T ′ :=

T + t0
2

. Let us recall that in inverse source problems, the source term has to satisfy

some condition otherwise uniqueness may be false, see [158]. Let C0 > 0 be given. In [115, 63],
the authors make the assumption that source terms f satisfy the condition

|ft(t, x)| ≤ C0|f(T ′, x)|, for almost all (t, x) ∈ Q (2.1.3)

Therefore they define the set S(C0) of admissible source terms as

S(C0) := {f ∈ H1(0, T ;L2(0, 1)) : f satisfies (2.1.3)}.

The main goal of the present work is to recover all the source terms fk (1 ≤ k ≤ n) using the
following observation data:

(aykx)x(T ′, ·), ∀k : 1 ≤ k ≤ n, y1|ωt0 and y1t|ωt0 .

Our contributions are:

• identification of all external forces term for n-coupled degenerate parabolic system (2.1.1)
from a few interior measurements,

• the reduction of the number of observations, and

• a global stability estimate (of Lipschitz type).

Apart from some of the papers mentioned in the introduction of this thesis for inverse
problems and controllability of parabolic systems, to the best of our knowledge, inverse source
problems for coupled systems of n equation with n > 2 were never considered even in the case
of non degenerate parabolic coupled systems.

Motivated by this reason, the present chapter is devoted to the study of an inverse source
problem for such coupled degenerate systems. More precisely, we will follow the approach
introduced by Imanuvilov and Yamamoto in [115] for the treatment of uniformly parabolic
problems which is based on the use of global Carleman estimates. For this purpose, we use and
extend some recent Carleman estimates given in [84]. As a consequence, we prove a stability
estimate of Lipschitz type in determining all the source terms from the knowledge of some
measurements of only one component of the solution. To our knowledge, this work is the first
one concerning Lipschitz stability results in inverse problems for degenerate coupled systems
such as (2.1.1).

For fixed T > T ′ > 0, our first main result is the stability for the inverse source problem.
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Theorem 2.1.1. Let C0 > 0 and assume that for some open subset ω0 ⊂ ω, we have

bk−1k ≥ b0 > 0, in (t0, T )× ω0, ∀k : 2 ≤ k ≤ n. (2.1.4)

Then, there exists C = C(T, t0, C0) > 0 such that, for all fk ∈ S(C0) and y0
k ∈ L2(0, 1) (1 ≤ k ≤

n), there holds

n∑
k=1

‖fk‖2L2(Q) ≤ C
( n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) + ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
. (2.1.5)

A brief idea of our strategy is as follows. First, we establish a Carleman estimate with a
boundary observation for a single degenerate equation. Then, using a localization argument
we deduce a Carleman estimate with a distributed observation for one degenerate equation.
Summing up these inequalities we obtain a Carleman estimate for the coupled system with
distributed observations of each equation which could be used to show Lipschitz stability estimate
in the determination of the source terms from interior measurements of all components of the
system. In a second step, by using the equations we try to reduce the number of measurements
obtaining a Carleman estimate with a single observation acting on a subdomain. Finally, this
estimate is successfully used along with certain energy estimates to obtain the stability result
for the inverse source problem of n-coupled degenerate parabolic equations by measurements of
one component.

Remark 23. • Theorem 2.1.1 provides a global Lipschitz stability estimate that extend the
one obtained for a single degenerate heat equation by Cannarsa, Tort and Yamamoto [63]
to the case of more general cascade coupled systems. The main difference between our
work and [63] is that we consider a coupled system of degenerate parabolic equations, and
the additional data are given only for one component of this system.

• Although theorem 2.1.1 provides a useful stability result, we note that it does not ensure
that the inverse problem has a unique solution because the class S(C0) is not a vector
space.

An important case is when the unknown source terms of (2.1.1) take the form

fk(t, x) = gk(x)rk(t, x), ∀k : 1 ≤ k ≤ n, (2.1.6)

where gk are the unknown functions of L2(0, 1) while rk ∈ C1([0, T ] × [0, 1]) are the given
functions such that

∀x ∈ [0, 1] |rk(T ′, x)| > dk, (2.1.7)

for some given constant dk > 0, 1 ≤ k ≤ n. We denote by Ek the space

Ek := {gk(x)rk(t, x) for some gk ∈ L2(0, 1)}.

The following holds.

Lemma 2.1.1. The space Ek (1 ≤ k ≤ n) is included in S(C0) for

C0 = sup
1≤k≤n

( 1

dk
sup

(t,x)∈Q

∣∣∣∂rk
∂t

(t, x)
∣∣∣).

The proof of this Lemma is similar to the one of (2.4.16) so we omit it.
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As an application of Theorem 2.1.1, we can determine gk(x) (1 ≤ k ≤ n) in

∂ty1 − d1(a(x)y1x)x +

2∑
j=1

b1jyj = g1r1, (t, x) ∈ Q,

∂ty2 − d2(a(x)y2x)x +
3∑
j=1

b2jyj = g2r2, (t, x) ∈ Q,

...

∂tyn − dn(a(x)ynx)x +

n∑
j=1

bnjyj = gnrn, (t, x) ∈ Q,

yk(t, 1) = 0,

{
yk(t, 0) = 0, (WD),

(aykx)(t, 0) = 0, (SD),

t ∈ (0, T ), 1 ≤ k ≤ n,
y1(0, x) = y0

1(x), ..., yn(0, x) = y0
n(x), x ∈ (0, 1).

(2.1.8)

Here, we prove that we can uniquely recover the spatial components gk of the source terms from
the measurement of the solution over the whole spatial domain (0, 1) at any fixed moment T ′

plus additional local observations in space and time of one component of the solution. This is
our second main result:

Theorem 2.1.2. Let rk ∈ C1([0, T ]× [0, 1]) be a function satisfying (2.1.7). Then, there exists
C = C(T, t0, C0) > 0 such that, for all f̃k = g̃krk ∈ Ek and f̂k = ĝkrk ∈ Ek the associated
solutions (ỹ1, ..., ỹn) and (ŷ1, ..., ŷn) of (2.1.8) satisfy

n∑
k=1

‖g̃k − ĝk‖2L2(0,1) ≤ C
( n∑
k=1

‖
(
(a(ỹk − ŷk)x)x

)
(T ′, ·)‖2L2(0,1)

+ ‖ỹ1 − ŷ1‖2L2(ωt0 ) + ‖ỹ1t − ŷ1t‖2L2(ωt0 )

)
.

(2.1.9)

In particular, Theorem 2.1.2 provides the following uniqueness result: if the solutions (ỹ1, ..., ỹn)
and (ŷ1, ..., ŷn) of (2.1.8) associated to g̃k and ĝk satisfy

(aỹkx)x(T ′, ·) = (aŷkx)x(T ′, ·), ∀k : 1 ≤ k ≤ n in (0, 1),

ỹ1 = ŷ1 and ỹ1t = ŷ1t in ωt0 ,

then
g̃k = ĝk in (0, 1),∀k : 1 ≤ k ≤ n.

This chapter is organized as follows. In Section 2.2, we discuss the well-posedness of the
problem (2.1.1). Then, in Section 2.3, we establish different Carleman estimates for parabolic
equations and parabolic systems. Finally, in Section 2.4, we apply the Carleman estimates to
prove the Lipschitz stability and uniqueness results.

2.2 Well-Posedness and regularity results

In order to study the well-posedness of system (2.1.1), we first recall the following weighted
spaces (in the sequel, a.c. means absolutely continuous):

In the (WD) case:

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y a.c. in [0, 1],

√
ayx ∈ L2(0, 1) and y(1) = y(0) = 0

}
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and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}
.

In the (SD) case:

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in (0, 1],

√
ayx ∈ L2(0, 1) and y(1) = 0

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in (0, 1], ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(0) = 0
}
.

In both cases, the norms are defined as follow

‖y‖2H1
a

:= ‖y‖2L2(0,1) + ‖
√
ayx‖2L2(0,1), ‖y‖2H2

a
:= ‖y‖2H1

a
+ ‖(ayx)x‖2L2(0,1).

We recall from [5, 47] that the operator (A,D(A)) defined by Ay := (ayx)x, y ∈ D(A) =
H2
a(0, 1) is closed negative self-adjoint with dense domain in L2(0, 1). Hence, it is infinitesimal

generator of an analytic semi-group of contractions in the pivot space L2(0, 1).
At this point, as the operator DA with domain D(DA) = H2

a(0, 1)n is diagonal and since B
is a bounded perturbation, the following well-posedness and regularity results hold.

Proposition 2.2.1. (i) For all Y 0 ∈ D(DA) and F ∈ H1(0, T ;L2(0, 1)n), the problem (2.1.2)
has a unique solution

Y ∈ C
(
[0, T ], D(DA)

)
∩ C1(0, T ;L2(0, 1)n).

(ii) For all F ∈ L2(Q)n, Y 0 ∈ L2(0, 1)n, and ε ∈ (0, T ), there exists a unique mild solution

Y ∈ H1
(
[ε, T ], L2(0, 1)n

)
∩ L2

(
ε, T ;D(DA)

)
.

If moreover, F ∈ H1(0, T ;L2(0, 1)n) and ε ∈ (0, T ), then

Y ∈ C
(
[ε, T ], D(DA)

)
∩ C1([ε, T ];L2(0, 1)n).

Proof. The proof of statements (i) and (ii) mainly follows from the fact that (DA, D(DA))
generates an analytic semi-group in the pivot space L2(0, 1)n. Then it suffices to apply standard
semi-groups theory: for example [34, Proposition 3.3] in the case F ∈ H1(0, T ;L2(0, 1)n) and
[34, Proposition 3.8] in the case F ∈ L2(Q)n.

2.3 Global Carleman Estimates

In this section we give a new global Carleman estimate for the system (2.1.1). To this end, as
in [63], we introduce the following time and space weight functions

ϕ(t, x) := θ(t)ψ(x), θ(t) :=
1

(t− t0)4(T − t)4
,

ψ(x) := γ
(∫ x

0

y

a(y)
dy − d

)
, and η(t) := T + t0 − 2t,

(2.3.1)

where t0 > 0 is a fixed initial time, T > 0 is a final time and where the parameters γ and

d > d? := sup
[0,1]

∫ x

0

y

a(y)
dy are positive constants that will be chosen later.

In order to state our fundamental result, we need to show first some Carleman estimates in
the case of a single parabolic degenerate equation.
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2.3.1 Carleman estimate for one degenerate equation

In this subsection we shall establish a new Carleman estimate for the solution of the following
parabolic equation 

yt − d(a(x)yx)x = f, (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T ),{
y(t, 0) = 0, for (WD),

(ayx)(t, 0) = 0, for (SD),
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(2.3.2)

where d > 0 is a positive constant, f ∈ L2(Q) and y0 ∈ L2(0, 1).
The following Carleman estimate will be crucial for the aim of this section. Note that the

Carleman estimate needed in this work is different from the one showed in [5] where, however, the

Carleman inequality was derived to bound just the integrals of sθa(x)y2
x and s3θ3 x2

a(x)
y2 (that

were sufficient for control purposes). For inverse problems, these estimates are not sufficient to
conclude. Hence, as in [115], we need to complete the above result with the estimate of the

integrals of
1

sθ
y2
t and sθ

3
2 |ηψ|y2.

Theorem 2.3.1. There exist two positive constants C and s0, such that every solution y of
(2.3.2) satisfies, for all s ≥ s0,∫∫

Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθda(x)y2

x + s3θ3 x2

da(x)
y2
)
e2sϕ dx dt

≤ C
(∫∫

Qt0

f2e2sϕ dx dt+ sγa(1)

∫ T

t0

θ(t)y2
x(t, 1)e2sϕ(t,1) dt

)
. (2.3.3)

Proof. The proof is based on the methods developed in [63]. Given a solution y ∈ L2(t0, T ;D(A))∩
H1(t0, T ;L2(0, 1)) of (2.3.2) and a positive number s > 0, define w = yesϕ for a.e. (t, x) ∈ Qt0 .
We first prove a Carleman-type estimate for w and then we deduce the expected estimate on y.
First of all, observe that w satisfies

P+
s w + P−s w = fesϕ,

where

P+
s w = −d(awx)x − sϕtw − s2daϕ2

xw,

P−s w = wt + 2sdaϕxwx + sd(aϕx)xw. (2.3.4)

Moreover, w(t0, x) = w(T, x) = 0. This property allows us to apply the Carleman estimates
established in [5] to w with Qt0 in place of (0, T ) × (0, 1) and d∂x(a∂x·) instead of ∂x(a∂x·),
obtaining

∥∥P+
s w
∥∥2

L2(Qt0 )
+
∥∥P−s w∥∥2

L2(Qt0 )
+

∫∫
Qt0

(
sθda(x)w2

x + s3θ3 x2

da(x)
w2
)
dx dt

≤ C
(∫∫

Qt0

f2e2sϕ dx dt+ sγa(1)

∫ T

t0

θ(t)w2
x(t, 1) dt

)
. (2.3.5)

The operators P+
s and P−s are not exactly the ones of [5]. However, one can prove that the

Carleman estimates do not change.
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Using the previous estimate, we will bound the integral

∫∫
Qt0

1

sθ
w2
t dx dt. In fact, we have

1√
sθ
wt =

1√
sθ

(
P−s w − 2sdaϕxwx − sd(aϕx)xw

)
=

1√
sθ
P−s w − 2γd

√
sθxwx − γd

√
sθw.

Therefore, using the fact that
1

sθ
is bounded, it results∫∫

Qt0

1

sθ
w2
t dx dt

≤ C
( 1

sθ

∥∥P−s w∥∥2

L2(Qt0 )
+

∫∫
Qt0

sθx2w2
x dx dt+

∫∫
Qt0

sθw2 dx dt
)

≤ C
(∥∥P−s w∥∥2

L2(Qt0 )
+

∫∫
Qt0

sθ
x2

a
aw2

x dx dt+

∫∫
Qt0

sθw2 dx dt
)
. (2.3.6)

Since the function x 7→ x2

a
is nondecreasing, then one has∫∫
Qt0

sθ
x2

a
aw2

x dx dt ≤
1

a(1)

∫∫
Qt0

sθaw2
x dx dt. (2.3.7)

Moreover, in what follows we will also need to estimate

∫∫
Qt0

sθw2 dx dt. In particular, using

Young’s inequality, we have∫∫
Qt0

sθw2 dx dt = s

∫∫
Qt0

(
θ
a1/3

x2/3
w2
) 3

4
(
θ
x2

a
w2
) 1

4 dx dt

≤ s3

4

∫∫
Qt0

θ
a1/3

x2/3
w2 dx dt+

s

4

∫∫
Qt0

θ
x2

a
w2 dx dt.

Let p(x) = x4/3a1/3, then since the function x 7→ x2

a
is nondecreasing on (0, 1) one has,

p(x) = a
(x2

a

) 2
3 ≤ Ca(x).

Thanks to the Hardy-Poincaré inequality (1.2.9), we obtain∫ 1

0

a1/3

x2/3
w2 dx =

∫ 1

0

p(x)

x2
w2 dx ≤ C

∫ 1

0
p(x)w2

x dx ≤ C
∫ 1

0
a(x)w2

x dx. (2.3.8)

This gives, ∫∫
Qt0

sθw2 dx dt ≤ C
∫∫
Qt0

(
sθaw2

x + s3θ3x
2

a
w2
)
dx dt

≤ C
∫∫
Qt0

(
sθdaw2

x + s3θ3 x
2

da
w2
)
dx dt,

(2.3.9)

since d > 0.
From (2.3.6)-(2.3.9), we get∫∫

Qt0

1

sθ
w2
t dx dt

≤ C
(∥∥P−s w∥∥2

L2(Qt0 )
+

∫∫
Qt0

sθdaw2
x dx dt+

∫∫
Qt0

s3θ3 x
2

da
w2 dx dt

)
. (2.3.10)
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In a similar way, to bound the integral

∫∫
Qt0

sθ
3
2 |ηψ|w2 dx dt, we have

∫∫
Qt0

sθ
3
2 |ηψ|w2 dx dt ≤ C

∫∫
Qt0

sθ
3
2w2 dx dt, (2.3.11)

since |η| ≤ T ′ + t and |ψ| ≤ γd. By using inequality (2.3.8), we infer∫∫
Qt0

sθ
3
2w2 dx dt = s

∫∫
Qt0

(
θ
a1/3

x2/3
w2
) 3

4
(
θ3x

2

a
w2
) 1

4 dx dt

≤ s3

4

∫∫
Qt0

θ
a1/3

x2/3
w2 dx dt+

s

4

∫∫
Qt0

θ3x
2

a
w2 dx dt

≤ C 3

4

∫∫
Qt0

sθaw2
x dx dt+

s

4

∫∫
Qt0

θ3x
2

a
w2 dx dt.

Therefore, since d > 0, we have for s large enough∫∫
Qt0

sθ
3
2 |ηψ|w2 dx dt ≤ C

(∫∫
Qt0

sθdaw2
x dx dt+

∫∫
Qt0

s3θ3 x
2

da
w2 dx dt

)
. (2.3.12)

From inequalities (2.3.5), (2.3.10) and (2.3.12), one obtains∫∫
Qt0

( 1

sθ
w2
t + sθ

3
2 |ηψ|w2 + sθda(x)w2

x + s3θ3 x2

da(x)
w2
)
dx dt

≤ C
(∫∫

Qt0

f2e2sϕ dx dt+ sγa(1)

∫ T

t0

θ(t)w2
x(t, 1) dt

)
.

Consequently, we obtain the estimate (2.3.3) which completes the proof.

From the boundary Carleman estimate (2.3.3), we will deduce a Carleman estimate for
equation (2.3.2) on a subregion

ω′ := (α′, β′) b ω0 ⊂ ω. (2.3.13)

To this aim, let us set ω′′ = (α′′, β′′) b ω′ and consider a smooth cut-off function ξ ∈ C∞([0, 1])
such that 0 ≤ ξ(x) ≤ 1 for x ∈ (0, 1), ξ(x) = 1 for x ∈ [0, α′′] and ξ(x) = 0 for x ∈ [β′′, 1].

Our first intermediate Carleman estimate is thus the following.

Proposition 2.3.1. Let T > 0. Then, there exist two positive constants C and s0 such that,
for every y0 ∈ L2(0, 1), the solution y of equation (2.3.2) satisfies, for all s ≥ s0∫∫

Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθda(x)y2

x + s3θ3 x2

da(x)
y2
)
ξ2e2sϕ dx dt

≤ C
(∫∫

Qt0

ξ2f2e2sϕ dx dt+

∫∫
ω′t0

(f2 + s2θ2y2)e2sϕ dx dt
)
,

(2.3.14)

where ω′t0 := (t0, T )× ω′.

In order to prove the above estimate, we need the following Caccioppoli’s inequality, whose
proof is inspired from to the one in [2] (for the reader’s convenience, we give it in the Appendix).

Lemma 2.3.1 (Caccioppoli’s inequality). Let ω′ and ω′′ be two nonempty open subsets of (0, 1)
such that ω′′ ⊂ ω′ and φ(t, x) = θ(t)%(x), where % ∈ C2(ω′, R). Then, there exists a constant
C > 0 such that any solution y of the equation (2.3.2) satisfies∫∫

ω′′t0

y2
xe

2sφ dx dt ≤ C
∫∫
ω′t0

(f2 + s2θ2y2)e2sφ dx dt. (2.3.15)
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Proof of Proposition 2.3.1. Define w := ξy where y is the solution of (2.3.2). Then, the function
w satisfies the following equation

wt − d(a(x)wx)x = ξf − d(a(x)ξxy)x − da(x)ξxyx, (t, x) ∈ Q,

w(t, 1) = 0 and

{
w(t, 0) = 0, (WD)

(awx)(t, 0) = 0, (SD)
t ∈ (0, T ),

w(0, x) = ξ(x)y0(x), x ∈ (0, 1).

(2.3.16)

Therefore, applying the Carleman estimate (2.3.3) to equation (2.3.16) and using the definition
of w, we have∫∫

Qt0

( 1

sθ
w2
t + sθ

3
2 |ηψ|w2 + sθda(x)w2

x + s3θ3 x2

da(x)
w2
)
e2sϕ dx dt

≤ C
∫∫
Qt0

(
ξ2f2 +

(
d(a(x)ξxy)x + da(x)ξxyx

)2)
e2sϕ dx dt.

(2.3.17)

From the definition of ξ and the Caccioppoli inequality (2.3.15), we obtain∫∫
Qt0

(
d(a(x)ξxy)x + da(x)ξxyx

)2
e2sϕ dx dt

≤ C
∫∫
ω′′t0

(y2 + y2
x)e2sϕ dx dt

≤ C
∫∫
ω
′
t0

(f2 + s2θ2y2)e2sϕ dx dt. (2.3.18)

Moreover, since ξyx = wx − ξxy, then we get∫∫
Qt0

sθda(x)y2
xξ

2e2sϕ dx dt

≤ C
(∫∫

Qt0

sθda(x)w2
xe

2sϕ dx dt+

∫∫
ω′t0

s2θ2y2e2sϕ dx dt
)
, (2.3.19)

for a positive constant C.
Finally, combining (2.3.17)-(2.3.19) we deduce the desired estimate.

Proposition 2.3.1 gave a Carleman estimate in (0, α′). Now, using the non degenerate Car-

leman estimate of [106, Lemma 1.2] which remains true when we replace θ(t) =
1

t(T − t)
by

θ(t) =
1

(t− t0)4(T − t)4
, we are able to show a Carleman estimate to equation (2.3.2) on the

interval (β′, 1). For more details about this modification of the time weight function, we refer
to [2, Remark 1].

Proposition 2.3.2. Let T > 0. Then, there exist two positive constants C and s0 such that,
for every y0 ∈ L2(0, 1), the solution y of equation (2.3.2) satisfies, for all s ≥ s0∫∫

Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθda(x)y2

x + s3θ3 x2

da(x)
y2
)
ζ2e2sΦ dx dt

≤ C
(∫∫

Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′t0

(f2 + s3θ3y2)e2sΦ dx dt
)
,

(2.3.20)

where ζ := 1−ξ and Φ(t, x) := θ(t)Ψ(x), Ψ(x) = eρσ−e2ρ‖σ‖∞, with ρ > 0 is a positive constant
to be chosen later, σ is a C2([0, 1]) function such that σ(x) > 0 in (0, 1), σ(0) = σ(1) = 0 and
σx(x) 6= 0 in [0, 1] \ ω̃, ω̃ is an arbitrary open subset of ω.
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Proof. The function z := ζy is a solution of the uniformly parabolic equation
zt − d(a(x)zx)x = ζf − d(a(x)ζxy)x − da(x)ζxyx, (t, x) ∈ Q,
z(t, 1) = z(t, 0) = 0, t ∈ (0, T ),

z(0, x) = ζ(x)y0(x), x ∈ (0, 1),
(2.3.21)

since z has its support in [0, T ]× [α′′, 1].
Hence, by [106, Lemma 1.2] we have∫∫

Qt0

( 1

sθ
z2
t + sθz2

x + s3θ3z2
)
e2sΦ dx dt

≤ C

(∫∫
Qt0

(
ζ2f2 +

(
d(a(x)ζxy)x + da(x)ζxyx

)2)
e2sΦ dx dt+

∫∫
ω′t0

s3θ3z2e2sΦ dx dt

)

≤ C

(∫∫
Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′′t0

(y2 + y2
x)e2sΦ dx dt+

∫∫
ω′t0

s3θ3z2e2sΦ dx dt

)
.

Therefore, using the Caccioppoli inequality (2.3.15) and the definitions of z and ζ we deduce∫∫
Qt0

( 1

sθ
z2
t + sθz2

x + s3θ3z2
)
e2sΦ dx dt

≤ C

(∫∫
Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′t0

f2e2sΦ dx dt+

∫∫
ω′t0

s3θ3y2e2sΦ dx dt

)
.

(2.3.22)

From ζyx = zx − ζxy and supp ζx ⊂ ω′′, we obtain∫∫
Qt0

sθy2
xζ

2e2sΦ dx dt ≤ C

(∫∫
Qt0

sθz2
xe

2sΦ dx dt+

∫∫
ω′′t0

sθy2e2sΦ dx dt

)

≤ C

(∫∫
Qt0

sθz2
xe

2sΦ dx dt+

∫∫
ω′t0

s3θ3y2e2sΦ dx dt

)
, (2.3.23)

for s large enough.

Furthermore, using the fact that sθ
3
2 |ηψ|z2 ≤ Cs3θ3z2, by (2.3.22) one has∫∫

Qt0

sθ
3
2 |ηψ|y2ζ2e2sΦ dx dt =

∫∫
Qt0

sθ
3
2 |ηψ|z2e2sΦ dx dt

≤ C

(∫∫
Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′t0

f2e2sΦ dx dt+

∫∫
ω′t0

s3θ3y2e2sΦ dx dt

)
.

(2.3.24)

The estimates (2.3.22)-(2.3.24) lead to∫∫
Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθy2

x + s3θ3y2
)
ζ2e2sΦ dx dt

≤ C

(∫∫
Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′t0

f2e2sΦ dx dt+

∫∫
ω′t0

s3θ3y2e2sΦ dx dt

)
.

(2.3.25)

Taking into account the fact that da(x) > 0 and
x2

da(x)
> 0 in (α′, 1), we deduce∫∫

Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθda(x)y2

x + s3θ3 x2

da(x)
y2
)
ζ2e2sΦ dx dt

≤ C

(∫∫
Qt0

ζ2f2e2sΦ dx dt+

∫∫
ω′t0

f2e2sΦ dx dt+

∫∫
ω′t0

s3θ3y2e2sΦ dx dt

)
.

(2.3.26)

This proves Proposition 2.3.2.
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2.3.2 Carleman estimate for n-coupled degenerate equations

Now, we show the main result of this section, which is the ω-Carleman estimate for the coupled
system (2.1.1). For this purpose, the parameters γ, ρ and d will be chosen such that

d > 4nd?, ρ >
1

‖σ‖∞
ln
(4n(d− d?)
d− 4nd?

)
, (2.3.27)

e2ρ‖σ‖∞

d− d?
< γ <

4n

(4n − 1)d
(e2ρ‖σ‖∞ − eρ‖σ‖∞), (2.3.28)

where n is the size of the system (2.1.1).

Remark 24. By (2.3.27) and proceeding as in [84, Lemma 3.1], it can be shown that the interval(e2ρ‖σ‖∞

d− d?
,

4n

(4n − 1)d
(e2ρ‖σ‖∞ − eρ‖σ‖∞)

)
is nonempty. Indeed,

4n

(4n − 1)d

(
e2ρ‖σ‖∞ − eρ‖σ‖∞

)
− e2ρ‖σ‖∞

d− d?

=
4n (d− d?)

(
e2ρ‖σ‖∞ − eρ‖σ‖∞

)
− (4n − 1) de2ρ‖σ‖∞

(4n − 1) d (d− d?)

=
(d− 4nd?) e2ρ‖σ‖∞ − 4n (d− d?) eρ‖σ‖∞

(4n − 1) d (d− d?)

=
(d− 4nd?) eρ‖σ‖∞

(4n − 1) d (d− d?)

[
eρ‖σ‖∞ − 4n (d− d?)

(d− 4nd?)

]
Now, having in mind the fact that d > 4nd?, then choosing the parameter ρ in such a way

ρ >
1

‖σ‖∞
ln

(
4n (d− d?)
(d− 4nd?)

)
the thesis follows.

We can then choose γ in this interval.

From (2.3.27)-(2.3.28), we have the following result whose proof can be found in [84, Lemma
3.3].

Lemma 2.3.2. Let the sequence Φk defined by

Φk = 4n−k(Φ− ϕ) + ϕ, k = 1, ..., n. (2.3.29)

Then, we have

• ϕ < Φk < 0, k = 1, ..., n.

• Φn = Φ < Φn−1 < · · · < Φ1.

Using Propositions 2.3.1 and 2.3.2 and the Hardy-Poincaré inequality we deduce an interme-
diate important result which could be used to show a Lipschitz stability estimate for parabolic
systems of determining n source terms from measurements of all components of the solution.

Theorem 2.3.2. There exist two positive constants C > 0 and s0 > 0 such that for all
(y0

1, ..., y
0
n) ∈ (L2(0, 1))n, the solution (y1, ..., yn) of (2.1.1) satisfies, for all s ≥ s0

n∑
k=1

J (yk) ≤ C
n∑
k=1

(∫∫
Qt0

f2
ke

2sΦ dx dt+

∫∫
ω
′
t0

s3θ3y2
ke

2sΦ dx dt
)
, (2.3.30)

where

J (y) :=

∫∫
Qt0

( 1

sθ
y2
t + sθ

3
2 |ηψ|y2 + sθa(x)y2

x + s3θ3 x2

a(x)
y2
)
e2sϕ dx dt. (2.3.31)
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Proof. Since yk is the solution of the system

∂tyk − dk(a(x)ykx)x = fk −
k+1∑
j=1

bkjyj , (t, x) ∈ Q,

yk(t, 1) = 0, t ∈ (0, T ),{
yk(t, 0) = 0, for (WD),

(aykx)(t, 0) = 0, for (SD),
t ∈ (0, T ),

yk(0, x) = y0
k(x), x ∈ (0, 1),

(2.3.32)

applying Proposition 2.3.1, for s big enough, we have∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθdka(x)y2
kx + s3θ3 x2

dka(x)
y2
k

)
ξ2e2sϕ dx dt

≤ C

(∫∫
Qt0

ξ2
(
fk −

k+1∑
j=1

bkjyj
)2
e2sϕ dx dt

+

∫∫
ω′t0

((
fk −

k+1∑
j=1

bkjyj
)2

+ s2θ2y2
k

)
e2sϕ dx dt

)

≤ C
k+1∑
j=1

(∫∫
Qt0

ξ2y2
j e

2sϕ dx dt+

∫∫
ω′t0

y2
j e

2sϕ dx dt

)

+ C

(∫∫
Qt0

f2
ke

2sϕ dx dt+

∫∫
ω′t0

s2θ2y2
ke

2sϕ dx dt

)
.

On the other hand, since dk > 0, we have

min(1, dk,
1

dk
)

∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k

+ sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
ξ2e2sϕ dx dt

≤
∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθdka(x)y2
kx + s3θ3 x2

dka(x)
y2
k

)
ξ2e2sϕ dx dt.

Hence, ∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
ξ2e2sϕ dx dt

≤ C
k+1∑
j=1

(∫∫
Qt0

ξ2y2
j e

2sϕ dx dt+

∫∫
ω′t0

y2
j e

2sϕ dx dt

)

+ C

(∫∫
Qt0

f2
ke

2sϕ dx dt+

∫∫
ω′t0

s2θ2y2
ke

2sϕ dx dt

)
.

(2.3.33)

Moreover, since x 7→ x2

a
is nondecreasing, we have∫∫
Qt0

ξ2y2
j e

2sϕ dx dt ≤ 1

a(1)

∫∫
Qt0

a(x)

x2
ξ2y2

j e
2sϕ dx dt.

Applying Hardy-Poincaé inequality to v := ξyje
sϕ, one has∫∫

Qt0

ξ2y2
j e

2sϕ dx dt ≤ C
∫∫
Qt0

a(x)v2
x dx dt,
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and by vx = ξyjxe
sϕ + ξsθ

x

a(x)
yje

sϕ + ξxyje
sϕ, we obtain∫∫

Qt0

ξ2y2
j e

2sϕ dx dt ≤ C
∫∫
Qt0

a(x)
(
ξyjxe

sϕ + ξsθ
x

a(x)
yje

sϕ + ξxyje
sϕ
)2
dx dt

≤ C

(∫∫
Qt0

ξ2a(x)y2
jxe

2sϕ dx dt+

∫∫
Qt0

ξ2s2θ2 x2

a(x)
y2
j e

2sϕ dx dt

+

∫∫
Qt0

ξ2
xa(x)y2

j e
2sϕ dx dt

)
.

Now, using the fact that θ is bounded from below and since supp(ξx) ⊂ ω′, one has∫∫
Qt0

ξ2y2
j e

2sϕ dx dt

≤ C

(∫∫
Qt0

ξ2θa(x)y2
jxe

2sϕ dx dt+

∫∫
Qt0

ξ2s2θ2 x2

a(x)
y2
j e

2sϕ dx dt

)

+ C

∫∫
ω′t0

sθy2
j e

2sϕ dx dt.

Therefore, by taking the Carleman parameter s large enough, we obtain∫∫
Qt0

ξ2y2
j e

2sϕ dx dt

≤ 1

2n

(∫∫
Qt0

(
sθa(x)y2

jx + s3θ3 x2

a(x)
y2
j

)
ξ2e2sϕ dx dt

)
(2.3.34)

+ C

∫∫
ω′t0

s2θ2y2
j e

2sϕ dx dt.

Thus, combining (2.3.33) with (2.3.34), we deduce

n∑
k=1

∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
ξ2e2sϕ dx dt

≤ 1

2n

n∑
k=1

k+1∑
j=1

(∫∫
Qt0

(
sθa(x)y2

jx + s3θ3 x2

a(x)
y2
j

)
ξ2e2sϕ dx dt

)

+ C

n∑
k=1

(∫∫
Qt0

f2
ke

2sϕ dx dt+

∫∫
ω′t0

s2θ2y2
ke

2sϕ dx dt

)

≤ 1

2

n∑
k=1

(∫∫
Qt0

(
sθa(x)y2

kx + s3θ3 x2

a(x)
y2
k

)
ξ2e2sϕ dx dt

)

+ C

n∑
k=1

(∫∫
Qt0

f2
ke

2sϕ dx dt+

∫∫
ω′t0

s2θ2y2
ke

2sϕ dx dt

)
,

and by this, it results that

n∑
k=1

∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
ξ2e2sϕ dx dt

≤ C
n∑
k=1

(∫∫
Qt0

f2
ke

2sϕ dx dt+

∫∫
ω
′
t0

s2θ2y2
ke

2sϕ dx dt
)
. (2.3.35)
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Similarly, applying Proposition 2.3.2 to yk, the solution of (2.3.32), and using the Hardy-Poincaré
inequality, we obtain the estimate

n∑
k=1

∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
ζ2e2sΦ dx dt

≤ C
n∑
k=1

(∫∫
Qt0

f2
ke

2sΦ dx dt+

∫∫
ω
′
t0

s3θ3y2
ke

2sΦ dx dt
)
. (2.3.36)

Since e2sϕ ≤ e2sΦ,
1

2
≤ ξ2 + ζ2 ≤ 1 and θ is bounded from below, then by adding (2.3.35) and

(2.3.36) we obtain

n∑
k=1

∫∫
Qt0

( 1

sθ
y2
kt + sθ

3
2 |ηψ|y2

k + sθa(x)y2
kx + s3θ3 x2

a(x)
y2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

(∫∫
Qt0

f2
ke

2sΦ dx dt+

∫∫
ω
′
t0

s3θ3y2
ke

2sΦ dx dt
)
,

for s large enough. This ends the proof.

Let us recall that our goal is to determine the source terms fk, k ∈ {1, ..., n} from measure-
ments of one component of the solution using data on a prescribed subregion ω of (0, 1). To this
aim, the key point is given by the next lemma which play a crucial role to absorb the observation
on the components yk, k ∈ {2, ..., n}.

Lemma 2.3.3. Assume that Hypothesis (2.1.4) is satisfied. Let ε > 0, k ∈ {2, ..., n} and two
open sets O0 and O1 such that ω′ ⊂ O1 ⊂ O0 ⊂ ω0, where we recall that ω′ is given in (2.3.13).
Then, for all l ∈ N∗, there exist positive constants Ck, l̂ and J such that every solution (y1, ..., yn)
to (2.1.1) satisfies

LO1(l,Φk, yk)

≤ ε
k+1∑
j=k

J (yj) + Ck

( k−2∑
j=1

LO0(l̂,Φk−1, yj) + (1 +
1

ε
)LO0(J,Φk−1, yk−1)

)
(2.3.37)

+

∫∫
Qt0

s2l−2θ2l−2(f2
k−1e

2sΦk−1 + f2
ke

2sΦk) dx dt,

with LB(l, φ, y) =

∫∫
B×(t0,T )

slθly2e2sφ dx dt, l̂ = max(3, 2l − 3) and J = max(3, 2l + 1, 4l − 5).

In this inequality, we take yk+1 ≡ 0 when k = n.

Proof. The proof follows the one of [84, Lemma 3.7], but it is different due to the fact that we have
to deal here with a non-homogeneous system. For this reason we only point out the difference
that appear when we consider the nonhomogeneous system (2.1.1) in place of homogeneous one.
Let us consider a nonnegative smooth cut-off function χ ∈ C∞(0, 1), such that

0 ≤ χ(x) ≤ 1, χ(x) =

{
1, x ∈ O1,
0, x ∈ (0, 1) \ O0,

(2.3.38)

and
χx√
χ
∈ L∞(0, 1),

χxx√
χ
∈ L∞(0, 1).

Observe that, the k − 1th equation of the system (2.1.1) can be written as

bk−1kyk = −yk−1,t + dk(a(x)yk−1,x)x −
k−1∑
j=1

bk−1jyj + fk−1.
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Multiplying the above equation by βkχyk, with βk = slθle2sΦk , and integrating on Qt0 , since
O1 ⊂ ω0 by (2.1.4), it follows that

b0LO1(l,Φk, yk) ≤
∫∫
Qt0

bk−1kβkχy
2
k dx dt

=

K1︷ ︸︸ ︷
−
∫∫
Qt0

yk−1,tβkχyk dx dt+

K2︷ ︸︸ ︷∫∫
Qt0

dk−1

(
a(x)yk−1,x

)
x
βkχyk dx dt

K3︷ ︸︸ ︷
−
k−1∑
j=1

∫∫
Qt0

bk−1jyjβkχyk dx dt+

K4︷ ︸︸ ︷∫∫
Qt0

fk−1βkχyk dx dt . (2.3.39)

At this stage, we assume that the following inequality holds (its proof is similar to the one of
[84, Lemma 3.7], but we repeat it in the Appendix for the reader’s convenience).

Lemma 2.3.1. For all ε > 0 and l ∈ N∗, there exist positive constants Ck, l̂ and J such that

K1 +K2 +K3 ≤
ε

2

k+1∑
j=k

∫∫
Qt0

(
sθa(x)y2

jx + s3θ3 x2

a(x)
y2
j

)
e2sϕ dx dt

+ Ck

( k−2∑
j=1

LO0(l̂,Φk−1, yj) + (1 +
1

ε
)LO0(J,Φk−1, yk−1)

)
(2.3.40)

+

∫∫
Qt0

∣∣yk−1βkχfk
∣∣ dx dt+ C

∫∫
Qt0

∣∣fk−1s
2l−1θ2l−1χe2sΦkyk−1

∣∣ dx dt,
where l̂ = max(3, 2l − 3) and J = max(3, 2l + 1, 4l − 5).

Let us continue with the proof of Lemma 2.3.3. Using Young’s inequality one has∫∫
Qt0

∣∣yk−1βkχfk
∣∣ dx dt =

∫∫
Qt0

∣∣yk−1s
lθlχe2sΦkfk

∣∣ dx dt
≤
∫∫
Qt0

s2(l−1)θ2(l−1)f2
ke

2sΦk dx dt+
1

4

∫∫
Qt0

s2θ2χ2y2
k−1e

2sΦk dx dt (2.3.41)

and

C

∫∫
Qt0

∣∣fk−1s
2l−1θ2l−1χe2sΦk−1yk−1

∣∣ dx dt
≤
∫∫
Qt0

s2(l−1)θ2(l−1)f2
k−1e

2sΦk−1 dx dt+
C

4

∫∫
Qt0

s2lθ2lχ2y2
k−1e

2sΦk−1 dx dt. (2.3.42)

Similarly,

K4 =

∫∫
Qt0

fk−1s
lθlχe2sΦkyk dx dt

≤
∫∫
Qt0

s2(l−1)θ2(l−1)f2
k−1e

2s(2Φk−ϕ) dx dt+
1

4

∫∫
Qt0

s2θ2χ2y2
ke

2sϕ dx dt.

But by Lemma 2.3.2 we know that

e2s(2Φk−ϕ) ≤ e2sΦk−1 .
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Therefore

K4 ≤
∫∫
Qt0

s2(l−1)θ2(l−1)f2
k−1e

2sΦk−1 dx dt+
1

4

∫∫
Qt0

s2θ2χ2y2
ke

2sϕ dx dt.

Now, at this level, using the fact that suppχ ⊂ O0 and thus
a(x)

x2
is bounded in O0, then for s

large enough,

K4 ≤
∫∫
Qt0

s2l−2θ2l−2f2
k−1e

2sΦk−1 dx dt+
ε

2

∫∫
Qt0

s3θ3 x2

a(x)
y2
ke

2sϕ dx dt. (2.3.43)

Putting together inequalities (2.3.39)-(2.3.43) and using the fact that Φk ≤ Φk−1, we finally
obtain

LO1(l,Φk, yk)

≤ ε
k+1∑
j=k

J (yj) + Ck

( k−2∑
j=1

LO0(l̂,Φk−1, yj) + (1 +
1

ε
)LO0(J,Φk−1, yk−1)

)
+

∫∫
Qt0

s2l−2θ2l−2(f2
k−1e

2sΦk−1 + f2
ke

2sΦk) dx dt.

As a consequence of (2.3.30) and Lemma 2.3.3, we deduce the following fundamental Carle-
man estimate for the system (2.1.1) with one observed component.

Theorem 2.3.3. Assume Hypothesis (2.1.4). Then, there exist R ≥ 3 (only depending on n),
two positive constants C and s0 such that every solution (y1, ..., yn) of (2.1.1) satisfies, for all
s ≥ s0,

n∑
k=1

J (yk) ≤ C
( n∑
k=1

∫∫
Qt0

sRθRf2
ke

2sΦk dx dt+

∫∫
ωt0

y2
1 dx dt

)
. (2.3.44)

Proof. To prove Theorem 2.3.3 we will follow the same argument given in [108] and which is
used to obtain the null controllability property for nondegenerate cascade parabolic systems
with one control force. Given ω0 ⊂ ω, we choose ω′ b ω0 and let Y = (y1, ..., yn)? be the
solution to (2.1.1) associated to Y 0 ∈ L2(0, 1)n. From the definition of LB(l, φ, y) and recalling
that Φn = Φ, by (2.3.30) we have

n∑
k=1

J (yk) ≤ C
n∑
k=1

(
Lω′(3,Φn, yk) +

∫∫
Qt0

f2
ke

2sΦn dx dt
)
. (2.3.45)

For k = 2, ..., n, let us introduce the following sequence
(
Õk
)

2≤k≤n of open sets, such that

ω′ b Õn b Õn−1 b ... b Õ2 b ω0. We begin by applying formula (2.3.37), for k = n, l = 3,

O1 = ω′, O0 = Õn and ε =
1

2C
(with C is the positive constant appearing in (2.3.45)). Thus,

from (2.3.45), we obtain

n∑
k=1

J (yk) ≤ C

[
n−1∑
k=1

Lω′(3,Φn, yk) +
1

2C
J (yn)

+ Cn

( n−2∑
k=1

LÕn(l̂,Φn−1, yk) + (1 + 2C)LÕn(J,Φn−1, yn−1)
)

+

∫∫
Qt0

s2l−2θ2l−2(f2
n−1e

2sΦn−1 + f2
ne

2sΦn) dx dt+
n∑
k=1

∫∫
Qt0

f2
ke

2sΦn dx dt

]
.
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For l1 := max(3, l̂, J), using the fact that Φn ≤ Φn−1 and Lω′(l1,Φn−1, yk) ≤ LÕn(l1,Φn−1, yk),
we deduce that

n∑
k=1

J (yk) ≤ C̃n
n−1∑
k=1

LÕn(l1,Φn−1, yk) + C

n∑
k=1

∫∫
Qt0

f2
ke

2sΦn dx dt

+ C

∫∫
Qt0

sR1θR1(f2
n−1e

2sΦn−1 + f2
ne

2sΦn) dx dt, (2.3.46)

where C̃n is a new positive constant and R1 = 2l−2. Observe that in (2.3.45) we have eliminated
from the right hand side the local term involving yn. We can go on applying (2.3.37) for

k = n − 1, l = l1, O1 = Õn, O0 = Õn−1 and ε =
1

2C̃n
and eliminate in (2.3.46) the local term

LÕn(l1,Φn−1, yn−1). By (a finite) iteration of this argument we obtain

n∑
k=1

J (yk) ≤ C̃2LÕ2
(ln−1,Φ1, y1) + C

n∑
k=1

∫∫
Qt0

f2
ke

2sΦn dx dt

+ C

n−1∑
k=1

∫∫
Qt0

sRn−1θRn−1(f2
ke

2sΦk + f2
k+1e

2sΦk+1) dx dt,

for some positive constants ln−1 and Rn−1.
Now, since Φn = Φ ≤ Φk and sup

(t,x)∈Q
sln−1θln−1e2sΦ1 < +∞, choosing s large enough we

readily deduce

n∑
k=1

J (yk) ≤ C
( n∑
k=1

∫∫
Qt0

sRn−1θRn−1f2
ke

2sΦk dx dt+

∫∫
ωt0

y2
1 dx dt

)
.

Finally, by setting R = Rn−1 in the previous estimate, we end the proof.

2.4 Stability estimate and uniqueness for the inverse source
problem

In this section, we establish a stability and a uniqueness result using certain ideas from [63] and
[115]. More precisely, we obtain an inequality which estimates the source terms fk, k ∈ {1, ..., n}
over the entire domain (0, 1) with an upper bound given by some Sobolev norm of the solution
Y at some fixed time T ′ ∈ (0, T ) and the partial knowledge of y1 and y1t over the subdomain
ω b (0, 1). In proving these kinds of stability estimates, the global Carleman estimate obtained
in Theorem 2.3.3 will play a crucial part along with certain energy estimates.

Proof of theorem 2.1.1. Let us introduce Z := Yt where Y = (yk)1≤k≤n is the solution of (2.1.2).
Then, thanks to Proposition 2.2.1, one has

Z = (zk)1≤k≤n ∈ L2
(
t0, T ;D(A)

)
∩H1

(
t0, T ;L2(0, 1)n

)
and satisfies 

Zt −DAZ + BZ = Ft, (t, x) ∈ Qt0 ,
CZ = 0, (t, x) ∈ Σt0 ,
Z(0, x) = Yt(0, x), x ∈ (0, 1),

(2.4.1)

where Σt0 := (t0, T )× {0, 1} and Ft = (f1t, f2t, ..., fnt)
?.
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Applying the Carleman estimate of Theorem 2.3.3 to problem (2.4.1), we get:

n∑
k=1

J (zk) ≤ C
( n∑
k=1

∫∫
Qt0

sRθRf2
kte

2sΦk dx dt+

∫∫
ωt0

z2
1 dx dt

)
. (2.4.2)

Let us note that, if we replace

∫∫
Qt0

sRθRf2
kte

2sΦk dx dt by

∫∫
Qt0

f2
kte

2sΦ dx dt, the inequality

(2.4.2) would be the kind of estimate that one would obtain when dealing with the more standard
inverse problem that consists in retrieving the source term f in the scalar equation yt−(ayx)x =
f . Hence the next step mainly consists in adapting the reasoning of [63] to the present case,
taking into account this extra term and the coupling of the equations. We shall first prove the
following lemma.

Lemma 2.4.1. There exists a constant C = C(t0, T ) > 0 such that for every k ∈ {1, ..., n}∫ 1

0

(
zk(T

′) +
k+1∑
j=1

bkjyj(T
′)
)2
e2sϕ(T ′,x) dx ≤ C

(
J (zk) +

k+1∑
j=1

J (yj)
)
. (2.4.3)

Proof of Lemma 2.4.1. Since

lim
t−→t0

(
zk(t) +

k+1∑
j=1

bkjyj(t)
)2
e2sϕ(t,x) = 0, for a.e.x ∈ (0, 1),

we can write ∫ 1

0

(
zk(T

′) +
k+1∑
j=1

bkjyj(T
′)
)2
e2sϕ(T ′,x) dx

=

∫ 1

0

∫ T ′

t0

∂

∂t

((
zk(t) +

k+1∑
j=1

bkjyj(t)
)2
e2sϕ

)
dt dx

=

I1︷ ︸︸ ︷
2

∫ 1

0

∫ T ′

t0

(
zk +

k+1∑
j=1

bkjyj

)(
zkt +

k+1∑
j=1

bkjyjt

)
e2sϕ dx dt

+

I2︷ ︸︸ ︷∫ 1

0

∫ T ′

t0

2sϕt

(
zk +

k+1∑
j=1

bkjyj

)2
e2sϕ dx dt . (2.4.4)

Using Young’s inequality and taking into account the fact that bkj ∈ L∞(Q), we estimate

I1 = 2

∫ 1

0

∫ T ′

t0

√
sθ
(
zk +

k+1∑
j=1

bkjyj

) 1√
sθ

(
zkt +

k+1∑
j=1

bkjyjt

)
e2sϕ dx dt

≤ C
∫∫
Qt0

(
sθz2

k +

k+1∑
j=1

sθy2
j +

z2
kt

sθ
+

k+1∑
j=1

y2
jt

sθ

)
e2sϕ dx dt.

(2.4.5)

Moreover, applying once more Young’s inequality, one has∫∫
Qt0

sθy2
j e

2sϕ dx dt =

∫∫
Qt0

sθ
((a(x)

x2

) 1
3 y2
j e

2sϕ
) 3

4
(( x2

a(x)

)
y2
j e

2sϕ
) 1

4
dx dt

≤ 3

4

∫∫
Qt0

sθ
(a(x)

x2

) 1
3
y2
j e

2sϕ dx dt+
1

4

∫∫
Qt0

sθ
x2

a(x)
y2
j e

2sϕ dx dt.
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Arguing as in (2.3.8), by the Hardy-Poincaré inequality applied to yje
sϕ, we obtain∫∫

Qt0

sθy2
j e

2sϕ dx dt ≤ C
∫∫
Qt0

(
sθa(x)[yjx + sθψxyj ]

2 + s3θ3 x2

a(x)
y2
j

)
e2sϕ dx dt

≤ C
∫∫
Qt0

(
sθa(x)y2

jx + s3θ3 x2

a(x)
y2
j

)
e2sϕ dx dt. (2.4.6)

Similarly, we have∫∫
Qt0

sθz2
ke

2sϕ dx dt ≤ C
∫∫
Qt0

(
sθa(x)z2

kx + s3θ3 x2

a(x)
z2
k

)
e2sϕ dx dt. (2.4.7)

On the other hand, since |ϕt| ≤ Cθ
3
2 |ηψ|, it follows that

I2 =

∫ 1

0

∫ T ′

t0

2sϕt

(
zk +

k+1∑
j=1

bkjyj

)2
e2sϕ dx dt

≤ C
(∫∫

Qt0

sθ
3
2 |ηψ|z2

ke
2sϕ dx dt+

k+1∑
j=1

∫∫
Qt0

sθ
3
2 |ηψ|y2

j e
2sϕ dx dt

)
.

(2.4.8)

Thus, (2.4.4)-(2.4.8) yield the estimate (2.4.3).

Going back to the proof of Theorem 2.1.1, we note that the k-th equation of the system
(2.1.2) can be written as

zk(T
′, .)− (a(x)ykx)x(T ′, .) +

k+1∑
j=1

bkjyj(T
′, .) = fk(T

′, .) in (0, 1).

Therefore, ∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(∫∫
Qt0

(a(x)ykx)2
x(T ′, x)sR+1θR+1e2sΦk dx dt

+

∫∫
Qt0

(
zk(T

′) +
k+1∑
j=1

bkjyj(T
′)
)2
sR+1θR+1e2sΦk dx dt

)
.

In particular, since
sup

(t,x)∈Q
sR+1θR+1(t)e2sΦk(t,x) <∞,

the previous estimate yields∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
‖(aykx)x(T ′, ·)‖2L2(0,1) +

∫ 1

0

(
zk(T

′) +
k+1∑
j=1

bkjyj(T
′)
)2
dx

)
.

Furthermore,∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
‖(aykx)x(T ′, ·)‖2L2(0,1) +

∫ 1

0

(
zk(T

′) +

k+1∑
j=1

bkjyj(T
′)
)2
e2sϕ(T ′,x) dx

)
. (2.4.9)
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Finally, putting (2.3.44) and (2.4.2) into (2.4.9), we get

n∑
k=1

∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) +
n∑
k=1

(
J (zk) +

k+1∑
j=1

J (yj)
))

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) +
n∑
k=1

(
J (zk) + J (yk)

))

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) +
n∑
k=1

∫∫
Qt0

sRθR(f2
kt + f2

k )e2sΦk dx dt

+ ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
. (2.4.10)

Next, using the assumption that f1, ..., fn ∈ S(C0), one has

|fkt(t, x)| ≤ C0|fk(T ′, x)|,

and

|fk(t, x)| ≤ |fk(T ′, x)|+
∫ t

T ′
|fkt(s, x)|ds ≤ C|fk(T ′, x)|. (2.4.11)

Substituting this into (2.4.10), we obtain

n∑
k=1

∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) +
n∑
k=1

∫∫
Qt0

sRθRf2
k (T ′, x)e2sΦk dx dt

+ ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
. (2.4.12)

By choosing s large enough we can absorb the second term on the right-hand side and obtain

n∑
k=1

∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) + ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
. (2.4.13)

Then we observe that, for a fixed ε > 0, such that

t0 < T ′ − ε < T ′ < T ′ + ε < T,

we may write∫ T ′+ε

T ′−ε

∫ 1

0
sR+1θR+1f2

k (T ′, x)e2sΦk dx dt ≤
∫∫
Qt0

sR+1θR+1f2
k (T ′, x)e2sΦk dx dt

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) + ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
.
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Consequently,

2εκ
n∑
k=1

∫ 1

0
f2
k (T ′, x) dx ≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1)

+ ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
, (2.4.14)

where
κ = min

(t,x)∈[T ′−ε,T ′+ε]×[0,1]
sR+1θR+1e2sΦk > 0.

Thus, in view of (2.4.11), we conclude that

n∑
k=1

∫∫
Q
f2
k (t, x)dx dt ≤ C

n∑
k=1

∫∫
Q
f2
k (T ′, x)dx dt

= CT
n∑
k=1

∫ 1

0
f2
k (T ′, x)dx

≤ C

(
n∑
k=1

‖(aykx)x(T ′, ·)‖2L2(0,1) + ‖y1‖2L2(ωt0 ) + ‖y1t‖2L2(ωt0 )

)
,

for some constant C = C(T, t0, C0) > 0. This gives (2.1.5) and completes the proof of Theorem
2.1.1.

Proof of Theorem 2.1.2. Theorem 2.1.2 follows directly from Theorem 2.1.1: if we consider two
source terms F̃ = (f̃k)1≤k≤n with f̃k = g̃krk ∈ Ek and F̂ = (f̂k)1≤k≤n with f̂k = ĝkrk ∈ Ek, and
if we denote by Ỹ = (ỹ1, .., ỹn)? and Ŷ = (ŷ1, ..., ŷn)? the associated solutions of (2.1.2), then
Z = (z1, ..., zn)? := (ỹ1 − ŷ1, ..., ỹn − ŷn)? is the solution of the problem

∂tz1 − d1(a(x)z1x)x +
2∑
j=1

b1jzj = (g̃1 − ĝ1)r1, (t, x) ∈ Q,

∂tz2 − d2(a(x)z2x)x +

3∑
j=1

b2jzj = (g̃2 − ĝ2)r2, (t, x) ∈ Q,

...

∂tzn − dn(a(x)znx)x +

n∑
j=1

bnjzj = (g̃n − ĝn)rn, (t, x) ∈ Q,

zk(t, 1) = 0,

{
zk(t, 0) = 0, (WD),

(azkx)(t, 0) = 0, (SD),

t ∈ (0, T ), 1 ≤ k ≤ n,
z1(0, x) = 0, ..., zn(0, x) = 0, x ∈ (0, 1).

(2.4.15)

One can easily check that f̃k − f̂k ∈ S(C0). Indeed, for f̃k = g̃krk ∈ Ek and f̂k = ĝkrk ∈ Ek we
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have, f̃k − f̂k ∈ H1(0, 1, L2(0, 1)). Then for all t ∈ [0, T ] and for a.e. x ∈ (0, 1),∣∣∣∂(f̃k − f̂k)
∂t

(t, x)
∣∣∣ =

∣∣∣(g̃k(x)− ĝk(x))
∂rk
∂t

(t, x)
∣∣∣

≤ |(g̃k(x)− ĝk(x))| sup
(t,x)∈Q

∣∣∣∂rk
∂t

(t, x)
∣∣∣

≤ |(g̃k(x)− ĝk(x))|
sup

(t,x)∈Q

∣∣∣∂rk
∂t

(t, x)
∣∣∣

dk
|rk(T ′, x)| (2.4.16)

≤ C0|(f̃k − f̂k)(T ′, x)|,

where, owing to (2.1.7),

C0 = sup
1≤k≤n

(
1

dk
sup

(t,x)∈Q

∣∣∣∂rk
∂t

(t, x)
∣∣∣) .

Hence, we can apply Theorem 2.1.1 to obtain (2.1.9).



Chapter 3

Controllability of
degenerate/singular cascade systems

In this chapter, we consider a class of cascade systems of n-coupled degenerate parabolic equa-
tions with singular lower order terms. We assume that both degeneracy and singularity occur
in the interior of the space domain and we focus on null controllability problem. To this aim,
we prove first Carleman estimates for the associated adjoint problem, then, we infer from it an
indirect observability inequality. As a consequence, we deduce null controllability result when a
unique distributed control is exerted on the system.

The results obtained in this chapter are presented in the research article [11], in collaboration
with Abdelkarim Hajjaj, Lahcen Maniar and Jawad Salhi.

3.1 Introduction and Main result

In this chapter we study the null controllability by one control force for a class of systems
governed by n-coupled degenerate parabolic equations in presence of singular coupling terms.
More precisely, for n ≥ 1 given, we consider the following linear parabolic system

∂ty1 − d1(a(x)y1x)x −
n∑
j=1

λ1j

b1j
yj +

n∑
j=1

a1jyj = v1ω, (t, x) ∈ Q,

∂ty2 − d2(a(x)y2x)x −
n∑
j=1

λ2j

b2j
yj +

n∑
j=1

a2jyj = 0, (t, x) ∈ Q,

...

∂tyn − dn(a(x)ynx)x −
n∑
j=1

λnj
bnj

yj +
n∑
j=1

anjyj = 0, (t, x) ∈ Q,

yk(t, 0) = yk(t, 1) = 0, 1 ≤ k ≤ n, t ∈ (0, T ),

yk(0, x) = y0
k(x), 1 ≤ k ≤ n, x ∈ (0, 1),

(3.1.1)

where ω is a nonempty open subset of (0, 1), dk > 0, 1 ≤ k ≤ n, T > 0 fixed, 1ω denotes
the characteristic function of the set ω, (y0

1, · · · , y0
n) ∈ L2(0, 1)n, is the initial condition, and

v ∈ L2(Q) is the control.
Moreover, we assume that the constants λkj , 1 ≤ k, j ≤ n, satisfy suitable assumptions

described below, and the functions a, bkj , 1 ≤ k, j ≤ n, degenerate at the same interior point
x0 ∈ (0, 1) of the spatial domain (0, 1) that can belong to the control set ω (for the precise
assumptions we refer to section 3.2).

62
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Equivalently, the previous system can be written as
∂tY −KY − BY + CY = e1v1ω, in Q,

Y (t, 0) = Y (t, 1) = 0, t ∈ (0, T ),

Y (0, x) = Y 0(x), x ∈ (0, 1),

(3.1.2)

where Y = (yk)1≤k≤n, the operator K is given by

K = DK, D = diag(d1, · · · , dn),

and the differential operator K is defined by

Ky := (a(x)yx)x.

The matrix C = (akj)1≤k,j≤n has its entries in L∞(Q), B is the singular matrix operator given

by B = (Bkj)1≤k,j≤n, where Bkjy :=
λkj
bkj

y, and finally e1 = (1, 0, · · · , 0)? is the first element of

the canonical basis of Rn.
The object of this chapter is twofold: first we analyze the well-posedness of the evolution

system (3.1.1); second, we investigate the effect of the singular coupling terms on observabil-
ity/controllability aspects of such kind of systems. In particular, our main controllability result
will be the following.

Theorem 3.1.1. Under the assumptions of Theorem 3.4.3, for any time T > 0 and any initial
datum (Y 0)? ∈ L2(0, 1)n, there exists a control function v ∈ L2(Q) such that the solution of
(3.1.2) satisfies

yk(T, ·) = 0 in (0, 1), ∀k : 1 ≤ k ≤ n. (3.1.3)

For the scalar case n = 1 (one equation and one control force), the null controllability of
a degenerate/singular parabolic equation has been established by G. Fragnelli and D. Mugnai
in[103]. Later on, in [113, 150] the authors considered a singular coupled system of degener-
ate parabolic equations (in divergence and nondivergence form) in the particular case of two
equations (i.e., n = 2), and showed the null controllability of this system under some technical
conditions on the coefficients.

In this work, as in [80, 84, 108], we want to generalize these results to the case of a general
cascade system of n linear degenerate and singular parabolic equations. To this end, we will
suppose that B and C have the following structure

B =



λ11

b11

λ12

b12
0 · · · · · · 0

λ21

b21

λ22

b22

λ23

b23
0 · · · 0

0
λ32

b32

λ33

b33

λ34

b34

. . .
...

...
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . .

λn−1n

bn−1n

0 0 · · · 0
λnn−1

bnn−1

λnn
bnn

,



C =


a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n

0 a32 a33 · · · a3n
...

...
. . .

. . .
...

0 0 · · · ann−1 ann

 .

(3.1.4)
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In addition, to obtain our main null controllability result related to system (3.1.2), we assume
that the singular matrix B is symmetric, i.e.,

λkk−1 = λk−1k and bkk−1 = bk−1k, ∀k : 2 ≤ k ≤ n.

Remark 25. As we shall see later, the above assumption is used to obtain the well-posedness
result using semigroup theory, but the Galerkin method would prove that system (3.1.1) is well-
posed without imposing the hypothesis that matrix B is symmetric. However, this mentioned
assumption is required to get the observability estimate.

It is well known that the main tools when dealing with null controllability properties of PDE
are the so called Carleman inequalities. The main contributions are due to A. Fursikov and O.
Yu. Imanuvilov, who developed the use of a Carleman inequality to the null controllability of
classical (non degenerate) parabolic equations in [106].

To obtain Theorem 3.1.1, the first step relies on a Carleman estimate for the homogeneous
dual problem corresponding to (3.1.1), which is proved in Theorem 3.4.3. With the Carleman
estimate at hand, classical energy estimates (see Theorem 3.5.1) yield the observability estimate

‖Z(0, ·)‖2L2(0,1)n ≤ CT
∫∫

(0,T )×ω
z2

1(t, x)dx dt, (3.1.5)

for the solution Z = (zk)1≤k≤n of the dual homogeneous backward problem which, under as-
sumption (3.1.4) (cascade system), has the form

∂tzk + dk(a(x)zkx)x +

k+1∑
j=k−1

λjk
bjk

zj −
k+1∑
j=1

ajkzj = 0, (t, x) ∈ Q,

zk(t, 0) = 0, zk(t, 1) = 0, t ∈ (0, T ),

zk(T, x) = zTk (x), x ∈ (0, 1),

(3.1.6)

where zTk ∈ L2(0, 1) and 1 ≤ k ≤ n.
Let us remark that only one component of the unknown is observed. One calls this property

indirect observability since by observing only one component of the solution on ω, one can
control all components of the state at the final time. Using the Hilbert uniqueness method, we
then establish an indirect controllability result, which means that we drive back the full coupled
system (3.1.1) to equilibrium at time T by only controlling the first equation of the system. We
refer to [4] for a discussion of various controllability and observability concepts.

The remainder of the chapter is organized as follows. In Section 3.2 we introduce the func-
tional analytic setting and recall some preliminary results, such as Hardy-Poincaré inequalities,
that will be useful for the rest of the chapter. In Section 3.3, we study well-posedness of the
problem applying the previous inequalities. In Section 3.4, we prove Carleman estimates and
we use them to prove observability inequality in Section 3.5.

3.2 Basic assumptions and preliminary results

In the following we will introduce the notions of weak and strong degeneracy for the real-valued
functions a and bkj , j = k − 1, k ∀k : 1 ≤ k ≤ n, defined on the interval [0, 1]. Accordingly, we
will define suitable weighted spaces and recall some inequalities of Hardy-Poincaré type. These
results will play a key role for the study of well-posedness of the system under analysis.

As in the scalar case, the situation in which a and bkj , ∀ j = k−1, k ∀k : 1 ≤ k ≤ n, vanish
at the point x0 can be quite different, and for this reason we distinguish four different types of
degeneracy. In particular, we consider the following cases (see, for instance [103]).
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Hypothesis 3.2.1. Double weakly degenerate case (WWD). There exists x0 ∈ (0, 1) such that
a(x0) = bkk(x0) = 0, a, bkk > 0 in [0, 1] \ {x0}, a, bkk ∈ C1([0, 1] \ {x0}) and there exists
K,Lk ∈ (0, 1) such that (x− x0)a′ ≤ Ka and (x− x0)b′kk ≤ Lkbkk a.e. in [0, 1].

Hypothesis 3.2.2. Weakly strongly degenerate case (WSD). There exists x0 ∈ (0, 1) such that
a(x0) = bkk(x0) = 0, a, bkk > 0 in [0, 1] \ {x0}, a ∈ C1([0, 1] \ {x0}), bkk ∈ C1([0, 1] \ {x0}) ∩
W 1,∞(0, 1), there exists K ∈ (0, 1), Lk ∈ [1, 2) such that (x−x0)a′ ≤ Ka and (x−x0)b′kk ≤ Lkbkk
a.e. in [0, 1].

Hypothesis 3.2.3. Strongly weakly degenerate case (SWD). There exists x0 ∈ (0, 1) such
that a(x0) = bkk(x0) = 0, a, bkk > 0 in [0, 1] \ {x0}, a ∈ C1([0, 1] \ {x0}) ∩W 1,∞(0, 1), bkk ∈
C1([0, 1] \ {x0}), ∃K ∈ [1, 2), Lk ∈ (0, 1) such that (x − x0)a′ ≤ Ka and (x − x0)b′kk ≤ Lkbkk
a.e. in [0, 1].

Hypothesis 3.2.4. Double strongly degenerate case (SSD). There exists x0 ∈ (0, 1) such that
a(x0) = bkk(x0) = 0, a, bkk > 0 in [0, 1]\{x0}, a, bkk ∈ C1([0, 1]\{x0})∩W 1,∞(0, 1), there exists
K,Lk ∈ [1, 2) such that (x− x0)a′ ≤ Ka and (x− x0)b′kk ≤ Lkbk a.e. in [0, 1].

For the non diagonal terms we shall consider the following cases.

Hypothesis 3.2.5. The function bkk−1 is weakly degenerate, that is, there exists x0 ∈ (0, 1)
such that bkk−1(x0) = 0, bkk−1 > 0 on [0, 1] \ {x0}, bkk−1 ∈ C1([0, 1] \ {x0}) and there exists
Mk ∈ (0, 1) such that (x− x0)b′kk−1 ≤Mkbkk−1 a.e. in [0, 1].

Hypothesis 3.2.6. The function bkk−1 is strongly degenerate, that is, there exists x0 ∈ (0, 1)
such that bkk−1(x0) = 0, bkk−1 > 0 on [0, 1] \ {x0}, bkk−1 ∈ C1([0, 1] \ {x0}) ∩W 1,∞(0, 1) and
there exists Mk ∈ [1, 2) such that (x− x0)b′kk−1 ≤Mkbkk−1 a.e. in [0, 1].

To prove well-posedness of (3.1.1), as in [103], we start by introducing the following weighted
Hilbert spaces

V 1
a (0, 1) :=

{
y ∈W 1,1

0 (0, 1) :
√
ayx ∈ L2(0, 1)

}
,

V 1
a,bkk

(0, 1) :=
{
y ∈ V 1

a (0, 1) :
y√
bkk
∈ L2(0, 1)

}
,

endowed with the respective norms defined by

‖y‖2V 1
a

:= ‖y‖2L2(0,1) + ‖
√
ayx‖2L2(0,1),

‖y‖2V 1
a,bkk

:= ‖y‖2V 1
a

+
∥∥∥ y√

bkk

∥∥∥2

L2(0,1)
.

For our further results, it is important to remind the following fundamental Hardy-Poincaré
inequality.

Lemma 3.2.1 ([103, Proposition 2.14]). If one of the Hypotheses 3.2.1, 3.2.2, 3.2.3 holds with
K + Lk ≤ 2, then there exists a constant Ck > 0 such that for all y ∈ V 1

a,bkk
(0, 1), we have∫ 1

0

y2

bkk
dx ≤ Ck

∫ 1

0
ay2

x dx. (3.2.1)

In our situation, due to the presence of singular coupling terms, the functional setting must
contain some information on the behaviour of the functions at the singularity. Thus, we introduce
the weighted Hilbert space

Hk :=
{
y ∈ V 1

a,bkk
(0, 1) :

y√
bkk−1

∈ L2(0, 1)
}
,
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endowed with the associated norm

‖y‖2Hk := ‖y‖2V 1
a,bkk

+
∥∥∥ y√

bkk−1

∥∥∥2

L2(0,1)
.

Using the weighted space introduced above, one can prove the next result.

Lemma 3.2.2. Assume that one among the Hypothesis 3.2.5 or 3.2.6 holds and let 0 < K,Mk <
2 be such that K ∈ [0, 2) \ {1}, 0 < Mk ≤ 2−K,

K = 1, 0 < Mk < 2−K = 1.

Then there exists a constant Ckk−1 > 0 such that for all y ∈ Hk, we have∫ 1

0

y2

bkk−1
dx ≤ Ckk−1

∫ 1

0
ay2

x dx. (3.2.2)

Remark 26. It is well known that when K = Mk = 1, an inequality of the form (3.2.2) does not
hold [103, Remark 2.15]. Being such an inequality fundamental not only for the well-posedness
but also to obtain the observability inequality, it is not surprising if with our techniques we
cannot handle this case.

3.3 Abstract setting and well-posedness

In order to study the well-posedness of problem (3.1.1), let us make precise our assumptions on
the parameters.

Hypothesis 3.3.1. Throughout this section, we assume the following hypotheses:

1. Either of the following holds:

• One among the Hypotheses 3.2.1, 3.2.2 or 3.2.3 holds with K+Lk ≤ 2, ∀k : 1 ≤ k ≤ n
and we assume that

λkk ∈
(
0,
dk
Ck
)
, ∀k : 1 ≤ k ≤ n. (3.3.1)

• Hypotheses 3.2.1, 3.2.2, 3.2.3 or 3.2.4 hold with λkk < 0.

2. We shall admit Hypothesis 3.2.5 or 3.2.6 with 0 < K,Mk < 2, satisfyingK ∈ [0, 2) \ {1}, 0 < Mk ≤ 2−K,

K = 1, 0 < Mk < 2−K = 1,
(3.3.2)

and we assume that
λ21 ∈

(
0,

√
Λ1Λ2√
2C21

)
, λnn−1 ∈

(
0,

√
ΛnΛn−1√
2Cnn−1

)
,

λkk−1 ∈
(

0,

√
ΛkΛk−1

2Ckk−1

)
, 3 ≤ k ≤ n− 1,

(3.3.3)

where Λk, k ∈ {1, · · · , n}, is given in (3.3.4).

Remark 27. The upper bound for the range of the coefficients of the singular terms considered
in (3.3.3) is required for the well-posedness of the problem. Thus, to look for controllability
properties, we will focus our study on this range of constants.
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Using the lemmas given in the previous section one can prove the next inequality, which is
crucial to obtain well-posedness and observability properties.

Proposition 3.3.1. Assume Hypothesis 3.3.1.1. Then there exists Λk ∈ (0, dk] such that

∀y ∈ V 1
a,bkk

(0, 1), dk

∫ 1

0
ay2

x dx− λkk
∫ 1

0

y2

bkk
dx ≥ Λk

∫ 1

0
ay2

x dx (3.3.4)

Proof. If λkk < 0, the result is obvious taking Λk = dk. Now, assume that λkk ∈
(
0,

dk
Ck
)
.

Then, by Lemma 3.2.1, we have

dk

∫ 1

0
ay2

x dx− λkk
∫ 1

0

y2

bkk
dx ≥ dk

∫ 1

0
ay2

x dx− λkkCk
∫ 1

0
ay2

x dx

= (dk − λkkCk)
∫ 1

0
ay2

x dx

≥ Λk

∫ 1

0
ay2

x dx.

Finally, we introduce the Hilbert space

V 2
a,bkk

(0, 1) :=
{
y ∈ V 1

a : ayx ∈ H1(0, 1) and Aky ∈ L2(0, 1)
}
,

where

Aky := dk(a(x)ykx)x +
λkk
bkk

yk with D(Ak) = V 2
a,bkk

(0, 1).

To study the well-posedness of the system (3.1.1) we write it as the first order evolution
equation in the Hilbert space H := L2(0, 1)n{

Ẏ (t) = KY (t) + BY (t)− CY (t) + F (t)

Y (0) = (y0
1, · · · , y0

n)?,
(3.3.5)

where
Y = (y1, · · · , yn)?, and F (t) = e1v(t)1ω.

Observe that, since C is a bounded perturbation, from now on we focus on the well-posedness
of the following abstract inhomogeneous Cauchy problem{

Ẏ (t) = KY (t) + BY (t) + F (t)

Y (0) = (y0
1, · · · , y0

n)?.
(3.3.6)

To show that A := K + B generates a C0-semigroup on H, we split it as

A := A+ B0 with D(A) =
{
Y ? = (y1, · · · , yn) ∈ H :=

n∏
k=1

Hk : (AY )? ∈ H
}
,

where the operator (A, D(A)) is written in matrix form as

A = diag(A1, · · · , An) with D(A) =
n∏
k=1

D(Ak),
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and

B0 =



0
λ12

b12
0 · · · · · · 0

λ21

b21
0

λ23

b23
0 · · · 0

0
λ32

b32
0

λ34

b34

. . .
...

...
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . .

λn−1n

bn−1n

0 0 · · · 0
λnn−1

bnn−1
0


. (3.3.7)

Let us now show that the operator (A,D(A)) generates an analytic semi-group in the pivot
space H for the equation (3.3.6). This aim relies on this fact.

Lemma 3.3.1. Assume that hypothesis 3.3.1 is satisfied. Then, the operator A with domain
D(A) is non-positive and self-adjoint on H.

Proof. Observe that D(A) is dense in H.

(i) A is non-positive. By Proposition 3.3.1 and integration by parts [102, Lemma 2.1], it follows
that, for any Y ? = (y1, · · · , yn) ∈ D(A), we have

−〈AY, Y 〉H = −〈(A+ B0)Y, Y 〉H

=

n∑
k=1

(
dk

∫ 1

0
ay2

kx dx−
∫ 1

0

λkk
bkk

y2
k dx

)

− 2

n∑
k=2

∫ 1

0

λkk−1

bkk−1
ykyk−1 dx

≥
n∑
k=1

Λk

∫ 1

0
ay2

kx dx− 2

n∑
k=2

∫ 1

0

λkk−1

bkk−1
ykyk−1 dx.

We now apply Young’s inequality and Lemma 3.2.2, to obtain∫ 1

0

ykyk−1

bkk−1
dx ≤ δk

∫ 1

0

y2
k

bkk−1
dx+

1

4δk

∫ 1

0

y2
k−1

bkk−1
dx

≤ δkCkk−1

∫ 1

0
ay2

kx dx+
Ckk−1

4δk

∫ 1

0
ay2

k−1x dx,

where (δk)
n
k=2 is a sequence of positive constants that will be chosen later on. Hence,

−〈AY, Y 〉H ≥
n∑
k=1

Λk

∫ 1

0
ay2

kx dx

− 2

n∑
k=2

λkk−1

(
δkC

kk−1

∫ 1

0
ay2

kx dx+
Ckk−1

4δk

∫ 1

0
ay2

k−1x dx

)
=

(
Λ1 − 2

λ21C
21

4δ2

)∫ 1

0
ay2

1x dx+

(
Λn − 2λnn−1δnC

nn−1

)∫ 1

0
ay2

nx dx

+
n−1∑
k=2

(
Λk − 2

(
λkk−1δkC

kk−1 + λk+1k
Ck+1k

4δk+1

))∫ 1

0
ay2

kx dx.
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Now, by hypothesis (3.3.3), one can find (δk)
n
k=2 such that

λ21C
21

2Λ1
< δ2 <

Λ2

4λ21C21
,

λkk−1C
kk−1

Λk−1
< δk <

Λk
4λkk−1Ckk−1

, 3 ≤ k ≤ n− 1,

λnn−1C
nn−1

Λn−1
< δn <

Λn
2λnn−1Cnn−1

.

(3.3.8)

With this particular choice, we deduce that there is a constant C > 0 such that

∀Y ∈ D(A), −〈AY, Y 〉H ≥ C‖Y ‖2H ≥ 0, (3.3.9)

which proves the result.

(ii) A is self-adjoint. Let T : H→ H be the mapping defined in the following usual way: to each
F ∈ H associate the weak solution Y = T (F ) ∈ H of

−〈AY,Z〉H = 〈F,Z〉H

for every Z ∈ H. Note that T is well defined by Lax-Milgram Lemma via the part (i), which
also implies that T is continuous. Now, it is easy to see that T is injective and symmetric. Thus
it is self adjoint. As a consequence, A = T−1 : D(A) → H is self-adjoint (for example, see [71,
Proposition X.2.4]).

As a consequence of the previous Lemma, the system (3.3.6) (and thus (3.1.1)) is well-posed
in the sense of semigroup theory.

Proposition 3.3.2. Assume Hypothesis 3.3.1. Then, the operator A : D(A) → H generates
an analytic contraction semigroup of angle π/2 on H. Moreover, for all F ? ∈ L2(Q)n and
(Y 0)? ∈ H, there exists a unique weak solution of (3.3.6) that belongs to

C([0, T ];H) ∩ L2(0, T ;H). (3.3.10)

In addition, if (Y 0)? ∈ D(A) and F ? ∈W 1,1(0, T,H), then

Y ? = (y1, y2, . . . , yn) ∈ C1(0, T ;H) ∩ C([0, T ];D(A)). (3.3.11)

Proof. Since A is a non-positive, self-adjoint operator on a Hilbert space, it is well known that
(A,D(A)) generates a cosine family and an analytic contractive semigroup of angle π/2 on H
(see [19, Theorem 3.14.17]). Being A the generator of a strongly continuous semigroup on H,

the assertion concerning the assumption (Y 0)? ∈ H and the regularity of the solution Y when
(Y 0)? ∈ D(A) is a consequence of the results in [23] and [65, Lemma 4.1.5 and Proposition
4.1.6].

3.4 Carleman estimates

The object of this section is to prove an interesting estimate of Carleman type that will be used
to show the observability inequality which yields the controllability result. To this end, as in
[40] or in [104, Chapter 4], we first define the following time and space weight functions. For
x ∈ [D, 1], where D is chosen in such a way that −x0 < D < 0, let us introduce the function
ϕ(t, x) = θ(t)ψ(x), where

θ(t) :=
1

[t(T − t)]4
,
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and

ψ(x) := γ
[ ∫ x

x0

y − x0

ã(y)
dy − d

]
, (3.4.1)

for γ and d to be specified later. Here, the function ã is defined as follows:

ã(x) =

{
a(x), x ∈ [0, 1],

a(−x), x ∈ [−1, 0].
(3.4.2)

Further, we need to define the following weights function associated to nondegenerate Car-
leman estimates in a general interval (A,B) which are suited to our purpose. For x ∈ [A,B],
set

Φ(t, x) = θ(t)Ψ(x), Ψ(x) = erζ(x) − e2ρ, (3.4.3)

where

ζ(x) =

∫ B

x

dy√
a(y)

, ρ = 2rζ(A).

Observe that the function θ(t) satisfy

lim
t→0+

θ(t) = lim
t→T−

θ(t) = +∞, |θt| ≤ cθ
5
4 , |θtt| ≤ cθ

3
2

for some c > 0 depending on T .
Here the parameters γ, r and d are chosen such that

d > 4nd̃?, ρ > ln
(4n(d− d̃?)
d− 4nd̃?

)
, (3.4.4)

e2ρ − 1

d− d̃?
< γ <

4n

(4n − 1)d
(e2ρ − eρ), (3.4.5)

where

d̃? := sup
[D,1]

∫ x

x0

y − x0

ã(y)
dy,

and n is the size of the system (3.1.1).
For this choice of the parameters γ, r and d it is straightforward to check that the weight

functions ϕ and Φ satisfy the following inequalities which are needed in the sequel.

Lemma 3.4.1. One has:

1. For (t, x) ∈ [0, T ]× [0, 1]: ϕ(t, x) ≤ Φ(t, x).

2. For (t, x) ∈ [0, T ]× [0,−D]: ϕ(t,−x) ≤ Φ(t, x).

3. For (t, x) ∈ [0, T ]× [0, 1]:
4n

(4n − 1)
Φ(t, x) < ϕ(t, x).

Proof. Let us set d? := sup
[0,1]

∫ x

x0

y − x0

a(y)
dy.

1. From (3.4.5), we have γ >
e2ρ − 1

d− d̃?
>
e2ρ − 1

d− d?
. Thus

max
x∈[0,1]

ψ(x) = γ(d? − d) ≤ 1− e2ρ = min
x∈[0,1]

Ψ(x)

and the conclusion follows immediately.
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2. With the aid of (3.4.5), one has

max
x∈[0,−D]

ψ(−x) ≤ max
x∈[D,1]

ψ(x) = γ(d̃? − d) ≤ 1− e2ρ = min
x∈[0,1]

Ψ(x) ≤ min
x∈[0,−D]

Ψ(x).

Hence, ψ(−x) ≤ Ψ(x), which completes the proof of the desired result.

3. This follows easily by (3.4.5). Indeed

4n

(4n − 1)
max
x∈[0,1]

Ψ(x) =
4n

(4n − 1)
(eρ − e2ρ) < −γd = min

x∈[0,1]
ψ(x).

We also need the following result, whose proof is similar to the one of [84, Lemma 3.3] and
Lemma 2.3.2.

Lemma 3.4.2. Let the sequence Φk defined by

Φk = 4n−k(Φ− ϕ) + ϕ, ∀k : 1 ≤ k ≤ n. (3.4.6)

Then, we have

• ϕ < Φk < 0, k = 1, · · · , n.

• Φn = Φ < Φn−1 < · · · < Φ1.

3.4.1 Carleman estimate with boundary observation

In this subsection we show Carleman estimates with boundary observation for solutions of the
following nonhomogeneous adjoint system:

zkt + dk(a(x)zkx)x +

k+1∑
j=k−1

λjk
bjk

zj −
k+1∑
j=1

ajkzj = gk,

(t, x) ∈ Q, 1 ≤ k ≤ n,
zk(t, 0) = zk(t, 1) = 0, 1 ≤ k ≤ n, t ∈ (0, T ),

zk(T, x) = zTk (x), 1 ≤ k ≤ n, x ∈ (0, 1),

(3.4.7)

which is derived taking inspiration from the works [103] and [113]. Here zTk ∈ L2(0, 1) and
gk ∈ L2(Q) (1 ≤ k ≤ n), while on the degenerate functions a, bkk, bkk−1 we make the following
assumptions.

Hypothesis 3.4.1. From now on, we assume the following hypotheses:

1. Hypothesis 3.3.1 holds. Moreover, if K >
4

3
, then there exists a constant ϑ ∈ (0,K] such

that the function

x 7→ a(x)

|x− x0|ϑ

{
is nonincreasing on the left of x = x0,

is nondecreasing on the right of x = x0.
(3.4.8)

2. Moreover, we suppose that

(x− x0)b′kk−1(x) ≥ 0 in [0, 1]. (3.4.9)

3. Also, if λkk < 0, we require that

(x− x0)b′kk(x) ≥ 0 in [0, 1]. (3.4.10)
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Our main result is the following.

Theorem 3.4.1. Assume Hypothesis 3.4.1. Then, there exist two positive constant C and s0

such that every solution Z = (z1, z2, · · · , zn)? of (3.4.7) in

V := L2(0, T ;D(A)) ∩H1(0, T ;H), (3.4.11)

satisfies

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

(∫∫
Q
g2
ke

2sϕ dx dt+ sγ

∫ T

0

[
θ(x− x0)az2

kxe
2sϕ
]x=1

x=0
dt
)
, (3.4.12)

∀s ≥ s0, where γ is the constant of (3.4.1).

Throughout this chapter we will suppose that z0 ≡ zn+1 ≡ 0.

Proof. First, observe that the system (3.4.7) can be rewritten in the following abstract form
∂tZ +KZ + BZ − C?Z = G, (t, x) ∈ Q,
Z(t, 0) = Z(t, 1) = (0, · · · , 0)?, t ∈ (0, T ),

Z(T, x) = ZT (x), x ∈ (0, 1),

(3.4.13)

where G := (g1, · · · , gn)?.
Next we define, for s > 0, the function

W (t, x) = e2sϕZ(t, x),

where Z is a solution of (3.4.13) in the class

V = H1
(
0, T ; H

)
∩ L2(0, T ; D(A)).

Then W solves the following system
∂t(e

−sϕW ) +K(e−sϕW ) + B(e−sϕW ) = G+ C?(e−sϕW ), (t, x) ∈ Q,
W (t, 0) = W (t, 1) = (0, · · · , 0)?, t ∈ (0, T ),

W (T, x) = W (0, x) = (0, · · · , 0)?, x ∈ (0, 1).

Equivalently, the previous system can be written as

P+
s W + P−s W = Gs,

with

P+
s = diag(P+

s1, · · · , P
+
sn) + B0, P−s = diag(P−s1, · · · , P

−
sn), Gs = Gesϕ + C?W,

where B0 is defined in (3.3.7).
The operators P+

sk and P−sk are given by

P+
skwk := dk(awkx)x +

λkk
bkk

wk − sϕtwk + s2aϕ2
xwk,

and
P−skwk := wkt − 2saϕxwkx − s(aϕx)xwk.
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We have,

‖P+
s W‖2 + ‖P−s W‖2 + 2〈P+

s W,P
−
s W 〉 = ‖Gs‖2.

Then,
2〈P+

s W,P
−
s W 〉 ≤ ‖Gs‖2. (3.4.14)

Here ‖ · ‖ stands for L2(Q)n norm and 〈·, ·〉 for the corresponding scalar product. Now, we
compute the inner product 〈P+

s W,P
−
s W 〉, to obtain

〈P+
s W,P

−
s W 〉 =

n∑
k=1

〈P+
skwk, P

−
skwk〉L2(Q) +

n∑
k=1

k+1∑
j=k−1
j 6=k

〈
λjk
bjk

wj , P
−
skwk〉L2(Q).

Moreover, using the same computations of [103, Lemma.3.6], we find

〈P+
skwk, P

−
skwk〉L2(Q) ≥ C

∫∫
Q

(
sθa(x)w2

kx + s3θ3 (x− x0)2

a(x)
w2
k

)
dx dt

− sγ
∫ T

0

[
θ(x− x0)aw2

kx

]x=1

x=0
dt. (3.4.15)

Furthermore, one has

〈
λjk
bjk

wj , P
−
skwk〉L2(Q)

=

∫∫
Q

λjk
bjk

wj(wkt − 2saϕxwkx − s(aϕx)xwk) dx dt. (3.4.16)

Using the fact that λkj = λjk and bkj = bjk, an integration by parts leads to

n∑
k=1

k+1∑
j=k−1
j 6=k

∫∫
Q

λjk
bjk

wjwkt dx dt =
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫ 1

0

[
wj wk

]t=T
t=0

2bjk
dx. (3.4.17)

Similarly, one has

−2s
n∑
k=1

k+1∑
j=k−1
j 6=k

∫∫
Q

λjk
bjk

aϕxwjwkx dx dt

= −s
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫ T

0

[aϕxwjwk
bjk

]x=1

x=0
dt (3.4.18)

+ s
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫∫
Q

(aϕx)xbjk − aϕxb′jk
b2jk

wjwk dx dt.

So, combining (3.4.16)-(3.4.18), we obtain

n∑
k=1

k+1∑
j=k−1
j 6=k

〈
λjk
bjk

wj , P
−
skwk〉L2(Q) =

n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫ 1

0

[
wj wk

]t=T
t=0

2bjk
dx

− s
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫ T

0

[aϕxwjwk
bjk

]x=1

x=0
dt (3.4.19)

− s
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫∫
Q

aϕxb
′
jk

b2jk
wjwk dx dt.
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As in [103, Lemma 3.6], using the definition of ϕ and the boundary conditions on W , the
boundary terms appearing in the above identity reduce to 0.

On the other hand, applying Young’s inequality and using the assumptions on bjk, we obtain

− s
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫∫
Q

aϕxb
′
jk

b2jk
wjwk dx dt

= −sγ
n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

∫∫
Q
θ

(x− x0)b′jk
b2jk

wjwk dx dt

≤ sγ

2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjk

(∫∫
Q

(x− x0)b′jk
b2jk

θw2
j dx dt+

∫∫
Q

(x− x0)b′jk
b2jk

θw2
k dx dt

)

≤ sγ

2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjkM(j, k)
(∫∫

Q

θ

bjk
w2
j dx dt+

∫∫
Q

θ

bjk
w2
k dx dt

)
, (3.4.20)

with

M(j, k) =

{
Mk if j = k − 1,
Mk+1 if j = k + 1.

By the Hardy-Poincaré inequalities, one obtains

sγ

2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjkM(j, k)
(∫∫

Q

θ

bjk
w2
j dx dt+

∫∫
Q

θ

bjk
w2
k dx dt

)

≤ sγ

2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjkM(j, k)C(j, k)
(∫∫

Q
θaw2

jx dx dt+

∫∫
Q
θaw2

kx dx dt
)
. (3.4.21)

Here, the constant C(j, k) > 0 is given by

C(j, k) =

{
Ckk−1 if j = k − 1,

Ck+1k if j = k + 1,

where Ckk−1 is the constant appearing in (3.2.2). By (3.4.19)-(3.4.21), we obtain

n∑
k=1

k+1∑
j=k−1
j 6=k

〈
λjk
bjk

wj , P
−
skwk〉L2(Q)

≥ −sγ
2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjkM(j, k)C(j, k)

∫∫
Q
θa(w2

jx + w2
kx) dx dt. (3.4.22)
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Hence, from (3.4.15) and (3.4.22), we deduce

〈P+
s W,P

−
s W 〉 ≥

n∑
k=1

[
C

∫∫
Q

(
s

A1︷ ︸︸ ︷
θa(x)w2

kx +s3

A2︷ ︸︸ ︷
θ3 (x− x0)2

a(x)
w2
k

)
dx dt

− sγ
∫ T

0

[
θ(x− x0)aw2

kx

]x=1

x=0
dt
]

− sγ

2

n∑
k=1

k+1∑
j=k−1
j 6=k

λjkM(j, k)C(j, k)

∫∫
Q
θa(w2

jx + w2
kx) dx dt.

(3.4.23)

At this stage, let us remark that one can take C as large as desired, provided that s0 increases
as well. Indeed, taken k > 0, from

C
(
sA1 + s3A2

)
= kC

( s
k
A1 +

s3

k
A2

)
,

we can choose s′0 = ks0 and C = kC large as needed. As an immediate consequence, one can
prove that the distributed terms in the right hand side of (3.4.23) can be estimated as

〈P+
s W,P

−
s W 〉 ≥

n∑
k=1

[
C

∫∫
Q

(
sθa(x)w2

kx + s3θ3 (x− x0)2

a(x)
w2
k

)
dx dt

− sγ
∫ T

0

[
θ(x− x0)aw2

kx

]x=1

x=0
dt

]
, (3.4.24)

where C is a positive constant. On the other hand, we have

‖Gs‖2 = ‖Gesϕ + C?W‖2

≤ 2
n∑
k=1

∫∫
Q
g2
ke

2sϕ dx dt+ C
n∑
k=1

k+1∑
j=1

∫∫
Q
a2
jkw

2
j dx dt

≤ 2

n∑
k=1

∫∫
Q
g2
ke

2sϕ dx dt+ C

n∑
k=1

∫∫
Q
w2
k dx dt. (3.4.25)

Then, by the Hardy-Poincaré inequality given in [105, Proposition 2.6], we get

n∑
k=1

∫ 1

0
w2
k dx ≤ C0

n∑
k=1

∫ 1

0

a
1
3 (x)

(x− x0)
2
3

w2
k dx

≤ C0

n∑
k=1

∫ 1

0

p

(x− x0)2
w2
k dx

≤ C0CHP

n∑
k=1

∫ 1

0
pw2

kx dx

≤ C0 max{C1, C2}CHP
n∑
k=1

∫ 1

0
a(x)w2

kx dx. (3.4.26)

Here p(x) = (a(x)|x− x0|4)1/3 if K >
4

3
or p(x) = max

[0,1]
a1/3|x− x0|4/3 otherwise,

C0 := max

[(
x2

0

a(0)

) 1
3

,

(
(1− x0)2

a(1)

) 1
3

]
, C1 := max

{(
x2

0

a(0)

)2/3

,

(
(1− x0)2

a(1)

)2/3
}
,
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C2 := max
[0,1]

a1/3 × max

{
x

4/3
0

a(0)
,
(1− x0)4/3

a(1)

}
and CHP is the Hardy-Poincaré constant given in

[105, Proposition 2.6]. Observe that the function p satisfies the assumptions of [105, Proposition
2.6] thanks to [105, Lemma 2.1]. Substituting the inequality (3.4.26) in (3.4.25), it follows that

‖Gs‖2 ≤
n∑
k=1

(
2

∫∫
Q
g2
ke

2sϕ dx dt+ ε

∫∫
Q
sθa(x)w2

kx dx dt
)

(3.4.27)

for ε > 0. Thus, by choosing ε small and s large enough, (3.4.24) and (3.4.27) imply

n∑
k=1

∫∫
Q

(
sθa(x)w2

kx + s3θ3 (x− x0)2

a(x)
w2
k

)
dx dt

≤ C
( n∑
k=1

∫∫
Q
g2
ke

2sϕ dx dt+ sγ

∫ T

0

[
θ(x− x0)aw2

kx

]x=1

x=0
dt
)
,

where C is a positive constant. Recalling the definition of wk, one thus obtains the asserted
Carleman estimate for our original variables.

3.4.2 ω-Carleman estimate for the homogeneous adjoint system

In this subsection we consider the following homogeneous parabolic system{
∂tZ +KZ + BZ − C?Z = (0, · · · , 0)? (t, x) ∈ Q,
Z(T, x) = ZT (x) ∈ D(A2).

(3.4.28)

Let us recall that D(A2) =
{
Z? ∈ H; (AZ)? ∈ D(A)

}
. Notice that D(A2) is densely defined

in D(A) for the graph norm (see, for instance [42, Theorem 2.7] ) and hence in H. As in [105],
define the following class of functions

W =
{
Z is a solution of (3.4.28)

}
.

As in [42, Theorem 7.5],
W ⊂ C1([0, T ];D(A)) ⊂ V ⊂ U ,

where V is defined in (3.4.11) and

U := C
(
[0, T ];H

)
∩ L2

(
0, T ;H

)
.

To obtain Carleman estimates for the system (3.4.28), we assume that the control region ω
satisfies the following assumption:

Hypothesis 3.4.2. The control set ω is such that

ω = ω1 ∪ ω2,

where ωi (i = 1, 2) are intervals with ω1 := (α1, β1) b (0, x0), ω2 := (α2, β2) b (x0, 1), and
x0 6∈ ω̄.

Remark 28. In fact, it is proved in [48] that null controllability of the parabolic operator

Pu = ut − (|x− x0|Kux)x, x ∈ (0, 1),

which degenerates at the interior point x0 ∈ (0, 1), under the action of a locally distributed
control supported only on one side of the domain with respect to the point of degeneracy
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1. fails for K ∈ [1, 2),

2. holds true when K ∈ [0, 1).

In particular, in order that (3.1.1) to be null controllable, the control support must lie on both
sides of the degeneracy point.

Next, we introduce
ω′ = ω′1 ∪ ω′2

where ω′1 := (α′1, β
′
1) b ω1 and ω′2 := (α′2, β

′
2) b ω2.

We claim the following.

Theorem 3.4.2. Assume Hypotheses 3.4.1 and 3.4.2. Then, there exist two positive constant
C1 and s0 such that, every solution (z1, · · · , zn) ∈ W of (3.4.28) satisfies, ∀s ≥ s0,

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

≤ C1

n∑
k=1

∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt. (3.4.29)

Here, Qω′ = (0, T )× ω′.

For the proof of the above result, we shall use the following non degenerate non singular
classical Carleman estimate in a suitable interval (A,B) (see [105] or [103, Proposition 4.8]),
which will be used far away from x0 within a localization procedure via cut-off functions.

Proposition 3.4.1. Let z be the solution of

zt + (azx)x +
λ

b(x)
z = h, (t, x) ∈ (0, T )× (A,B),

z(t, A) = z(t, B) = 0, t ∈ (0, T ),

(3.4.30)

where h ∈ L2((0, T )× (A,B)), a ∈ C1([A,B]) is a strictly positive function and b ∈ C([A,B]) is
such that b ≥ b0 > 0 in [A,B]. Then, there exist two positive constants r and s0 such that for
any s ≥ s0, ∫ T

0

∫ B

A
sθerζz2

xe
2sΦ dx dt+

∫ T

0

∫ B

A
s3θ3e3rζz2e2sΦ dx dt

≤ C
(∫ T

0

∫ B

A
f2e2sΦ dx dt−

∫ T

0

[
rsθerζz2

xe
2sΦ
]x=B

x=A
dt
)

(3.4.31)

for some positive constant C.

Proof of Theorem 3.4.2. To prove the statement we use a technique based on cut-off functions.
For this purpose, we define five points δ1, δ2, α

′′
1, α

′′
2, β
′′
2 such that

α′1 < α′′1 < δ1 < β′1 and α′2 < α′′2 < δ2 < β′′2 < β′2.

From now on, the point D will be fixed such that −x0 < D < −β′1.
Now, let us consider a smooth function τ : [0, 1]→ [0, 1] such that

τ(x) =

{
1, x ∈ [δ2, 1],

0, x ∈ [0, α′′2].
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Define W = τZ, where Z is the solution of (3.4.28). Then, wk (1 ≤ k ≤ n), satisfies
∂twk + dk(a(x)wkx)x −

k+1∑
j=1

ajkwj +
k+1∑
j=k−1

λjk
bjk

wj

= dk(aτxzk)x + dkaτxzkx, (t, x) ∈ (0, T )× (α′2, 1),

wk(t, α
′
2) = wk(t, 1) = 0, t ∈ (0, T ).

(3.4.32)

Since x ∈ (α′2, 1), observe that the system above is a nondegenerate nonsingular problem. Thus,
we can apply the analogue of Proposition 3.4.1 for the component wk in (α′2, 1) in place of (A,B),
obtaining that there exist two positive constants C and s0 (s0 sufficiently large), such that wk
satisfies, for all s ≥ s0,∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
∫ T

0

∫ 1

α′2

( k+1∑
j=1
j 6=k

ajkwj −
k+1∑
j=k−1
j 6=k

λjk
bjk

wj + dk(aτxzk)x + dkaτxzkx

)2
e2sΦ dx dt.

Let us remark that the boundary term in x = 1 is nonpositive, while the one in x = α′2 is 0, so
that they can be neglected in the classical Carleman estimate. Moreover, taking into account

the fact that ajk ∈ L∞(Q) and the coefficients
1

bjk
are bounded in [α′2, 1], we find

n∑
k=1

∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
n∑
k=1

∫ T

0

∫ 1

α′2

w2
ke

2sΦ dx dt+ C
n∑
k=1

∫ T

0

∫ 1

α′2

((aτxzk)x + aτxzkx)2e2sΦ dx dt.

Using the fact that τx and τxx are supported in [α′′2, δ2], we obtain

n∑
k=1

∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
n∑
k=1

∫ T

0

∫ 1

α′2

w2
ke

2sΦ dx dt+ C
n∑
k=1

∫ T

0

∫ δ2

α′′2

(z2
k + z2

kx)e2sΦ dx dt.

For s large enough, we have

C
n∑
k=1

∫ T

0

∫ 1

α′2

w2
ke

2sΦ dx dt ≤ 1

2

n∑
k=1

∫ T

0

∫ 1

α′2

sθerζw2
ke

2sΦ dx dt,

and then
n∑
k=1

∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
n∑
k=1

∫ T

0

∫ δ2

α′′2

(z2
k + z2

kx)e2sΦ dx dt.

(3.4.33)

At this level, we shall also use the following Caccioppoli’s inequality.
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Lemma 3.4.3. [38, Proposition 5.1] Let ω′ and ω′′ be two non empty open subsets of (0, 1) such
that ω′′ ⊂ ω′ ⊂ (0, 1) and x0 /∈ ω′. Then, there exist two positive constant C > 0 and s0 > 0
such that any solution z of the equation (3.4.30) satisfies, ∀s ≥ s0,∫∫

Qω′′

z2
xe

2sΦ dx dt ≤ C
∫∫
Qω′

(f2 + s2θ2z2)e2sΦ dx dt,

with φ(t, x) := θ(t)ρ(x), where ρ ∈ C2(ω′,R).

In view of Lemma 3.4.3, one can estimate the right-hand side of (3.4.33) as follows∫ T

0

∫ δ2

α′′2

(z2
k + z2

kx)e2sΦ dx dt

≤ C
∫∫
Qω′

(
z2
k +

(
(

k+1∑
j=1
j 6=k

ajkzj −
k+1∑
j=k−1
j 6=k

λjk
bjk

zj)
2 + s2θ2z2

k

))
e2sΦ dx dt

≤ C
k+1∑
j=1

∫∫
Qω′

s2θ2z2
j e

2sΦ dx dt. (3.4.34)

Combining (3.4.33) and (3.4.34), we get

n∑
k=1

∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
n∑
k=1

∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt.

(3.4.35)

Having in mind the fact that e2sϕ ≤ e2sΦ, one can easily check that there exists a positive
constant C such that for every (t, x) ∈ [0, T ]× [α′2, 1], we have

a(x)e2sϕ ≤ Cerζe2sΦ and
(x− x0)2

a(x)
e2sϕ ≤ Ce3rζe2sΦ. (3.4.36)

By (3.4.35) and (3.4.36), using the definition of zk, we deduce

n∑
k=1

∫ T

0

∫ 1

δ2

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

=
n∑
k=1

∫ T

0

∫ 1

δ2

(
sθa(x)w2

kx + s3θ3 (x− x0)2

a(x)
w2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

∫ T

0

∫ 1

α′2

(
sθerζw2

kx + s3θ3e3rζw2
k

)
e2sΦ dx dt

≤ C
n∑
k=1

∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt. (3.4.37)

To complete the proof, it is sufficient to prove a similar inequality on the interval [0, δ2]. To this
aim, recalling that D is chosen in such a way that −x0 < D < −β′1 < 0, we follow a reflection
procedure already introduced in [105], considering the function

z̃k(t, x) =

{
zk(t, x), x ∈ [0, 1],
−zk(t,−x), x ∈ [−1, 0],



CHAPTER 3. CONTROLLABILITY OF DEGENERATE/SINGULAR SYSTEMS 80

where zk solution of the k−th equation of (3.4.28). Let us define

ãjk(t, x) =

{
ajk(t, x), x ∈ [0, 1],
ajk(t,−x), x ∈ [−1, 0],

b̃jk(x) =

{
bjk(x), x ∈ [0, 1],
bjk(−x), x ∈ [−1, 0],

Z̃ = (z̃1, · · · , z̃n) and K̃Z̃ = diag
(

(ã(x)z̃1x)x, (ã(x)z̃2x)x, · · · , (ã(x)z̃nx)x

)
.

Therefore, Z̃ solves the system{
∂tZ̃ + K̃Z̃ + B̃Z̃ − C̃?Z̃ = (0, · · · , 0)?, (t, x) ∈ (0, T )× (−1, 1),

Z̃(t,−1) = Z̃(t, 1) = (0, · · · , 0)?, t ∈ (0, T ),
(3.4.38)

where, C̃ is the analogue of C with ajk replaced by ãjk and B̃ is defined as C̃. Now, consider a
smooth function ρ : [−1, 1]→ [0, 1] such that

ρ(x) =

{
1, x ∈ [−α′′1, δ2],

0, x ∈ [−1,−δ1] ∪ [β′′2 , 1],

and define the function Ṽ = ρZ̃, where Z̃ is the solution of (3.4.38). Then Ṽ solves{
∂tṼ + K̃Ṽ + B̃Ṽ − C̃?Ṽ = G̃, (t, x) ∈ (0, T )× (−β′1, 1),

Ṽ (t,−β′1) = Ṽ (t, 1) = (0, · · · , 0)?, t ∈ (0, T ),
(3.4.39)

where G̃ := (ãρxZ̃)x + ãρxZ̃x.
Applying the Carleman estimate (3.4.12) to (3.4.39) ( which still holds true, in (−β′1, 1)

in place of (0, 1) and ã instead of a, since ã ∈ W 1,1(−β′1, 1) in weakly degenerate case and
ã ∈W 1,∞(−β′1, 1) in strongly degenerate one), it follows that

n∑
k=1

∫ T

0

∫ 1

−β′1

(
sθã(x)ṽ2

kx + s3θ3 (x− x0)2

ã(x)
ṽ2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

∫ T

0

∫ 1

−β′1

(
(ãρxz̃k)x + ãρxz̃kx

)2
e2sϕ dx dt

≤ C
n∑
k=1

∫ T

0

∫ −α′′1
−δ1

(z̃2
k + z̃2

kx)e2sϕ dx dt+ C

n∑
k=1

∫ T

0

∫ β′′2

δ2

(z2
k + z2

kx)e2sϕ dx dt. (3.4.40)

Furthermore, using the definition of z̃k and thanks to the oddness of the involved functions, one
can write∫ T

0

∫ −α′′1
−δ1

(z̃2
k + z̃2

kx)e2sϕ dx dt =

∫ T

0

∫ −α′′1
−δ1

(
z2
k(−x) + z2

kx(−x)
)
e2sϕ(x) dx dt

=

∫ T

0

∫ δ1

α′′1

(
z2
k(x) + z2

kx(x)
)
e2sϕ(−x) dx dt. (3.4.41)

At this point, by Lemma 3.4.1, for (t, x) ∈ [0, T ]× [α′′1, δ1], one has

ϕ(t,−x) ≤ Φ(t, x).

It follows from this last inequality and (3.4.41) that∫ T

0

∫ −α′′1
−δ1

(z̃2
k + z̃2

kx)e2sϕ dx dt ≤
∫ T

0

∫ δ1

α′′1

(
z2
k + z2

kx

)
e2sΦ dx dt.



CHAPTER 3. CONTROLLABILITY OF DEGENERATE/SINGULAR SYSTEMS 81

Putting the above inequality in (3.4.40) and using the fact that ϕ ≤ Φ, we get

n∑
k=1

∫ T

0

∫ 1

−β′1

(
sθã(x)ṽ2

kx + s3θ3 (x− x0)2

ã(x)
ṽ2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

∫ T

0

∫ δ1

α′′1

(
z2
k + z2

kx

)
e2sΦ dx dt+ C

n∑
k=1

∫ T

0

∫ β′′2

δ2

(z2
k + z2

kx)e2sΦ dx dt. (3.4.42)

Now, proceeding as in (3.4.34), it is not difficult to see that∫ T

0

∫ δ1

α′′1

(
z2
k + z2

kx

)
e2sΦ dx dt+

∫ T

0

∫ β′′2

δ2

(
z2
k + z2

kx

)
e2sΦ dx dt

≤ C
∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt.

Thus, it appears that

n∑
k=1

∫ T

0

∫ 1

−β′1

(
sθã(x)ṽ2

kx + s3θ3 (x− x0)2

ã(x)
ṽ2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt.

Using the definitions of z̃k, ṽk and ρ, we obtain

n∑
k=1

∫ T

0

∫ δ2

0

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

=
n∑
k=1

∫ T

0

∫ δ2

0

(
sθa(x)v2

kx + s3θ3 (x− x0)2

a(x)
v2
k

)
e2sϕ dx dt

≤
n∑
k=1

∫ T

0

∫ 1

−β′1

(
sθã(x)ṽ2

kx + s3θ3 (x− x0)2

ã(x)
ṽ2
k

)
e2sϕ dx dt

≤ C
n∑
k=1

∫∫
Qω′

s2θ2z2
ke

2sΦ dx dt. (3.4.43)

Adding (3.4.37) and (3.4.43), we finally obtain Theorem 3.4.2.

To establish the null controllability of the parabolic system (3.1.1) with one control force,
we need the following crucial Carleman estimate with one observation.

Theorem 3.4.3. Assume Hypotheses 3.4.1 and 3.4.2. Moreover, we suppose that for some open
subset ω̂ b w, we have

−akk−1 +
λkk−1

bkk−1
≥ b0 > 0, in (0, T )× ω̂, ∀k : 2 ≤ k ≤ n. (3.4.44)

Then, there exist two positive constant C and s0, such that every solution of (3.4.28) satisfies,
∀s ≥ s0,

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt ≤ C

∫∫
Qω

z2
1 dx dt. (3.4.45)

Remark 29. We point out that the proof of Theorem 3.4.3 is still valid if we assume (3.4.44)
or

−akk−1 +
λkk−1

bkk−1
≤ −b0 < 0, in (0, T )× ω̂, ∀k : 2 ≤ k ≤ n.
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To prove the above Theorem, we will need the following lemma.

Lemma 3.4.4. Under the assumptions of Theorem 3.4.3 and given l ∈ N, ε > 0, k = 2, · · · , n
and two open sets ω0 and ω′0 such that ω′ b ω′0 b ω0 b ω̂ b ω, there exist Ck = Ck(ω0, ω

′
0, b0) > 0

and lj ∈ N, 1 ≤ j ≤ k − 1 such that if Z = (z1, · · · , zn)? is the solution to (3.4.28), one has

Jω′0(l,Φk, zk) ≤ ε
k+1∑
j=k

∫∫
Q

(
sθa(x)z2

jx + s3θ3 (x− x0)2

a(x)
z2
j

)
e2sϕ dx dt

+ Ck

(
1 +

1

ε

) k−1∑
j=1

Jω0(lj ,Φk−1, zj), (3.4.46)

with Jω(d, φ, z) := sd
∫∫
Qω

θdz2e2sφ dx dt and lj = max(3, 2l + 1).

Proof of Theorem 3.4.3. In order to eliminate the local terms∫∫
Qω

s2θ2z2
ke

2sΦ dx dt ∀k = 2, · · · , n,

in the right hand side of (3.4.29), we proceed as in [108]. Thus, we consider a sequence of open
sets (Ok)k=n

k=2 such that ω′ b On b On−1 b · · · b O2 b ω̂.
At first, to absorb the term that depend on the component zn, we apply the formula (3.4.46)

for

k = n, l = 2, ω′0 = ω′, ω0 = On and ε =
1

2C1
,

with C1 is the constant appearing in (3.4.29). Therefore, from (3.4.29), one has

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

≤ C̃n
n−1∑
j=1

JOn(lj ,Φn−1, zj), (3.4.47)

where C̃n = 2 max
(
C1, Cn(1 + 2C1)

)
. We can go on applying (3.4.46) for

k = n− 1, l = ln−1, ω′0 = On, ω0 = On−1, and ε =
1

2C̃n
,

and eliminate in (3.4.47) the local term JOn(ln−1,Φn−1, zn−1), obtaining

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt

≤ C̃n−1

n−2∑
j=1

JOn−1(lj ,Φn−2, zj).

By (a finite) iteration of this argument, we obtain

n∑
k=1

∫∫
Q

(
sθa(x)z2

kx + s3θ3 (x− x0)2

a(x)
z2
k

)
e2sϕ dx dt ≤ C̃2JO2(l1,Φ1, z1)

≤ C
∫∫
Qω

sl1θl1z2
1e

2sΦ1 dx dt,

with C is a positive constant. Finally, since sup
(t,x)∈Q

sl1θl1e2sΦ1 < +∞, we readily deduce (3.4.45),

which concludes the proof of Theorem 3.4.3.
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Proof of Lemma 3.4.4. Let us consider a smooth cut-off function ξ ∈ C∞(0, 1) such that

ξ(x) =

{
1, x ∈ ω′0,
0, x ∈ (0, 1) \ ω0,

(3.4.48)

with
ξx√
ξ
,
ξxx√
ξ
∈ L∞(0, 1). Multiplying the equation satisfied by zk−1 in (3.4.28) by slθlξe2sΦkzk

and integrating over Q, we get

b0Jω′0(l,Φk, zk) ≤
∫∫
Q

(
− akk−1 +

λkk−1

bkk−1

)
slθlξe2sΦkz2

k dx dt

≤

K1︷ ︸︸ ︷∣∣∣ ∫∫
Q
zk−1,ts

lθlξe2sΦkzk dx dt
∣∣∣+

K2︷ ︸︸ ︷∣∣∣dk−1

∫∫
Q

(
a(x)zk−1,x

)
x
slθlξe2sΦkzk dx dt

∣∣∣

+

K3︷ ︸︸ ︷∣∣∣ k−1∑
j=1

∫∫
Q
ajk−1zjs

lθlξe2sΦkzk dx dt
∣∣∣+

K4︷ ︸︸ ︷∣∣∣ k−1∑
j=k−2

∫∫
Q

λjk−1

bjk−1
zjs

lθlξe2sΦkzk dx dt
∣∣∣ .

Using the same computations as in Lemma 2.3.1 or in [84, Lemma 3.7], one can prove that

K1 +K2 +K3 ≤
ε

2

k+1∑
j=k

∫∫
Q

(
sθa(x)z2

jx + s3θ3 (x− x0)2

a(x)
z2
j

)
e2sϕ dx dt

+ C ′k

(
1 +

1

ε

) k−1∑
j=1

∫∫
Qω0

sl
′
jθl
′
jz2
j e

2sΦk−1 dx dt, (3.4.49)

with lj = max(3, 2l + 1) and C ′k is a positive constant depending on k. In addition, the term
K4, can be estimated using the Young’s inequality, in the following way

K4 =
∣∣∣ k−1∑
j=k−2

∫∫
Q

λjk−1

bjk−1
zjs

lθlξe2sΦkzk dx dt
∣∣∣

≤
k−1∑
j=k−2

∣∣∣ ∫∫
Q

(λjk−1

bjk−1
(sθ)l−

3
2 ξ

√
a

(x− x0)
zje

s(2Φk−ϕ)
)
×
(

(sθ)
3
2

(x− x0)√
a

zke
sϕ
)
dx dt

∣∣∣
≤ 1

2ε

k−1∑
j=k−2

∫∫
Q

λ2
jk−1

b2jk−1

(sθ)2l−3ξ2 a

(x− x0)2
z2
j e

2s(2Φk−ϕ) dx dt

+
ε

2

∫∫
Q
s3θ3 (x− x0)2

a
z2
ke

2sϕ dx dt.

Moreover, since supp(ξ) ⊂ ω0 and x0 /∈ ω0, using the fact that the functions
1

bjk
and

a

(x− x0)2

are bounded in ω̄0, one has

K4 ≤
C

ε

k−1∑
j=k−2

∫∫
Qω0

(sθ)2l−3z2
j e

2s(2Φk−ϕ) dx dt+
ε

2

∫∫
Q
s3θ3 (x− x0)2

a
z2
ke

2sϕ dx dt. (3.4.50)

On the other hand, thanks to Lemma 3.4.2, one can easily check that

e2s(2Φk−ϕ) ≤ e2sΦk−1 . (3.4.51)
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Adding (3.4.49) and (3.4.50), by (3.4.51), we can deduce

K1 +K2 +K3 +K4 ≤ ε
k+1∑
j=k

∫∫
Q

(
sθa(x)z2

jx + s3θ3 (x− x0)2

a(x)
z2
j

)
e2sϕ dx dt

+ Ck

(
1 +

1

ε

) k−1∑
j=1

∫∫
Qω0

sljθljz2
j e

2sΦk−1 dx dt,

where lj = max(3, 2l + 1). Finally,

Jω′0(l,Φk, zk) ≤ ε
k+1∑
j=k

∫∫
Q

(
sθa(x)z2

jx + s3θ3 (x− x0)2

a(x)
z2
j

)
e2sϕ dx dt

+ Ck

(
1 +

1

ε

) k−1∑
j=1

Jω0(lj ,Φk−1, zj).

This concludes the proof of Lemma 3.4.4.

3.5 Observability and null controllability

In this section, we establish an indirect observability estimate using certain ideas from [40]
and [113]. For this, on the coefficients a and bjk we essentially start with the assumptions
made so far, with the exception of Hypothesis 3.2.4. More precisely, we shall apply the just
established Carleman inequalities to prove observability inequality for the homogeneous adjoint
problem (3.1.6) and deduce the null controllability for the system (3.1.1). In particular, our
main observability result is the following.

Theorem 3.5.1. Under the assumptions of Theorem 3.4.3, there exists a positive constant CT
such that for every (zT1 , · · · , zTn ) ∈ H, the corresponding solution Z to (3.1.6) satisfies

‖Z(0, ·)‖2H ≤ CT
∫∫
Qω

|z1(t, x)|2 dx dt. (3.5.1)

In order to prove the previous theorem, we need to prove the following observability inequality
in the case of a regular final-time datum.

Theorem 3.5.2. Under the assumptions of Theorem 3.4.3, there exists a positive constant CT
such that for every (zT1 , · · · , zTn ) ∈ D(A2), the corresponding solution Z to (3.4.28) satisfies

‖Z(0, ·)‖2H ≤ CT
∫∫
Qω

|z1(t, x)|2 dx dt. (3.5.2)

Proof. Multiplying the k-th equation of the adjoint system (3.1.6) by zkt and then integrating
over (0, 1) with respect to x, one gets that

0 =

n∑
k=1

∫ 1

0
z2
kt dx+

n∑
k=1

[
dka(x)zktzkx

]x=1

x=0
− 1

2

d

dt

n∑
k=1

∫ 1

0
dka(x)z2

kx dx

+
n∑
k=1

k+1∑
j=k−1

∫ 1

0

λjk
bjk

zjzkt dx−
n∑
k=1

k+1∑
j=1

∫ 1

0
ajkzjzkt dx. (3.5.3)
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On the other hand, using the fact that the matrix B is symmetric, we obtain

n∑
k=1

k+1∑
j=k−1

∫ 1

0

λjk
bjk

zjzkt dx

=
1

2

n∑
k=1

d

dt

∫ 1

0

λkk
bkk

z2
k dx+

n∑
k=1

d

dt

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx.

Furthermore, using the fact that ajk ∈ L∞(Q), by Young’s inequality it follows that

n∑
k=1

k+1∑
j=1

∫ 1

0
ajkzjzkt dx ≤ C

n∑
k=1

∫ 1

0
z2
k dx+

n∑
k=1

∫ 1

0
z2
kt dx

for some positive constant C. Thus, (3.5.3) becomes

−1

2

d

dt

n∑
k=1

∫ 1

0
dka(x)z2

kx dx+
1

2

d

dt

n∑
k=1

∫ 1

0

λkk
bkk

z2
k dx

+
d

dt

n∑
k=1

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx ≤ C

n∑
k=1

∫ 1

0
z2
k dx. (3.5.4)

Then, by the same technique used in (3.4.26), we have

n∑
k=1

∫ 1

0
z2
k dx ≤ C

n∑
k=1

∫ 1

0
a(x)z2

kx dx.

Substituting the above inequality in (3.5.4), we obtain

− d

dt

n∑
k=1

(∫ 1

0
dka(x)z2

kx dx−
∫ 1

0

λkk
bkk

z2
k dx− 2

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx

)
≤ C

n∑
k=1

∫ 1

0
a(x)z2

kx dx (3.5.5)

for a positive constant C.
At this stage, observe that from (3.3.9), one can find C > 0 such that

−〈AZ,Z〉H =

n∑
k=1

(∫ 1

0
dkaz

2
kx dx−

∫ 1

0

λkk
bkk

z2
k dx− 2

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx

)
≥ C

n∑
k=1

∫ 1

0
az2
kx dx. (3.5.6)

Combining (3.5.5) and (3.5.6), we obtain

− d

dt

n∑
k=1

(∫ 1

0
dka(x)z2

kx dx−
∫ 1

0

λkk
bkk

z2
k dx− 2

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx

)
≤ Ĉ

n∑
k=1

(∫ 1

0
dkay

2
kx dx−

∫ 1

0

λkk
bkk

y2
k dx− 2

∫ 1

0

λkk−1

bkk−1
ykyk−1 dx

)
for a positive constant Ĉ. Hence

d

dt

{
eĈt

n∑
k=1

(∫ 1

0
dka(x)z2

kx dx−
∫ 1

0

λkk
bkk

z2
k dx− 2

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx

)}
≥ 0.
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Consequently, the function

t 7−→ eĈt
n∑
k=1

(∫ 1

0
dka(x)z2

kx dx−
∫ 1

0

λkk
bkk

z2
k dx− 2

∫ 1

0

λkk−1

bkk−1
zkzk−1 dx

)
is increasing for all t ∈ [0, T ]. Thus,

n∑
k=1

(∫ 1

0
dka(x)z2

kx(0, x) dx−
∫ 1

0

λkk
bkk

z2
k(0, x) dx

− 2

∫ 1

0

λkk−1

bkk−1
zk(0, x)zk−1(0, x) dx

)
≤ eĈT

n∑
k=1

(∫ 1

0
dka(x)z2

kx(t, x) dx

−
∫ 1

0

λkk
bkk

z2
k(t, x) dx− 2

∫ 1

0

λkk−1

bkk−1
zk(t, x)zk−1(t, x) dx

)
.

Next, using Young’s inequality and applying the Hardy-Poincaré inequalities (3.2.1) and (3.2.2),
it results:

n∑
k=1

(∫ 1

0
dka(x)z2

kx(0, x) dx−
∫ 1

0

λkk
bkk

z2
k(0, x) dx

− 2

∫ 1

0

λkk−1

bkk−1
zk(0, x)zk−1(0, x) dx

)
≤ eĈT

n∑
k=1

(dk + λkkC
k + λkk−1C

kk−1 + λk+1kC
k+1k)

∫ 1

0
a(x)z2

kx(t, x) dx.

Integrating the previous inequality over [
T

4
,
3T

4
], θ being bounded therein, we find

n∑
k=1

(∫ 1

0
dka(x)z2

kx(0, x) dx−
∫ 1

0

λkk
bkk

z2
k(0, x) dx

− 2

∫ 1

0

λkk−1

bkk−1
zk(0, x)zk−1(0, x) dx

)
≤ 2

T
eĈT

n∑
k=1

(dk + λkkC
k + λkk−1C

kk−1 + λk+1kC
k+1k)

∫ 3T
4

T
4

∫ 1

0
a(x)z2

kx dx dt

≤ CT
n∑
k=1

∫ 3T
4

T
4

∫ 1

0
sθa(x)z2

kxe
2sϕ dx dt.

Now, using the Carleman estimate (3.4.45), we readily deduce
n∑
k=1

(∫ 1

0
dka(x)z2

kx(0, x) dx−
∫ 1

0

λkk
bkk

z2
k(0, x) dx

− 2

∫ 1

0

λkk−1

bkk−1
zk(0, x)zk−1(0, x) dx

)
≤ C

∫ T

0

∫
ω
z2

1 dx dt,

where C is a positive constant.
Then (3.5.6) implies that there exists a constant C > 0 such that

n∑
k=1

∫ 1

0
a(x)z2

kx(0, x) dx ≤ C
n∑
k=1

(∫ 1

0
dka(x)z2

kx(0, x) dx

−
∫ 1

0

λkk
bkk

z2
k(0, x) dx− 2

∫ 1

0

λkk−1

bkk−1
zk(0, x)zk−1(0, x) dx

)
≤ C

∫ T

0

∫
ω
z2

1 dx dt.
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Finally, we proceed as in (3.4.26), to obtain

n∑
k=1

∫ 1

0
z2
k(0, x) dx ≤ C0 max{C1, C2}CHP

n∑
k=1

∫ 1

0
a(x)z2

kx(0, x) dx

≤ C
∫ T

0

∫
ω
z2

1 dx dt,

for a positive constant C. Hence, the conclusion follows.

By Theorem 3.5.2 and using a density argument, as in [105, Proposition 4.1], one can prove
Theorem 3.5.1. As an immediate consequence, we can prove, using a standard technique (e.g.,
see [127, Section 7.4]), the null controllability result for the linear degenerate/singular problem
(3.1.1): if (3.5.1) holds, then for every (y0

1, · · · , y0
n) ∈ H, there exists a control v ∈ L2(Q) such

that the solution of the parabolic system (3.1.1) satisfies

yk(T, ·) = 0, in (0, 1), ∀k : 1 ≤ k ≤ n.

Moreover, there exists CT > 0 such that

‖v‖2L2(Q) ≤ CT ‖Y
0‖2H.



Chapter 4

Controllability of degenerate
equation with memory

In this chapter, we analyze the null controllability property for a degenerate parabolic equation
involving a memory term with a locally distributed control. We first derive a null controllability
result for nonhomogeneous degenerate equation via new Carleman estimates with weighted time
functions that do not blow up at t = 0. Then, the null controllability for the initial memory
system is obtained using the Kakutani’s fixed point theorem.

The results obtained in this chapter are presented in the research paper [9], in collaboration
with Genni Fragnelli.

4.1 Introduction

In this chapter we are concerned with the null controllability result for a degenerate parabolic
equation with memory by a distributed control force. More precisely, we consider the following
controlled system:

yt − (a(x)yx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu (t, x) ∈ Q,

y(t, 1) = 0, t ∈ (0, T ),{
y(t, 0) = 0, (WD),

(ayx)(t, 0) = 0, (SD),
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1).

(4.1.1)

Here, Q = (0, T ) × (0, 1) and ω b (0, 1) is a non-empty open set, 1ω is the corresponding
characteristic function, u = u(t, x) is the control function, y = y(t, x) is the state and b =
b(t, s, x) ∈ L∞((0, T )×Q) is a memory kernel. Moreover, the diffusion coefficient a vanishes at
the boundary x = 0 (i.e., a(0) = 0) and satisfies the Hypotheses 1.2.3 and 1.2.4.

As mentioned in the introduction of this thesis, the null controllability of parabolic equations
without memory (i.e. b ≡ 0) is by now well understood, for both uniformly and degenerate
diffusion coefficient, by means of distributed and boundary controls (see [2, 5, 55, 104, 105, 106]
and the references therein).

On the other hand, in the presence of memory terms, much less is known on the controllability
of the underlying system.

When a = b = 1, S. Guerrero and O. Imanuvilov prove in [110] that (4.1.1) fails to be null
controllable with a boundary control. Indeed, there exists a set of initial states that cannot be

88
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driven to 0 in any positive final time. Then, similar result is proved by X. Zhou and H. Gao
in [170] whenever b is a non-trivial constant; in this paper it is also proved that the approxi-
mate controllability holds. Later on, these results are extended in [171] to the context of one
dimensional degenerate parabolic equation. In particular, the authors assume that a(x) = xα,
being x ∈ (0, 1), 0 ≤ α < 1 and prove that the null controllability of (4.1.1) fails whereas the
approximate property holds in a suitable state space with a boundary control acting at the
extremity x = 0 or x = 1.

Thus, it is important to see which kind of conditions on b we have to require so that the null
controllability of (4.1.1) holds. In [125, 149] R. Lavanya, K. Balachandran and B.R. Nagaraj
obtained the null controllability of a nonlinear and non degenerate version of (4.1.1) assuming
that the memory kernel is sufficiently smooth and vanishes at the neighborhood of initial and
final times. In particular,

b(t, s, x) ≡ b(t, s) and supp b(·, s) b (t0, t1), 0 < t0 < t < t1 < T, ∀s ∈ (0, T ). (4.1.2)

The proof relies on Carleman estimates and a fixed point method. This assumption has been
relaxed by Q. Tao and H. Gao in [153], where the authors showed that null controllability holds
provided b fulfills

e
C

(T−t) b ∈ L∞((0, T )×Q) (4.1.3)

for some positive constant C.
For related results on this subject, we refer to[139] for wave equation, [25] for viscoelasticity

equation, [142] for thermoelastic system and [167] in the case of heat equation with hyperbolic
memory kernel (see also the bibliography therein).

The purpose of this work is to give a suitable condition on the memory kernel b in such
a way that the degenerate parabolic equation with memory (4.1.1) is null controllable, that is
there exists a control u ∈ L2(Q) such that the associated solution of (4.1.1), corresponding to
the initial data y0 ∈ L2(0, 1), satisfies

y(T, ·) = 0 in (0, 1).

We include here a brief description of the proof strategy: in a first step, we focus on the following
nonhomogeneous degenerate parabolic system

yt − (a(x)yx)x = f + 1ωu (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T ),{

y(t, 0) = 0, (WD),

(ayx)(t, 0) = 0, (SD),
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(4.1.4)

for a given function f ∈ L2(Q).
In particular, we establish suitable Carleman estimates for the associated adjoint problem

using some classical weight time functions that blow up to +∞ as t → 0−, T+. Then, using
a weight time function not exploding in the neighborhood of t = 0, we derive a new modified
Carleman estimate that would allow us to show null controllability of the underlying parabolic
equation. As a consequence, we deduce null controllability result for some problems similar to
the degenerate parabolic equation with memory. Finally, this controllability result combined
with an appropriate application of Kakutani’s fixed point Theorem allows us to obtain the null
controllability result for the original system (4.1.1) under a suitable condition on the kernel b.

Remark 30. We believe that the null controllability of system (4.1.1) can be obtained also
following the same ideas in [149, 125]. More precisely, by means of classical duality arguments,
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the null controllability property can be reduced to an observability inequality for the adjoint
parabolic problem 

−vt − (a(x)vx)x =

T∫
t

b(s, t, x)v(s, x) ds (t, x) ∈ Q,

v(t, 1) = 0, t ∈ (0, T ),{
v(t, 0) = 0, (WD),

(avx)(t, 0) = 0, (SD),
t ∈ (0, T ),

v(T, x) = vT (x), x ∈ (0, 1),

(4.1.5)

where vT ∈ L2(Q).
Such an inequality is proved by R. Lavanya and K. Balachandran in the aforementioned

references through the use of a new Carleman estimate for (4.1.5) under a strict restriction on
the memory kernel. Indeed, in order to treat the integral term in (4.1.5), the coefficient b need
to be sufficiently smooth and to satisfy condition (4.1.2). One could expects the same condition
for system (4.1.1).

However, in this work, we follow the methodology used in [153] for the treatment of nonde-
generate equation which permits us to show that system (4.1.1) is null controllable provided the
coefficient b satisfies only some exponential decay at the final time t = T (see (4.5.2)).

The outline of this chapter is as follows: Section 4.2 is devoted to the well-posedness of
systems (4.1.1) and (4.1.4) in suitable weighted spaces. In Section 4.3, we develop a new Car-
leman estimate for the adjoint problem to the nonhomogeneous parabolic equation (4.1.4) and,
in Section 4.4, we apply such an estimate to deduce null controllability for (4.1.4). In Section
4.5, using the Kakutani’s fixed point Theorem, we prove the null controllability result for the
degenerate parabolic equation with memory (4.1.1) under suitable condition on the memory
kernel. Finally, in Section 4.6, we discuss various extensions of our result.

4.2 Well-posedness results

The goal of this section is to study the well-posedness results for (4.1.1) and (4.1.4). First, we
recall the following weighted Sobolev spaces:

In the (WD) case:

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y a.c. in [0, 1],

√
ayx ∈ L2(0, 1) and y(1) = y(0) = 0

}
and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}
.

In the (SD) case:

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in (0, 1],

√
ayx ∈ L2(0, 1) and y(1) = 0

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in (0, 1], ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(0) = 0
}
.
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In both cases, the norms are defined as follow

‖y‖2H1
a

:= ‖y‖2L2(0,1) + ‖
√
ayx‖2L2(0,1), ‖y‖2H2

a
:= ‖y‖2H1

a
+ ‖(ayx)x‖2L2(0,1).

We recall the following well-posedness result for system (4.1.4) (see, for instance, [5, 47]).

Proposition 4.2.1. Assume that y0 ∈ L2(0, 1), f ∈ L2(Q) and u ∈ L2(Q). Then, system
(4.1.4) admits a unique weak solution

y ∈WT := L2(0, T ;H1
a(0, 1)) ∩ C([0, T ];L2(0, 1)) (4.2.1)

such that

‖y‖L2(0,T ;H1
a(0,1)) + ‖y‖C([0,T ];L2(0,1)) ≤ C

(
‖y0‖L2(0,1) + ‖f‖L2(Q) + ‖1ωu‖L2(Q)

)
, (4.2.2)

for some positive constant C. Moreover, if y0 ∈ H1
a(0, 1), then

y ∈ ZT := L2(0, T ;H2
a(0, 1)) ∩H1(0, T ;L2(0, 1))

and

‖y‖L2(0,T ;H2
a(0,1)) + ‖y‖H1(0,T ;L2(0,1)) ≤ C

(
‖y0‖H1

a(0,1) + ‖f‖L2(Q) + ‖1ωu‖L2(Q)

)
, (4.2.3)

for some positive constant C.

Existence and uniqueness of solution for system (4.1.1) are established in the following result:

Proposition 4.2.2. Assume that y0 ∈ L2(0, 1) and u ∈ L2(Q). Then, system (4.1.1) admits a
unique solution y ∈WT .

We emphasis that, in order to prove null controllability result for (4.1.1) (see Theorem 4.5.2),
we only need existence and uniqueness in the case y0 ∈ L2(0, 1).

Proof. The proof of this Proposition is a consequence of [109, Theorem 1.1].
First of all, we transform (4.1.1) into the following Cauchy problem y′(t) +Ay(t) =

t∫
0

k(t, s, y(s)) ds+ f(t), t ∈ (0, T ),

y(0) = y0,

(4.2.4)

where

Ay := −(ayx)x, y ∈ D(A) := H2
a(0, 1)

and
f(t) := 1ωu(t), k(t, s, y(s)) := b(t, s, ·)y(s), for a.e. (t, s) ∈ (0, T )2.

Next, we are going to check that (4.2.4) satisfies the assumptions in the aforementioned
Theorem. To this aim, let H−1

a (0, 1) be the dual space of H1
a(0, 1) with respect to the pivot

space L2(0, 1), endowed with the natural norm

‖z‖H−1
a

:= sup
‖y‖

H1
a

=1
〈z, y〉H−1

a ,H1
a
.

Observe that

〈Ay, z〉H−1
a ,H1

a
=

∫ 1

0
ayxzx dx, ∀z ∈ H1

a(0, 1),

〈k(t, s, y), z〉H−1
a ,H1

a
=

∫ 1

0
b(t, s, x)yz dx, for a.e. (t, s) ∈ (0, T )2, ∀z ∈ H1

a(0, 1),

for any y ∈ H1
a(0, 1).

Hence, one can check easily that the operators A and k satisfy the following properties:
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(a) there exists a positive constant C such that ‖Ay‖H−1
a
≤ C‖y‖H1

a
, ∀y ∈ H1

a(0, 1);

(b) there exists a positive constant C such that

‖Ay1 −Ay2‖H−1
a
≤ C‖y1 − y2‖H1

a
, for any y1, y2 ∈ H1

a(0, 1);

(c) ∃ γ > 0 and λ > 0 such that

〈Ay1 −Ay2, y1 − y2〉H−1
a ,H1

a
+ λ‖y1 − y2‖2L2(0,1) ≥ γ‖y1 − y2‖2H1

a
,

for any y1, y2 ∈ H1
a(0, 1);

(d) there exists a function β : (0, T )2 7→ R+ such that

‖(k(t, s, y1)− k(t, s, y2))‖H−1
a
≤ β(t, s)‖y1 − y2‖H1

a
, for a.e. (t, s) ∈ (0, T )2,

for any y1, y2 ∈ H1
a(0, 1).

Besides β is explicitly given by

β(t, s) := ‖b(t, s, ·)‖L∞(0,1), for a.e. (t, s) ∈ (0, T )2.

Then, taking into account the fact that b ∈ L∞((0, T ) × Q), f ∈ L2(Q) and in view of
[109, Remark 1.2, 1.3], we infer that all the assumptions of [109, Theorem 1.1] are fulfilled.
Consequently, the problem (4.2.4) has a unique solution

y ∈ L2(0, T ;H1
a(0, 1)) ∩ L∞(0, T ;L2(0, 1))

with yt ∈ L2(0, T ;H−1
a (0, 1)).

Moreover, by [134, Theorem 3.1, Chapter 1] we also have

y ∈ C([0, T ];L2(0, 1)).

Thus (4.2.1) is proved.

4.3 Carleman estimates

The goal of this section is to establish appropriate Carleman estimates for the following adjoint
parabolic system 

−vt − (a(x)vx)x = g (t, x) ∈ Q,
v(t, 1) = 0, t ∈ (0, T ),{

v(t, 0) = 0, (WD),

(avx)(t, 0) = 0, (SD),
t ∈ (0, T ),

v(T, x) = vT (x), x ∈ (0, 1),

(4.3.1)

where vT ∈ L2(0, 1) and g ∈ L2(Q).
To our purpose, as in [5] (see also Chapter 1 in this thesis), we introduce the following weight

functions

ψ(x) := γ
(∫ x

0

y

a(y)
dy − d

)
, θ(t) :=

1[
t(T − t)

]4 ,
ϕ(t, x) := θ(t)ψ(x),

(4.3.2)

Now, let ω̃ be an arbitrary open subset of ω and ρ ∈ C2([0, 1]) be such that

ρ > 0, in (0, 1), ρ(0) = ρ(1) = 0 and ρx 6= 0, in [0, 1]\ω̃
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and define
Ψ(x) := eλρ(x) − e2λ‖ρ‖∞ , Φ(t, x) := θ(t)Ψ(x). (4.3.3)

As in [2], the parameters λ, d and γ are positive constant satisfy

d > d? :=

∫ 1

0

y

a(y)
dy, γ >

e2λ‖ρ‖∞

(d− d∗)
(4.3.4)

and to be specified later on. It clearly follows from (4.3.4) that

−γd ≤ ψ(x) < 0, for all x ∈ [0, 1], (4.3.5)

ψ(x) ≤ Ψ(x), for all x ∈ [0, 1], ϕ(t, x) ≤ Φ(t, x), for all (t, x) ∈ Q (4.3.6)

Moreover, we readily have from the definition of the function θ that

|θ′(t)| ≤ Cθ
3
2 (t), ∀ t ∈ [0, T ], and θ(t)→ +∞, as t→ 0−, T+. (4.3.7)

We also remind the following Carleman estimate:

Theorem 4.3.1. [12, Theorem 3.3] Let T > 0. There exist two positive constants C and s0,
such that the solution v ∈ ZT of (4.3.1) satisfies∫∫

Q

(
sθa(x)v2

x + s3θ3 x2

a(x)
v2
)
e2sϕ dx dt

≤ C
(∫∫

Q
g2e2sΦ dx dt+

∫∫
Qω

s3θ3v2e2sΦ dxdt
)

(4.3.8)

for all s ≥ s0. Here Qω = (0, T )× ω.

Theorem 4.3.1 could be used to prove null controllability for (4.1.1) under the following
hypothesis on the memory kernel b:

e
C∗

(T−t)4 b ∈ L∞((0, T )×Q) (4.3.9)

for some constant C∗ > 0. However, we emphasize that, our objective is to provide null control-
lability for the memory equation (4.1.1) for more general memory kernel b. In this purpose, as
a first step, we are going to extend the Carleman inequality proved in the previous Theorem in
the following way.

Theorem 4.3.2. Let k ≥ 0. Then, there exist two positive constants C and s0, such that the
solution v ∈ ZT of (4.3.1) satisfies,∫∫

Q

(
(sθ)1+ka(x)v2

x + (sθ)(3+k) x2

a(x)
v2
)
e2sϕ dx dt

≤ C
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt
)

(4.3.10)

for all s ≥ s0.

Proof. Let ω2 = (x1, x2) and ω1 be two arbitrary subintervals of ω such that ω2 b ω1 and
consider a smooth cut-off function χ ∈ C∞([0, 1]) such that

0 ≤ χ ≤ 1, χ(x) :=

{
1, for x ∈ [0, x1],
0, for x ∈ [x2, 1].
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Then, thanks to [84, Proposition 3.4], the solution of (4.3.1) satisfies∫∫
Q

(
(sθ)1+kχ2a(x)v2

x + (sθ)(3+k)χ2 x2

a(x)
v2
)
e2sϕ dx dt

≤ C
(∫∫

Q
(sθ)kχ2g2e2sϕ dx dt+

∫∫
Qω1

(sθ)k
(
g2 + (sθ)2v2

)
e2sϕ dxdt

)
. (4.3.11)

On the other hand, let ζ := 1− χ, it follows from [84, Proposition 3.5] that∫∫
Q

(
(sθ)1+kζ2a(x)v2

x + (sθ)(3+k)ζ2 x2

a(x)
v2
)
e2sΦ dx dt

≤ C
(∫∫

Q
(sθ)kζ2g2e2sΦ dx dt+

∫∫
Qω1

(sθ)k+3v2e2sΦ dxdt
)
. (4.3.12)

Therefore, using (4.3.6), (4.3.11), (4.3.12) and the fact that
1

2
≤ χ2 + ζ2 ≤ 1 there holds∫∫

Q

(
(sθ)1+ka(x)v2

x + (sθ)(3+k) x2

a(x)
v2
)
e2sϕ dx dt

≤ C
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt
)

which concludes Theorem 4.3.2.

Next, by (4.3.10), we are going to derive a new modified Carleman inequality, that is an
estimate with a weight time function exploding only at the final time t = T . This choice is
done recalling the technique developed by A.V. Fursikov and O.Y. Imanuvilov in [106] in the
context of uniformly parabolic equations. In our setting, this new weight allows us to derive a
null controllability result for system (4.1.1) imposing a restriction on the kernel b only at the
final time t = T (see (4.5.2)). To this end, let us introduce the following weight functions:

β(t) :=


θ(
T

2
) =

( 2

T

)8
, for t ∈

[
0,
T

2

]
,

θ(t), for t ∈
[T

2
, T
]
,
ϕ̃(t, x) = β(t)ψ(x), σ(t, x) := β(t)Ψ(x)

and
ϕ̂(t) := max

x∈[0,1]
ϕ(t, x) = γ(d∗ − d)β(t),

ϕ∗(t) := min
x∈[0,1]

ϕ(t, x) = −γdβ(t).
(4.3.13)

In view of (4.3.6), we can see that the weight functions ϕ̃ and σ satisfy the following inequality
which is needed in what follows

ϕ̃(t, x) ≤ Φ̃(t, x), ∀(t, x) ∈ Q. (4.3.14)

Now, we are ready to state the following modified Carleman estimate, which reveals to be a
major tool to obtain the null controllability result given in Theorem 4.5.2.

Lemma 4.3.1. Let k ≥ 0. Then, there exists two positive constants C and s0 such that every
solution v ∈ ZT of system (4.3.1) satisfies

ske2sϕ̂(0)‖v(0)‖2L2(0,1) +

∫∫
Q

(sβ)kv2e2sϕ̃ dx dt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sβ)kg2e2sΦ̃ dx dt+

∫∫
Qω

(sβ)k+3v2e2sΦ̃ dxdt
)

(4.3.15)

for all s ≥ s0.
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Proof. Let ξ ∈ C∞([0, T ]) be a cut-off function such that

0 ≤ ξ ≤ 1, ξ(t) :=


1, for t ∈

[
0,
T

2

]
,

0, for t ∈
[5T

8
, T
] (4.3.16)

and define w = ξ̃v , where ξ̃ = β
k
2 ξesϕ̂(0) and v solves (4.3.1).

Hence w satisfies 

−wt − (a(x)wx)x = −ξ̃′v + ξ̃g, (t, x) ∈ Q,
w(t, 1) = 0, t ∈ (0, T ),{

w(t, 0) = 0, (WD),

(awx)(t, 0) = 0, (SD),
t ∈ (0, T ),

w(T, x) = 0, x ∈ (0, 1).

(4.3.17)

Then, by (4.2.2) applied to the above system, one can see that

‖w(0)‖2L2(0,1) + ‖w‖2L2(Q) ≤ C
∫∫
Q

(−ξ̃′v + ξ̃g)2 dx dt (4.3.18)

for some constants C > 0.
We estimate from below the two terms on the left hand side of (4.3.18) in the following way:

‖w(0)‖2L2(0,1) = ‖β
k
2 (0)ξ(0)esϕ̂(0)v(0)‖2L2(0,1) =

( 2

T

)8k
‖esϕ̂(0)v(0)‖2L2(0,1) (4.3.19)

and

‖w‖2L2(Q) =

∫ 5T
8

0

∫ 1

0
βkξ2e2sϕ̂(0)v2 dx dt ≥

∫ T
2

0

∫ 1

0
βkv2e2sϕ̃ dx dt (4.3.20)

since ϕ̃ ≤ ϕ̂(0) inQ.
Concerning the right hand side of (4.3.18), we have∫∫

Q
(−ξ̃′v + ξ̃g)2 dx dt

=

∫∫
Q

[(
− k

2
β′β

k
2
−1ξ − β

k
2 ξ′
)
esϕ̂(0)v + β

k
2 ξesϕ̂(0)g

]2
dx dt

≤ C
(∫∫

Q
(β′)2βk−2ξ2e2sϕ̂(0)v2 dx dt

+

∫∫
Q
βk(ξ′)2e2sϕ̂(0)v2 dx dt+

∫∫
Q
βkξ2e2sϕ̂(0)g2 dx dt

)
. (4.3.21)

Observing that β′ = 0 in [0, T/2], β = θ in [T/2, T ] and using (4.3.7), the fact that supp ξ ⊂
[0, 5T/8] and supp ξ′ ⊂ [T/2, 5T/8], it follows that

e2sϕ̂(0)

∫∫
Q

(β′)2βk−2ξ2v2 dx dt ≤ Ce2sϕ̂(0)

∫ 5T
8

T
2

∫ 1

0
βk+1v2 dx dt (4.3.22)

and

e2sϕ̂(0)

∫∫
Q
βk(ξ′)2v2 dx dt ≤ Ce2sϕ̂(0)

∫ 5T
8

T
2

∫ 1

0
βkv2 dx dt

≤ Ce2sϕ̂(0)

∫ 5T
8

T
2

∫ 1

0
βk+1v2 dx dt. (4.3.23)
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Hence, by the estimates (4.3.18)-(4.3.23), we find that

sk‖esϕ̂(0)v(0)‖2L2(0,1) +

∫ T
2

0

∫ 1

0
(sβ)kv2e2sϕ̃ dx dt

≤ C
(
sk
∫ 5T

8

T
2

∫ 1

0
skβk+1v2e2sϕ̂(0) dx dt+

∫ 5T
8

0

∫ 1

0
(sβ)ke2sϕ̂(0)g2 dx dt

)
. (4.3.24)

Now, let us deal with the first term in the right-hand side of (4.3.24).
First, using the fact that β = θ and ϕ̃ = ϕ in [T/2, T ], one has∫ 5T

8

T
2

∫ 1

0
skβk+1v2e2sϕ̃ dx dt =

∫ 5T
8

T
2

∫ 1

0
skθk+1v2e2sϕ dx dt. (4.3.25)

Then, applying Young’s inequality as in [5], we see that∫ 1

0
v2e2sϕ dx =

∫ 1

0

((a(x)

x2

) 1
3
v2e2sϕ

) 3
4
(
x2

a(x)
v2e2sϕ

) 1
4

dx

≤ 3

4

∫ 1

0

(a(x)

x2

) 1
3
v2e2sϕ dx+

1

4

∫ 1

0

x2

a(x)
v2e2sϕ dx. (4.3.26)

Let p(x) = x4/3a1/3, then since the function x 7→ x2

a
is nondecreasing on (0, 1) one has,

p(x) = a
(x2

a

) 2
3 ≤ Ca(x).

Then, applying the Hardy-Poincaré inequality (1.2.9) to vesϕ, we get∫ 1

0

a1/3

x2/3
(vesϕ)2 dx =

∫ 1

0

p(x)

x2
(vesϕ)2 dx

≤ C
∫ 1

0
p(x)(vesϕ)2

x dx ≤ C
∫ 1

0
a(x)(vesϕ)2

x dx. (4.3.27)

Using the definition of ϕ (see (4.3.2)), it follows that∫ 1

0

a1/3

x2/3
(vesϕ)2 dx ≤ C

∫ 1

0
a(x)

(
vx + sϕxv)2e2sϕ dx

≤ C
∫ 1

0

(
a(x)v2

x + s2θ2 x2

a(x)
v2
)
e2sϕ dx. (4.3.28)

By (4.3.26) and (4.3.28), we obtain∫ 1

0
v2e2sϕ dx ≤ C

∫ 1

0

(
a(x)v2

x + s2θ2 x2

a(x)
v2
)
e2sϕ dx. (4.3.29)

Hence, from (4.3.25) and (4.3.29), we get that∫ 5T
8

T
2

∫ 1

0
skβk+1v2e2sϕ̃ dx dt

≤ C
∫ 5T

8

T
2

∫ 1

0
skθk+1

(
a(x)v2

x + s2θ2 x2

a(x)
v2
)
e2sϕ dxdt.



CHAPTER 4. CONTROL OF DEGENERATE EQUATION WITH MEMORY 97

Thus, applying Carleman inequality (4.3.10), one has

sk
∫ 5T

8

T
2

∫ 1

0
βk+1v2e2sϕ̃ dx dt ≤ C

∫ 5T
8

T
2

∫ 1

0

(
skθk+1a(x)v2

x + sk+2θk+3 x2

a(x)
v2
)
e2sϕ dxdt

≤ C
∫∫
Q

(
(sθ)k+1a(x)v2

x + (sθ)k+3 x2

a(x)
v2
)
e2sϕ dxdt

≤ C
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt
)
. (4.3.30)

Now observe that

ϕ∗
(5T

8

)
≤ ϕ̃, in

[
0,

5T

8

]
×
[
0, 1
]
. (4.3.31)

Therefore

sk
∫ 5T

8

T
2

∫ 1

0
βk+1v2e2sϕ̂(0) dx dt = sk

∫ 5T
8

T
2

∫ 1

0
βk+1v2e2s[ϕ̂(0)−ϕ̃]e2sϕ̃ dx dt

≤ e2s[ϕ̂(0)−ϕ∗( 5T
8

)]sk
∫ 5T

8

T
2

∫ 1

0
βk+1v2e2sϕ̃ dx dt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt
)

(4.3.32)

for s large enough.
Moreover, in view of (4.3.14) and (4.3.31), the second term in the right hand side of (4.3.24)

reads as ∫ 5T
8

0

∫ 1

0
(sβ)ke2sϕ̂(0)g2 dx dt =

∫ 5T
8

0

∫ 1

0
(sβ)ke2s[ϕ̂(0)−ϕ̃]e2sϕ̃g2 dx dt

≤ e2s[ϕ̂(0)−ϕ∗( 5T
8

)]

∫ 5T
8

0

∫ 1

0
(sβ)ke2sΦ̃g2 dx dt.

Combining this last inequality with (4.3.24) and (4.3.32), it follows that

sk‖esϕ̂(0)v(0)‖2L2(0,1) +

∫ T
2

0

∫ 1

0
(sβ)kv2e2sϕ̃ dx dt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt

+

∫ 5T
8

0

∫ 1

0
(sβ)kg2e2sΦ̃ dx dt

)
. (4.3.33)

On the other hand, proceeding as in (4.3.30), we also obtain∫ T

T
2

∫ 1

0
(sβ)kv2e2sϕ̃ dx dt =

∫ T

T
2

∫ 1

0
(sβ)kv2e2sϕ dx dt

≤ C
∫ T

T
2

∫ 1

0

(
(sθ)ka(x)v2

x + (sθ)k+2 x2

a(x)
v2
)
e2sϕ dxdt

≤ C
(∫∫

Q
(sθ)kg2e2sΦ dx dt+

∫∫
Qω

(sθ)k+3v2e2sΦ dxdt
)
. (4.3.34)

Note that, since the function s→ skecs, with k ≥ 0 and c < 0, is nonincreasing for larger values
of s, then, from the fact that β ≤ θ in (0, T ) we get that,

(sθ)ke2sΦ = (sθ)ke2sΨ(x)θ(t) ≤ (sβ)ke2sΨ(x)β(t) = (sβ)ke2sΦ̃, in Q,
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for s large enough, where we recall that Ψ is the weight function given in (4.3.3).
Finally, combining this fact with the estimates (4.3.33) and (4.3.34), we deduce that

sk‖esϕ̂(0)v(0)‖2L2(0,1) +

∫∫
Q

(sβ)kv2e2sϕ̃ dx dt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sβ)kg2e2sΦ̃ dx dt+

∫∫
Qω

(sβ)k+3v2e2sΦ̃ dxdt
)
.

This ends the proof of Lemma 4.3.1.

4.4 Null controllability for a nonhomogeneous system

In this section we will apply the Carleman estimates established in Section 4.3 to deduce the
null controllability result for the nonhomogeneous problem (4.1.4). To this aim, following the
arguments presented in [106, 153], we introduce, for all k ≥ 0 and s ≥ s0, the following weighted
space

Es,k =
{
y ∈ ZT : (sβ)−k/2e−sΦ̃y ∈ L2(Q)

}
endowed with the associated norm

‖y‖2Es,k :=

∫∫
Q

(sβ)−ke−2sΦ̃y2 dxdt.

The parameter s0 is defined as in Lemma 4.3.1.
Observe that, if we consider y in Es,k, then y is continuous in time and satisfies∫∫

Q
(sβ)−ke−2sΦ̃y2 dxdt < +∞,

thus, from the definition of Φ̃, in particular the fact that Φ̃ < 0, we have that

y(T, ·) = 0 in (0, 1).

Then, we are going to prove the following:

Theorem 4.4.1. Let T > 0 and k ≥ 0. Assume (sβ)−k/2e−sϕ̃f ∈ L2(Q) with s ≥ s0. Then, for
any y0 ∈ H1

a(0, 1), there exists u ∈ L2(Q) such that the associated solution y of system (4.1.4)
belongs to Es,k.

Moreover, there exists a positive constant C such that the couple (y, u) satisfies∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt+ s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)
. (4.4.1)

Proof. The proof of this Theorem is inspired by [106, 153]. First of all, consider the following
functional:

J(y, u) =

∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

where (y, u) satisfies system (4.1.4) with u ∈ L2(Q) and

y(T, ·) = 0 in (0, 1). (4.4.2)
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By classical arguments (see for instance [135, 133]), one can show that J attains its minimizer
at a unique point say, (ỹ, ũ).

We are going to prove the existence of a dual variable z̃ such that{
ỹ = (sβ)ke2sΦ̃L∗z̃ in Q

ũ = −1ω(sβ)k+3e2sΦ̃z̃ in Q

where L∗z̃ = −z̃t − (a(x)z̃x)x and z̃ satisfies the boundary conditions

z̃(·, 1) = 0 and

{
z̃(·, 0) = 0, (WD)
(az̃x)(·, 0) = 0, (SD)

on (0, T ). (4.4.3)

Let us define the following linear space

Xa =
{
w ∈ C∞(Q) : w satisfies (4.4.3)

}
.

In addition, we set

κ(z, w) =

∫∫
Q

(sβ)ke2sΦ̃L∗zL∗w dxdt+

∫∫
Qω

(sβ)k+3e2sΦ̃zw dxdt, ∀ z, w ∈ Xa (4.4.4)

and

`(w) =

∫∫
Q
fw dx dt+

∫ 1

0
y0w(0)dx, ∀w ∈ Xa, (4.4.5)

where f, y0 are the functions in (4.1.4).
Observe that Carleman estimate (4.3.15) holds for all w ∈ Xa. In particular, we have

sk
∫ 1

0
e2sϕ̂(0)w(0)2 dx+

∫∫
Q

(sβ)ke2sϕ̃w2 dx dt ≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]κ(w,w), ∀w ∈ Xa.

Now, let us denote by X̃a the completion of Xa with the norm ‖w‖
X̃a

= (κ(w,w))1/2. Thus, X̃a

is a Hilbert space with this norm.
Clearly, κ is a strictly positive, symmetric and continuous bilinear form in X̃a.
Moreover, in view of the above inequality, one can see that the linear form ` is continuous

in X̃a. Indeed, employing the Cauchy-Schwarz inequality, for all w ∈ X̃a, we have

|`(w)| =
∫∫
Q
fw dx dt+

∫ 1

0
y0w(0)dt

≤
((∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt

)1/2(∫∫
Q

(sβ)ke2sϕ̃w2 dx dt

)1/2

+
(
s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)1/2(

sk
∫ 1

0
e2sϕ̂(0)w(0)2 dx

)1/2
)

≤
([(∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt

)1/2
+
(
s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)1/2]

×[( ∫∫
Q

(sβ)ke2sϕ̃w2 dx dt
)1/2

+
(
sk
∫ 1

0
e2sϕ̂(0)w(0)2 dx

)1/2])
≤ Ces[ϕ̂(0)−ϕ∗( 5T

8
)]
[( ∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt

)1/2

+
(
s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)1/2]

‖w‖
X̃a
. (4.4.6)
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Hence, by Lax-Milgram Theorem, we infer that there exists a unique z̃ ∈ X̃a such that

κ(z̃, w) = `(w), ∀w ∈ X̃a. (4.4.7)

This fact, together with (4.4.6), gives that

κ(z̃, z̃) = `(z̃) ≤ Ces[ϕ̂(0)−ϕ∗( 5T
8

)]
[( ∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt

)1/2

+
(
s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)1/2]

‖z̃‖
X̃a
.

This implies

‖z̃‖
X̃a
≤ Ces[ϕ̂(0)−ϕ∗( 5T

8
)]
[( ∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt

)1/2

+
(
s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)1/2]

. (4.4.8)

Setting {
ỹ = (sβ)ke2sΦ̃L∗z̃
ũ = −1ω(sβ)k+3e2sΦ̃z̃

(4.4.9)

and using the definition of the bilinear form κ(·, ·), we can write

‖z̃‖2
X̃a

=

∫∫
Q

(sβ)−ke−2sΦ̃
(
(sβ)ke2sΦ̃L∗z̃

)2
dx dt

+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃
(
1ω(sβ)k+3e2sΦ̃z̃

)2
dxdt

=

∫∫
Q

(sβ)−ke−2sΦ̃ỹ2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃ũ2 dxdt

and, in view of (4.4.8), we can deduce∫∫
Q

(sβ)−ke−2sΦ̃ỹ2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃ũ2 dxdt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sβ)−ke−2sϕ̃f2 dx dt+ s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)
. (4.4.10)

Hence ỹ ∈ Es,k and satisfies the inequality (4.4.1).
In order to complete the proof, it remains to show that (ỹ, ũ), satisfies the parabolic problem

(4.1.4) and the identity (4.4.2). First of all, by (4.4.10) it is immediate that ỹ, ũ ∈ L2(Q).
Moreover, denote by ŷ the weak solution of system (4.1.4) associated to the control function

u = ũ. Then, ŷ also solves this system in the sense of transposition, that is, ŷ is the unique
function in L2(Q) satisfying∫∫

Q
ŷh dx dt =

∫ 1

0
y0w(0)dx+

∫∫
Q

1ωũw dx dt+

∫∫
Q
fw dx dt, ∀h ∈ L2(Q), (4.4.11)

where w is the solution of

−wt − (a(x)wx)x = h (t, x) ∈ Q,
w(t, 1) = 0, t ∈ (0, T ),{

w(t, 0) = 0, (WD),

(awx)(t, 0) = 0, (SD),
t ∈ (0, T ),

w(T, x) = 0, x ∈ (0, 1).
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On the other hand, substituting the expressions of ỹ and ũ, given in (4.4.9), in (4.4.7), we obtain

∫∫
Q
ỹh dx dt−

∫∫
Qω

1ωũw dx dt =

∫∫
Q
fw dx dt+

∫ 1

0
y0w(0)dx, ∀h ∈ L2(Q). (4.4.12)

Hence, (4.4.11) and (4.4.12) imply that ỹ = ŷ solves (4.1.4).
This completes the proof of Theorem 4.4.1.

We underline that Theorem 4.4.1 provides null controllability property for more regular
solution of (4.1.4). Such a result turns out to be fundamental for the proof of Theorem 4.5.1.

4.5 Null controllability of memory system

In this section, we analyze the null controllability result for the degenerate parabolic equation
(4.1.1). First, for k ≥ 0, we set

Es,k,R =
{
w ∈ Es,k : ‖(sβ)−k/2e−sΦ̃w‖L2(Q) ≤ R

}
,

where R is an arbitrary positive constant. Clearly, Es,k,R is a bounded, closed and convex subset
of L2(Q).

Let w ∈ Es,k,R and consider the following system:

yt − (a(x)yx)x =

t∫
0

b(t, s, x)w(s, x) ds+ 1ωu (t, x) ∈ Q,

y(t, 1) = 0, t ∈ (0, T ),{
y(t, 0) = 0, (WD),

(ayx)(t, 0) = 0, (SD),
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1).

(4.5.1)

Hence, the next null controllability result holds.

Proposition 4.5.1. Let T and R strictly positive and k ≥ 0. Assume that the memory kernel
satisfies,

(T − t)2ke
( 4
T )

4 sγd

(T−t)4 b ∈ L∞((0, T )×Q), (4.5.2)

where γ and d are the constants of (4.3.2) and s is the same of Lemma 4.3.1. Then, for all
w ∈ Es,kR and for any y0 ∈ H1

a(0, 1), there exists u ∈ L2(Q) such that the associated solution y
of system (4.5.1) belongs to Es,k.

Notice that, condition (4.5.2) may appear as a quite strong restriction on the admissible
kernel function b. Notwithstanding, it is instead a natural one, since the only thing that we are
asking is its boundedness with respect to the Carleman weight. In other words, b should decay
exponentially to 0 as t goes to T−. Recall that this assumption is less restrictive, for larger
values of the parameter k > 0, than (4.3.9).

Proof. Let w ∈ Es,k,R and let y ∈ ZT the solution of (4.5.1). Using the fact that −γdβ ≤ ϕ̃ in
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Q (see (4.3.5)), we get that

∫∫
Q

(sβ)−ke−2sϕ̃
( t∫

0

b(t, s, x)w(s, x) ds
)2
dx dt

≤ CT
∫∫
Q

t∫
0

(sβ)−ke−2sϕ̃b2(t, s, x)w2(s, x) ds dx dt

≤ CT
∫∫
Q

t∫
0

(sβ)−ke2sγdβb2(t, s, x)w2(s, x) ds dx dt

≤ CT
∫∫
Q

t∫
0

(T − t)4ke
2sγd

(T/4)4(T−t)4 b2(t, s, x)w2(s, x) ds dx dt.

Hence, by virtue of condition (4.5.2), we have

∫∫
Q

(sβ)−ke−2sϕ̃
( t∫

0

b(t, s, x)w(s, x) ds
)2
dx dt

≤ CT
∫∫
Q
w2 dx dt; (4.5.3)

therefore, using Hölder’s inequality, the fact that sup
(t,x)∈Q

(sβ(t))ke2sΦ̃(t, x) < +∞ and w ∈ Es,k,R,

we conclude that∫∫
Q

(sβ)−ke−2sϕ̃
( t∫

0

b(t, s, x)w(s, x) ds
)2
dx dt

≤ CT s−k
(

sup
(t,x)∈Q

(sβ(t))ke2sΦ̃(t, x)
)∫∫

Q
(sβ)−ke−2sΦ̃w2 dx dt

≤ CT s−kR2 < +∞.

This implies that (sβ)−k/2e−sϕ̃
( t∫

0

b(t, s, x)w(s, x) ds
)
∈ L2(Q). Hence, in view of Theorem

4.4.1, we deduce that there exists u ∈ L2(Q) such that the associated solution y of (4.5.1)
belongs to Es,k. Hence, the conclusion follows.

As a consequence of Proposition 4.5.1 and Kakutani’s fixed point Theorem, we obtain the
following result.

Theorem 4.5.1. Let T > 0, k ≥ 0 and assume that (4.5.2) holds with s ≥ s0 such that

Cs−ke−sγ(
2
T )

8
d∗ ≤ 1

2
,

where γ, d∗ and C are the constants that appear in (4.3.4) and (4.4.1), respectively.
Then, for any y0 ∈ H1

a(0, 1), there exists u ∈ L2(Q) such that the associated solution y ∈ ZT
of (4.1.1) satisfies

y(T, ·) = 0 in (0, 1).
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Proof of Theorem 4.5.1. For the moment take R > 0 sufficiently large. Define, as in [153], the
multivalued mapping Λ : Es,k,R ⊂ Es,k → 2Es,k in the following way: for every w ∈ Es,k,R, Λ(w)
is the set of y ∈ Es,k such that for some u ∈ L2(Q) satisfying∫∫

Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt ≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(
R2 +

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)
, (4.5.4)

the associated solution y of (4.5.1) satisfies

y ∈ Es,k and y(T, ·) = 0 in (0, 1). (4.5.5)

Thus, our task is reduced to prove that Λ admit at least one fixed point in Es,k,R. To this
aim, it suffices to check that Λ satisfies the assumptions of Kakutani’s fixed point Theorem (see,
e.g., [89, Theorem 2.3] or [119] ). Next, we are going to check that all the conditions to apply
such a theorem in L2(Q)-topology are satisfied.

Clearly, Λ(w) is a closed set of L2(Q). Moreover, thanks to Proposition 4.5.1, Λ(w) is non
empty. The fact that the identity in (4.5.5) is stable by convex combinations yields the convexity
of Λ(w).

Now, let us prove that Λ(Es,k,R) ⊂ Es,k,R for a sufficiently large R. Using the inequality
(4.4.1), condition (4.5.2) and proceeding as in (4.5.3), we have∫∫

Q
(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(∫∫

Q
(sβ)−ke−2sϕ̃

( t∫
0

b(t, s, x)w(s, x) ds
)2
dx dt

+ s−k
∫ 1

0
e−2sϕ̂(0)y2

0 dx
)

≤ Ce2s[ϕ̂(0)−ϕ∗( 5T
8

)]
(
s−k

∫∫
Q
w2 dx dt+ s−k

∫ 1

0
e−2sϕ̂(0)y2

0 dx
)
.

Therefore, applying Hölder’s inequality, we obtain∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

≤ Cs−ke2s[ϕ̂(0)−ϕ∗( 5T
8

)]

((
sup

(t,x)∈Q
(sβ(t))ke2sΦ̃(t,x)

)(∫∫
Q

(sβ)−ke−2sΦ̃w2 dx dt
)

+

∫ 1

0
e−2sϕ̂(0)y2

0 dx

)
.

In particular, since ϕ̃ ≤ ϕ̂(0), Φ̃ ≤ Φ̂(0) inQ (see (4.3.13)), sup
(t,x)∈Q

(sβ(t))ke
s
2

Φ̃(t,x) < +∞ and

w ∈ Es,k,R, the last inequality becomes∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

≤ Cs−k
(
es[2ϕ̂(0)−2ϕ∗( 5T

8
)+ 3

2
Φ̂(0)]R2 + e−2sϕ∗( 5T

8
)

∫ 1

0
y2

0 dx

)
. (4.5.6)

On the other hand, by taking the parameter ρ in (4.3.3) so that ρ >
ln3

‖σ‖∞
, one can show that

the interval
(e2ρ‖σ‖∞

d− d?
,

3(e2ρ‖σ‖∞ − eρ‖σ‖∞)

2(d− d?)

)
is nonempty, and thus, we can choose the constant
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γ ( see (4.3.2)) in such a way

e2ρ‖σ‖∞ − 1

d− d∗
< γ <

3
(
e2ρ‖σ‖∞ − eρ‖σ‖∞

)
2(d− d?)

.

Thus, as a straightforward consequence, one has

3

2
ˆ̃Φ(t) ≤ ϕ̂(t) for every t ∈ (0, T ). (4.5.7)

Using (4.5.7), the definitions of ϕ̂ and ϕ∗, and choosing d ≥ 10d∗, we find

2ϕ̂(0)− 2ϕ∗(
5T

8
) +

3

2
Φ̂(0) ≤ 3ϕ̂(0)− 2ϕ∗(

5T

8
)

= 3γ(d∗ − d)β(0) + 2γdβ
(5T

8

)
= γ

( 2

T

)8[
3(d∗ − d)) + 2d

(16

15

)4]
= γ

( 2

T

)8[
3d∗ − d

(
3− 2

(16

15

)4)]
< −γ

( 2

T

)8
d∗ < 0.

By assumption s is such that

Cs−kes[2ϕ̂(0)−2ϕ∗( 5T
8

)+ 3
2

Φ̂(0)] ≤ 1

2
,

thus, we immediately obtain, from this last inequality and (4.5.6),∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt+

∫∫
Qω

(sβ)−(k+3)e−2sΦ̃u2 dxdt

≤
(

1

2
R2 + Ce−2sϕ∗( 5T

8
)s−k

∫ 1

0
y2

0 dx

)
. (4.5.8)

Hence, for R sufficiently large, we have∫∫
Q

(sβ)−ke−2sΦ̃y2 dx dt ≤ R2.

As a consequence, Λ(Es,k,R) ⊂ Es,k,R.
Furthermore, let {wn} be a sequence of Es,k,R. Thanks to Proposition 4.2.1, the associated

solutions {yn} are bounded in ZT . Then, in view of Aubin-Lions Theorem, this implies that
Λ(Es,k,R) is relatively compact in L2(Q).

Let us finally check that Λ is upper-semicontinuous under the L2(Q)-topology. To this aim,
let {wn} be a sequence satisfying wn → w in Es,k,R and yn ∈ Λ(wn) such that yn → y in L2(Q).
Our objective is to prove that y ∈ Λ(w). At first, observe that for any wn ∈ Es,k,R, we can
find at least one control un ∈ L2(Q) such that the associated solution yn belongs to L2(Q). By
virtue of Proposition 4.2.1 and (4.5.8), we deduce that there is a subsequence satisfying

un → u weakly in L2(Q)

yn → ỹ weakly in ZT and (4.5.9)

strongly in C(0, T ;L2(0, 1)). (4.5.10)

This yields y = ỹ in L2(Q).
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Since (yn, un) satisfies the system

yn,t − (a(x)yn,x)x =

t∫
0

b(t, s, x)wn(s, x) ds+ 1ωun, (t, x) ∈ Q,

yn(t, 1) = 0, t ∈ (0, T ),{
yn(t, 0) = 0, (WD),

(ayn,x)(t, 0) = 0, (SD),
t ∈ (0, T ),

yn(0, x) = y0(x), x ∈ (0, 1),

(4.5.11)

hence passing to weak limit, it follows that the couple (y, u) satisfies (4.5.1). This provides that
y ∈ Λ(w) and, therefore, Λ is upper semicontinuous.

Consequently, using the Kakutani’s fixed point Theorem in the L2(Q)-topology for the map-
ping Λ, we infer that there is at least one y ∈ Es,k,R such that y ∈ Λ(y). Thus, by the definition
of Λ, there exists at least one couple (y, u) satisfying all the conditions in Theorem 4.5.1. The
uniqueness of y follows by Proposition 4.2.2. Hence, the proof of Theorem 4.5.1 is complete.

Remark 31. • Let us recall that, without any hypothesis on the kernel b, the null con-
trollability of (4.1.1) fails (see [110, 170]). Hence, the decaying condition (4.5.2) could be
necessary.

• A condition similar to (4.5.2) already appears in the work of Q. Tao and H. Gao in [153]
for uniformly parabolic equations (see (4.1.3)). Hence, the null controllability result stated
in Theorem 4.5.1 for the degenerate equation with memory can be seen as an extension to
the one obtained in [153].

• The difference on the powers of the exponential terms in (4.5.2) and (4.1.3) is mainly due
to the different weighted time functions considered in these two contexts.

• Owing to Remark 11, we can actually decrease the exponent 4 in the assumption (4.5.2)
to the exponent 2. In particular, in place of (4.5.2) we can assume

(T − t)2ke
Ĉ

(T−t)2 b ∈ L∞((0, T )×Q),

where Ĉ =
( 4

T

)2
sγd.

Clearly, Theorem 4.5.1 holds also in a general domain (t∗, T )× (0, 1) with suitable changes.
Thanks to this fact, the following null controllability result holds for memory system (4.1.1).

Theorem 4.5.2. Let T > 0, k ≥ 0 and assume that (4.5.2) holds with s as in Theorem 4.5.1.
Then, for any y0 ∈ L2(0, 1), there exists u ∈ L2(Q) such that the associated solution y ∈WT of
(4.1.1) satisfies

y(T, ·) = 0 in (0, 1).

Proof. Consider the following homogeneous parabolic problem:

wt − (a(x)wx)x =

t∫
0

b(t, s, x)w(s, x) ds (t, x) ∈ (0,
T

2
)× (0, 1),

w(t, 1) = 0, t ∈ (0,
T

2
),{

w(t, 0) = 0, (WD),

(awx)(t, 0) = 0, (SD),
t ∈ (0,

T

2
),

w(0, x) = y0(x), x ∈ (0, 1),
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where y0 is the initial condition in (4.1.1).
By Proposition 4.2.2, the solution of this system belongs to

W ∗T := L2

(
0,
T

2
;H1

a(0, 1)

)
∩ C

([
0,
T

2

]
;L2(0, 1)

)
.

Then, there exists t∗ ∈ (0,
T

2
) such that w(t∗, ·) := w∗(·) ∈ H1

a(0, 1).

Now, we consider the following controlled parabolic system:

zt − (a(x)zx)x =

t∫
0

b(t, s, x)z(s, x) ds+ 1ωh (t, x) ∈ (t∗, T )× (0, 1),

z(t, 1) = 0, t ∈ (t∗, T ),{
z(t, 0) = 0, (WD),

(azx)(t, 0) = 0, (SD),
t ∈ (t∗, T ),

z(t∗, x) = w∗(x), x ∈ (0, 1).

Hence, thanks to Theorem 4.5.1, there exists h ∈ L2((t∗, T ) × (0, 1)) such that the associated
solution z ∈ Z∗T := L2(t∗, T ;H2

a(0, 1)) ∩H1(t∗, T ;L2(0, 1)) satisfies

z(T, ·) = 0 in (0, 1).

Finally, setting

y :=

{
w, in

[
0, t∗

]
,

z, in
[
t∗, T

] and u :=

{
0, in

[
0, t∗

]
,

h, in
[
t∗, T

]
,

one can prove that y ∈WT solves the system (4.1.1) associated to u and is such that

y(T, ·) = 0 in (0, 1).

Hence, the thesis follows.

Remark 32. In the present context, by Theorem 4.5.2, one can deduce immediately the null
controllability result for (4.1.1) when the control acts at the nondegenerate point x = 1. Indeed,
it is sufficient to use a standard technique and a localization argument as in [5, Remark 4.6.2].
Of course, the situation is completely different in the case when the control acts at the degenerate
point x = 0. We refer to [55] for a discussion of this issue.

Remark 33. Observe that, as in the context of parabolic equation without memory (i.e., b = 0),
the null controllability for (4.1.1) proved in Theorem 4.5.2 yields the exact controllability to
trajectories, that is, for any trajectory y (i.e. solution of (4.1.1) corresponding to u ≡ 0 and
y0 ∈ L2(0, 1)) and any y0 ∈ L2(0, 1), there exists u ∈ L2(Q) such that the associated solution to
(4.1.1) satisfies

y(T, x) = y(T, x), x ∈ (0, 1).

Indeed, let us consider a trajectory y and introduce the following change of variables z = y−y,
where y is a solution of (4.1.1). Hence, z satisfies the following controlled system:

zt − (a(x)zx)x =

t∫
0

b(t, s, x)z(s, x) ds+ 1ωu (t, x) ∈ Q,

z(t, 1) = 0, t ∈ (0, T ),{
z(t, 0) = 0, (WD),

(azx)(t, 0) = 0, (SD),
t ∈ (0, T ),

z(0, x) = z0(x), x ∈ (0, 1),
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where z0 = y0 − y0.
According to Theorem 4.5.2 there exists u ∈ L2(Q) such that

z(T, x) = 0, x ∈ (0, 1).

Consequently,
y(T, x) = y(T, x), x ∈ (0, 1).

4.6 Extensions

In this section we discuss some extensions of the above null controllability results.

4.6.1 Null controllability in the case a(1) = 0

In this subsection we address the null controllability result for the following degenerate parabolic
equation with memory

yt − (a(x)yx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu (t, x) ∈ Q,

y(t, 0) = 0, t ∈ (0, T ),{
y(t, 1) = 0, (WD),

(ayx)(t, 1) = 0, (SD),
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(4.6.1)

where y0 ∈ L2(0, 1) and a degenerates at the extremity x = 1, i.e., a(1) = 0. In order to present
our main result we need to introduce the functional spaces where our problem will be well posed.
As before, we distinguish the two following cases:

• Weakly degenerate case (WD){
a ∈ C([0, 1]) ∩ C1([0, 1)), a(1) = 0, a > 0 in [0, 1),
∃ α̃ ∈ [0, 1), such that (x− 1)a′(x) ≤ α̃a(x), ∀ x ∈ [0, 1],

(4.6.2)

• Strongly degenerate (SD)

a ∈ C1([0, 1]), a(1) = 0, a > 0 in [0, 1),
∃ α̃ ∈ [1, 2), such that (x− 1)a′(x) ≤ α̃a(x), ∀x ∈ [0, 1],
∃ β̃ ∈ (1, α̃], x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ > 1,

∃ β̃ ∈ (0, 1), x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ = 1.

(4.6.3)

Clearly, the prototype is a(x) = (1− x)α̃, α̃ ∈ (0, 2).
Let us introduce the weighted spaces H1

a and H2
a as follows:

Case (WD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y a.c. in [0, 1],

√
ayx ∈ L2(0, 1) and y(0) = y(1) = 0

}
and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}
.
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Case (SD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in [0, 1),

√
ayx ∈ L2(0, 1) and y(0) = 0

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in [0, 1), ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(1) = 0
}
.

Using the above spaces, one can prove that the well-posedness results given in Propositions
4.2.1 and 4.2.2 still hold. On the contrary, setting ϕ := θψ̃, where θ is defined as in (4.3.2) and

ψ̃ := γ̃
(∫ 1

x

1− y
a(y)

dy − d̃
)
, (4.6.4)

with γ̃ and d̃ >

∫ 1

0

1− y
a(y)

dy positive constants, the next null controllability result holds.

Theorem 4.6.1. Let T > 0, k ≥ 0 and assume that

(T − t)2ke

(
4
T

)4
sγ̃d̃

(T−t)4 b ∈ L∞((0, T )×Q), (4.6.5)

with s as in Theorem 4.5.1. Then, for any y0 ∈ L2(0, 1), there exists u ∈ L2(Q) such that the
associated solution y ∈WT of (4.6.1) satisfies

y(T, ·) = 0 in (0, 1).

Proof. The proof of this theorem follows the same strategy of Theorem 4.5.2; of course using
symmetric arguments. The main difference is that here, in place of (1.2.9) and (4.3.8), we use
the following Hardy Poincaré inequality:

there is a positive constant C such that, for every y ∈ H1
a(0, 1), the following inequality holds∫ 1

0

a(x)

(1− x)2
y2(x) dx ≤ C

∫ 1

0
a(x)|yx(x)|2 dx,

and the following Carleman estimate:
there exist two positive constants C and s0, such that the solution v ∈ ZT of (4.3.1) satisfies∫∫

Q

(
sθa(x)v2

x + s3θ3 (1− x)2

a(x)
v2
)
e2sϕ dx dt

≤ C
(∫∫

Q
g2e2sΦ dx dt+

∫∫
Qω

s3θ3v2e2sΦ dxdt
)

for all s ≥ s0.
As the procedure is completely similar, we omit the details of the proof.
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4.6.2 Null controllability in the case a(0) = a(1) = 0

In this subsection we will extend the null controllability result proved above to the degenerate
parabolic equation with memory

yt − (a(x)yx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu (t, x) ∈ Q,
y(t, 0) = 0 = y(t, 1), (WWD),

(ayx)(t, 0) = 0 = y(t, 1), (SWD),

y(t, 0) = 0 = (ayx)(t, 1), (WSD),

(ayx)(t, 0) = 0 = (ayx)(t, 1), (SSD),

t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(4.6.6)

where y0 ∈ L2(0, 1) and a vanishes at both extremities of the interval (0, 1) and satisfies, as in
[140], one of the four following cases:

• weakly-weakly degenerate case (WWD):
a ∈ C([0, 1]) ∩ C1((0, 1)), a(0) = a(1) = 0, a > 0 in (0, 1),
∃α ∈ [0, 1), such that xa′(x) ≤ αa(x), ∀x ∈ [0, 1],
∃ α̃ ∈ [0, 1), such that (x− 1)a′(x) ≤ α̃a(x), ∀ x ∈ [0, 1],

• strongly-weakly degenerate case (SWD):

a ∈ C([0, 1]) ∩ C1([0, 1)), a(0) = a(1) = 0, a > 0 in (0, 1),
∃α ∈ [1, 2), such that xa′(x) ≤ αa(x), ∀x ∈ [0, 1],
∃β ∈ (1, α], x 7→ a(x)

xβ
is nondecreasing near 0, if α > 1,

∃β ∈ (0, 1), x 7→ a(x)

xβ
is nondecreasing near 0, if α = 1,

∃ α̃ ∈ [0, 1), such that (x− 1)a′(x) ≤ α̃a(x), ∀ x ∈ [0, 1],

• weakly-strongly degenerate case (WSD):

a ∈ C([0, 1]) ∩ C1((0, 1]), a(0) = a(1) = 0, a > 0 in (0, 1),
∃α ∈ [0, 1), such that xa′(x) ≤ αa(x), ∀x ∈ [0, 1],
∃ α̃ ∈ [1, 2), such that (x− 1)a′(x) ≤ α̃a(x), ∀x ∈ [0, 1],
∃ β̃ ∈ (1, α̃], x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ > 1,

∃ β̃ ∈ (0, 1), x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ = 1.

• strongly-strongly degenerate case (SSD):

a ∈ C1([0, 1]), a(0) = a(1) = 0, a > 0 in (0, 1),
∃α ∈ [1, 2), such that xa′(x) ≤ αa(x), ∀x ∈ [0, 1],
∃β ∈ (1, α], x 7→ a(x)

xβ
is nondecreasing near 0, if α > 1,

∃β ∈ (0, 1), x 7→ a(x)

xβ
is nondecreasing near 0, if α = 1,

∃ α̃ ∈ [1, 2), such that (x− 1)a′(x) ≤ α̃a(x), ∀x ∈ [0, 1],
∃ β̃ ∈ (1, α̃], x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ > 1,

∃ β̃ ∈ (0, 1), x 7→ a(x)

(1− x)β̃
is nonincreasing near 0, if α̃ = 1.
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A typical example is a(x) = xα(1− x)α̃, with α, α̃ ∈ [0, 2).
As previously, in order to study the well-posedness of problem (4.6.6), we shall define four

different classes of weighted spaces.
Case (WWD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y a.c. in [0, 1],

√
ayx ∈ L2(0, 1) and y(0) = y(1) = 0

}
and

H2
a(0, 1) :=

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}
.

Case (SWD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in (0, 1],

√
ayx ∈ L2(0, 1) and y(1) = 0

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in (0, 1], ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(0) = 0
}
.

Case (WSD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in [0, 1),

√
ayx ∈ L2(0, 1) and y(0) = 0

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in [0, 1), ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(1) = 0
}
.

Case (SSD).

H1
a(0, 1) :=

{
y ∈ L2(0, 1) : y locally a.c. in (0, 1),

√
ayx ∈ L2(0, 1)

}
and

H2
a(0, 1) : =

{
y ∈ H1

a(0, 1) : ayx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally a.c. in (0, 1), ay ∈ H1

0 (0, 1),

ayx ∈ H1(0, 1) and (ayx)(0) = (ayx)(1) = 0
}
.

Again, the well-posedness results proved in Propositions 4.2.1 and 4.2.2 still hold and, as a
consequence of Theorems 4.5.2 and 4.6.1, one can deduce the following null controllability result
for (4.6.6).

Theorem 4.6.2. Let T > 0, k ≥ 0 and assume

(T − t)2ke

(
4
T

)4
sγ̄d̄

(T−t)4 b ∈ L∞((0, T )×Q), (4.6.7)

with s as in Theorem 4.5.1, where γ̄ = max{γ, γ̃}, d̄ = max{d, d̃}. Then, for any y0 ∈ L2(0, 1),
there exists u ∈ L2(Q) such that the associated solution y ∈WT of (4.6.6) satisfies

y(T, ·) = 0 in (0, 1).

Here γ, γ̃, d and d̃ are the constants given in (4.3.2) and in (4.6.4).
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Proof. Consider the following parabolic system

wt − (a(x)wx)x =

t∫
0

b(t, s, x)w(s, x) ds+ 1ωu1 (t, x) ∈ (0, T )× (0, β′),

w(t, β′) = 0, t ∈ (0, T ),{
w(t, 0) = 0, (WD),

(awx)(t, 0) = 0, (SD),
t ∈ (0, T ),

w(0, x) = y0(x), x ∈ (0, β′),

(4.6.8)

where ω b (λ′, β′) b (0, 1) and y0 is the initial condition in (4.6.6).
Thus, by Theorem 4.5.2, we know that there exists a control u1 ∈ L2((0, T ) × (0, β′)) such

that the associated solution w ∈WT of (4.6.8) satisfies

w(T, ·) = 0, in (0, β′).

Now, define w̃ the trivial extension of w in [0, 1]. Hence

w̃(T, ·) = 0, in (0, 1).

In a similar way, we consider the following parabolic system

zt − (a(x)zx)x =

t∫
0

b(t, s, x)z(s, x) ds+ 1ωu2 (t, x) ∈ (0, T )× (λ′, 1),

z(t, λ′) = 0, t ∈ (0, T ),{
z(t, 1) = 0, (WD),

(azx)(t, 1) = 0, (SD),
t ∈ (0, T ),

z(0, x) = y0(x), x ∈ (λ′, 1).

(4.6.9)

Then, thanks to Theorem 4.6.1, there exists a control u2 ∈ L2((0, T ) × (λ′, 1)) such that the
associated solution z ∈WT solution of (4.6.9) satisfies

z(T, ·) = 0, in (λ′, 1).

Now, define z̃ the trivial extension of z in [0, 1]. Hence

z̃(T, ·) = 0, in (0, 1).

Next, consider

ũ1(t, x) =

{
u1(t, x), (t, x) ∈ (0, T )× (0, β′),
0, (t, x) ∈ (0, T )× (β′, 1),

and

ũ2(t, x) =

{
0, (t, x) ∈ (0, T )× (0, λ′),
u2(t, x), (t, x) ∈ (0, T )× (λ′, 1).

Let χ ∈ C∞([0, 1]) be a smooth cut-off function such that

0 ≤ χ(x) ≤ 1, χ(x) =

{
1, x ∈ (0, λ′′),
0, x ∈ (β′′, 1),

(4.6.10)

where (λ′′, β′′) b ω and set y = χw̃ + (1− χ)z̃.
Then, one can easily verifies that

yt = χw̃t + (1− χ)z̃t,
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and

(ayx)x =χ(aw̃x)x + (1− χ)(az̃x)x + ((aw̃)xχx + aw̃χxx + aw̃xχx)

− ((az̃)xχx + az̃χxx + az̃xχx).

Therefore, we find that

yt − (ayx)x−
t∫

0

b(t, s, x)y(s, x) ds = χ
(
w̃t − (aw̃x)x −

t∫
0

b(t, s, x)w̃(s, x) ds
)

+ (1− χ)
(
z̃t − (az̃x)x −

t∫
0

b(t, s, x)z̃(s, x) ds
)

−
(

(aw̃)xχx + aw̃χxx + aw̃xχx

)
+
(

(az̃)xχx + az̃χxx + az̃xχx

)
= 1ωχu1 + 1ω(1− χ)u2 −

(
(aw̃)xχx + aw̃χxx + aw̃xχx

)
+
(

(az̃)xχx + az̃χxx + az̃xχx

)
.

Observe that the supports of χx and χxx are contained in (λ′′, β′′) b ω. Then, we can write

yt − (ayx)x =

t∫
0

b(t, s, x)y(s, x) ds+ 1ωu

where u ∈ L2(Q) satisfies

1ωu = 1ωχũ1 + 1ω(1− χ)ũ2 −
(

(aw̃)xχx + aw̃χxx + aw̃xχx

)
+
(

(az̃)xχx + az̃χxx + az̃xχx

)
.

Moreover, using the definitions of w̃, z̃ and χ, it follows that

y(t, 0) =
(
χw̃ + (1− χ)z̃

)
(t, 0) = 0, t ∈ (0, T ),

y(t, 1) =
(
χw̃ + (1− χ)z̃

)
(t, 1) = 0, t ∈ (0, T ),

(ay)x(t, 0) =
(
χxaw̃ + χ(aw̃x)− χxaz̃ + (1− χ)(az̃x)

)
(t, 0) = 0, t ∈ (0, T ),

(ay)x(t, 1) =
(
χxaw̃ + χ(aw̃x)− χxaz̃ + (1− χ)(az̃x)

)
(t, 1) = 0, t ∈ (0, T ),

from which we get the boundary conditions given in (4.6.6).
In addition, we have

y(0, x) = χ(x)w̃(0, x) + (1− χ(x))z̃(0, x)

= χ(x)y0(x) + (1− χ(x))y0(x) = y0(x), x ∈ (0, 1).

In conclusion, y solves the memory system (4.6.6), and satisfies

y(T, ·) = χw̃(T, ·) + (1− χ)z̃(T, ·) = 0 in (0, 1).

Hence the claim follows.



Chapter 5

Boundary controllability for coupled
degenerate systems

The objective of this chapter is to study the controllability properties for one dimensional lin-
ear system of two coupled degenerate parabolic equations with one control force acting at the
boundary of the space domain. In particular, we give necessary and sufficient conditions for
the approximate and null controllability results. Our proofs are based on the moment method
together with some properties of Bessel functions and their zeros.

The results obtained in this chapter are presented in the preprint [10].

5.1 Introduction

In this chapter, we deal with controllability issues for a class of coupled systems of one-dimensional
degenerate parabolic equations, by a boundary control located at the end point of the interval
(0, 1). More precisely, we consider the following control system:

∂ty − (xαyx)x = Ay, in Q,
y(t, 1) = Bv(t), in (0, T ),{

y(t, 0) = 0, 0 ≤ α < 1

xαyx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

y(0, x) = y0(x), in (0, 1),

(5.1.1)

where A ∈ L(R2) and B ∈ R2 are given. Here v = v(t) is the control function which only
acts at one boundary point for all times and y = (y1, y2)∗ is the state variable. Further, α ≥ 0
represents the order of degeneracy of the diffusion coefficient that may vanish at x = 0.

We will see that, for every v ∈ L2(0, T ) and y0 ∈ H−1
α (0, 1)2, system (5.1.1) admits a unique

weak solution defined by transposition that satisfies

y ∈ L2(Q)2 ∩ C0
(
[0, T ], H−1

α (0, 1)2
)
.

Observe that the previous regularity permits to pose the boundary controllability of the degen-
erate system (5.1.1) in the space H−1

α (0, 1)2, defined later in section 5.2.
With the previous notations, we recall the following definitions:

Definition 5.1.1. System (5.1.1) is approximately controllable in H−1
α (0, 1)2 at time T > 0 if

for every y0, yd ∈ H−1
α (0, 1)2 and any ε > 0, there exists a control function v ∈ L2(0, T ) such

that the solution y to system (5.1.1) satisfies

‖y(T, ·)− yd‖H−1
α (0,1)2 ≤ ε.

113
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On the other hand, it will be said that system (5.1.1) is null controllable at time T > 0 if for
every y0 ∈ H−1

α (0, 1)2, there exists a control v ∈ L2(0, T ) such that the solution y to system
(5.1.1) satisfies

y(T, ·) = 0, in H−1
α (0, 1)2.

To our knowledge, the first distributed null-controllability for degenerate coupled parabolic
systems has been treated in [61]. In particular, the authors consider a cascade system with the
same diffusion coefficient, and recover distributed controllability results similar to those obtained
in [108]. For more general systems of degenerate equations we refer to [2, 3, 84].

The main goal of this chapter is to provide an answer to the null and approximate controlla-
bility issues for the degenerate system (5.1.1) where the control is exerted at the boundary point
x = 1. With this purpose, let us remind the result from [88], which asserts that a necessary
condition for the controllability of this kind of systems is given by the following Kalman’s rank
condition:

rank[B|AB] = 2.

Moreover, as explained in [88], by taking P = [B|AB], the change of variables

ỹ = P−1y,

leads to the following reformulation of (5.1.1):

∂tỹ − (xαỹx)x = Ãỹ, in (0, T )× (0, 1),

ỹ(t, 1) = B̃v, in (0, T ),{
ỹ(t, 0) = 0, 0 ≤ α < 1

xαỹx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ỹ(0, x) = P−1y0(x), in (0, 1),

(5.1.2)

where

Ã = P−1AP =

(
0 a1

1 a2

)
and B̃ = P−1B =

(
1
0

)
.

Therefore, the controllability properties of system (5.1.1) can be obtained directly from the
controllability results of system (5.1.2) passing through this mentioned change of variables. For
simplicity, it will be assumed in the rest of this chapter that A and B are given by

A =

(
0 a1

1 a2

)
and B =

(
1
0

)
. (5.1.3)

We would like to emphasize that imposing a control that acts at the nondegenerate point does
not imply a simple adaptation of the previous distributed controllability results. For example, at
a first glance, one may think that our boundary controllability results can be obtained directly by
standard extension and localization arguments from the corresponding distributed controllability
results as in the case of scalar parabolic equations. But this is not the case and the situation is
quite different for non-scalar parabolic systems. Indeed, as pointed out in [88, 17], the boundary
controllability is not equivalent and is more complex than distributed controllability. To be
precise, while the Kalman’s rank condition is a necessary and sufficient condition for the null
controllability at any time in the distributed case, it was proved in [88] that it is necessary, but
not sufficient, for the boundary controllability for coupled parabolic systems.

In this setting, our main result gives necessary and sufficient conditions for the null con-
trollability of the system (5.1.1) (see Theorem 5.5.2). To this aim, we will follow the strategy
initiated by Fattorini and Russell [87, 86], which is based on the moment method and results
on biorthogonal sequences. In particular, we use techniques similar to those in [15, 31, 88], but
adapted to our nonstandard degenerate situation.
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Moreover, the proof of the null controllability property will rely on the following known
result which relates the existence and bounds of biorthogonal families to complex exponentials
to some gap conditions (see [31]).

Theorem 5.1.1. Let {Λn}n≥1 be a sequence of complex numbers fulfilling the following assump-
tions:

1. Λn 6= Λm, ∀n,m ≥ 1, with n 6= m,

2. R(Λn) > 0 for every n ≥ 1,

3. for some δ > 0
I(Λn) ≤ δ

√
R(Λn), ∀n ≥ 1,

4. {Λn}n≥1 is non decreasing in modulus,

|Λn| ≤ |Λn+1| ∀n ≥ 1,

5. {Λn}n≥1 satisfies the following gap condition: for some ρ, q > 0,{
|Λn − Λm| ≥ ρ|n2 −m2| ∀n,m : |n−m| ≥ q,

inf
n6=m, |n−m|<q

|Λn − Λm| > 0, (5.1.4)

6. for some p, s > 0,
|p
√
r −N (r)| ≤ s, ∀r > 0, (5.1.5)

where N is the counting function associated with the sequence {Λn}n≥1 that is the function
defined by

N (r) = Card{n : |Λn| ≤ r}, ∀r > 0. (5.1.6)

Then, there exists T0 > 0, such that for any T ∈ (0, T0), we can find a family {qn}n≥1 ⊂
L2(−T/2, T/2) biorthogonal to {e−Λnt}n≥1 i.e., a family {qn}n≥1 in L2(−T/2, T/2) such that∫ T/2

−T/2
qn(t)e−Λmt dt = δnm.

Moreover, there exists a positive constant C > 0 independent of T for which

‖qn‖L2(−T/2,T/2) ≤ CeC
√
R(Λn)+C

T , ∀n ≥ 1. (5.1.7)

Here for z ∈ C, R(z) and I(z) denote the real and imaginary parts of z.

The rest of the chapter is organized as follows. In Section 5.2, we prove the well-posedness
of the problem (5.1.1) in appropriate weighted spaces using the transposition method and recall
some characterizations of the controllability. In section 5.3, we discuss the spectral analysis
related to scalar degenerate operators and present a description of the spectrum associated with
system (5.1.1) which will be useful for developing the moment method. Section 5.4 is devoted
to studying the boundary approximate controllability problem for the system (5.1.1). Finally,
in section 5.5, we prove the boundary null controllability result.
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5.2 Preliminary results

5.2.1 Function spaces and well-posedness

Let us start introducing the functional setting associated with degenerate operators from [5].
First of all, we denote by H1

α(0, 1) the following weighted Sobolev space:

H1
α(0, 1) :=

{
y ∈ L2(0, 1) ∩H1

loc((0, 1]) : xα/2yx ∈ L2(0, 1)
}
.

As pointed out in the first chapter of this thesis, since equation (5.1.1) is degenerate, different
boundary conditions have to be imposed at x = 0 depending on the value of α. Indeed, for
any u ∈ H1

α(0, 1), the trace of u at x = 1 obviously makes sense which allows to consider
homogeneous Dirichlet condition at x = 1. On the other hand, the trace of u at x = 0 only
makes sense when 0 ≤ α < 1. This leads us to consider, as in [56], the following weighted Hilbert
spaces:

1. In the weakly degenerate case (WD), 0 ≤ α < 1:

H1
α(0, 1) :=

{
y ∈ L2(0, 1) : y absolutely continuous in [0, 1],

xα/2yx ∈ L2(0, 1) and y(1) = y(0) = 0
}

and

H2
α(0, 1) :=

{
y ∈ H1

α(0, 1) : xαyx ∈ H1(0, 1)
}
.

2. In the strongly degenerate case (SD), 1 ≤ α < 2 :

H1
α(0, 1) :=

{
y ∈ L2(0, 1) : y locally absolutely continuous in (0, 1],

xα/2yx ∈ L2(0, 1) and y(1) = 0
}

and

H2
α(0, 1) : =

{
y ∈ H1

α(0, 1) : xαyx ∈ H1(0, 1)
}

=
{
y ∈ L2(0, 1) : y locally absolutely continuous in (0, 1], xαy ∈ H1

0 (0, 1),

xαyx ∈ H1(0, 1) and (xαyx)(0) = 0
}
.

In both cases, the norms are defined as follows

‖y‖2H1
α

:= ‖y‖2L2(0,1) + ‖xα/2yx‖2L2(0,1), ‖y‖2H2
α

:= ‖y‖2H1
α

+ ‖(xαyx)x‖2L2(0,1).

Let H−1
α (0, 1) be the dual space of H1

α(0, 1) with respect to the pivot space L2(0, 1), endowed
with the natural norm

‖z‖H−1
α

:= sup
‖y‖

H1
α

=1
〈z, y〉H−1

α ,H1
α
.

In what follows, for simplicity, we will always denote by 〈·, ·〉 the standard scalar product of
either L2(0, 1) or L2(0, 1)2, by 〈·, ·〉X′,X the duality pairing between the Hilbert space X and
its dual X ′. On the other hand, we will use ‖ · ‖H1

α
(resp. ‖ · ‖H−1

α
) for denoting the norm of

H1
α(0, 1))2 (resp. H−1

α (0, 1)2).
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Now, we are ready to investigate the well-posedness of the system (5.1.1). To this aim, let
us consider the nonhomogeneous adjoint problem:

−∂tϕ− (xαϕx)x = A∗ϕ+ g, in (0, T )× (0, 1),
ϕ(t, 1) = 0, on (0, T ),{

ϕ(t, 0) = 0, 0 ≤ α < 1

xαϕx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕ(T, x) = ϕ0, in (0, 1),

(5.2.1)

where ϕ0 and g are functions in appropriate spaces.
Let us start with a result concerning the well-posedness of system (5.2.1) which is by now

classical (see, for instance [56, Theorem 2.1]). One has

Proposition 5.2.1. Assume that ϕ0 ∈ H1
α(0, 1)2 and g ∈ L2(Q)2. Then, system (5.2.1) admits

a unique strong solution

ϕ ∈ L2(0, T ;H2
α(0, 1)2) ∩ C0([0, T ];H1

α(0, 1)2)

such that

‖ϕ‖L2(0,T ;H2
α(0,1)2) + ‖ϕ‖C0([0,T ];H1

α(0,1)2) ≤ C
(
‖ϕ0‖H1

α
+ ‖g‖L2(Q)2

)
, (5.2.2)

for some positive constant C.

In view of proposition 5.2.1, the following definition makes sense:

Definition 5.2.1. Let y0 ∈ H−1
α (0, 1)2 and v ∈ L2(0, T ) be given. It will be said that y ∈ L2(Q)2

is a solution by transposition to (5.1.1) if, for each g ∈ L2(Q)2, the following identity holds∫∫
Q
y · g dx dt = 〈y0, ϕ(0, ·)〉H−1

α ,H1
α
−
∫ T

0
B∗(xαϕx)(t, 1) v(t) dt, (5.2.3)

where ϕ is associated to g through the following backward system

−∂tϕ− (xαϕx)x = A∗ϕ+ g, on (0, T )× (0, 1),
ϕ(t, 1) = 0, in (0, T ),{

ϕ(t, 0) = 0, 0 ≤ α < 1

xαϕx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕ(T, x) = 0, in (0, 1).

(5.2.4)

With this definition we can state the result of existence and uniqueness of solution to system
(5.1.1).

Proposition 5.2.2. Assume that y0 ∈ H−1
α (0, 1)2 and v ∈ L2(0, T ). Then, system (5.1.1)

admits a unique solution by transposition y that satisfies
y ∈ L2(Q)2 ∩ C0

(
[0, T ], H−1

α (0, 1)2
)
, ∂ty ∈ L2

(
0, T ; (H2

α(0, 1)2)
′
),

∂ty − (xαyx)x = Ay in L2
(
0, T ; (H2

α(0, 1)2)
′
),

y(0, ·) = y0 in H−1
α (0, 1)2.

(5.2.5)

and

‖y‖L2(Q)2 + ‖y‖C0(H−1
α ) + ‖yt‖L2((H2

α(0,1)2)′ ) ≤ C
(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
, (5.2.6)

for a constant C = C(T ) > 0.
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Proof. The proof of this Proposition is based on some ideas from [88].
Let y0 ∈ H−1

α (0, 1)2, v ∈ L2(0, T ) and consider the following functional

T : L2(Q)2 → R

given by

T (g) = 〈y0, ϕ(0, ·)〉H−1
α ,H1

α
−
∫ T

0
B∗(xαϕx)(t, 1) v(t) dt,

where ϕ ∈ C0
(
[0, T ];H1

α(0, 1)2
)
∩L2

(
0, T ;H2

α(0, 1)2) is the solution of the adjoint system (5.2.4)
associated to g ∈ L2(Q)2. From the estimate (5.2.2), it follows that∣∣T (g)

∣∣ ≤ C(‖v‖L2(0,T ) + ‖y0‖H−1
α

)
‖g‖L2(Q)2 ,

for all g ∈ L2(Q)2. Hence, T is bounded. As a consequence, by Riesz Representation Theorem,
there exists a unique y ∈ L2(Q)2 satisfying (5.2.3). Moreover,

‖y‖L2(Q)2 = ‖T ‖ ≤ C
(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
,

and y satisfies the equality ∂ty − (xαyx)x = Ay in D′(Q)2.
Next, we are going to prove that the solution y of system (5.1.1) is more regular. To be

precise, we show that (xαyx)x ∈ L2
(
0, T ; (H2

α(0, 1)2)
′
) and

‖(xαyx)x‖L2((H2
α(0,1)2)′ ) ≤ C

(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
. (5.2.7)

For doing that, let us take two sequences {ym0 }m≥1 ⊂ H1
α(0, 1)2 and {vm}m≥1 ⊂ H1

0 (0, T ) such
that

ym0 → y0 in H−1
α (0, 1)2 and vm → v in L2(0, T ).

Now, the strategy consists in transforming our original system (5.1.1) into a problem with
homogeneous boundary condition and a source term. To this end, let us introduce the change
of variables

ym(t, x) = ỹm(t, x) + x2−αvm(t)B,

where ym is the solution of (5.1.1) associated to ym0 and vm. Then, formally, the new function
ỹm satisfies the problem

∂tỹ
m − (xαỹmx )x = Aỹm + f̃m(t, x), on (0, T )× (0, 1),

ỹm(t, 1) = 0, in (0, T ),{
ỹm(t, 0) = 0, 0 ≤ α < 1

xαỹmx (t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ỹm(0, x) = ym0 (x), in (0, 1),

(5.2.8)

where f̃m(t, x) = [(2−α)vm(t)−x2−αvmt (t)]B+x2−αvm(t)AB. Moreover, an easy computation
shows that the function x 7→ x2−α belongs to H1

α(0, 1) which of course implies that f̃m ∈ L2(Q)2.
In view of the previous regularity assumptions we can apply Proposition 5.2.1, to deduce that
system (5.2.8) has a unique solution

ỹm ∈ L2
(
0, T ;H2

α(0, 1)2) ∩ C0
(
0, T ;H1

α(0, 1)2).

Therefore, the problem (5.1.1) for vm and ym0 has a unique solution ym ∈ L2
(
0, T ;H1

α(0, 1)2)
which satisfies∫∫

Q
ym · g dtdx = 〈ym0 , ϕ(0, ·)〉H−1

α ,H1
α
−
∫ T

0
B∗(xαϕx)(t, 1) vm(t) dt, ∀m ≥ 1,
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for all g ∈ L2(Q)2, where ϕ is the solution of the system (5.2.4) associated to g. Using this last
identity and (5.2.3), we obtain{

‖ym‖L2(Q)2 ≤ C
(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
ym → y in L2(Q)2 and (xαymx )x → (xαyx)x in D′(Q)2.

(5.2.9)

On the other hand, integrations by parts lead to∫ T

0
〈(xαymx )x, ψ〉 dt =

∫∫
Q
ym · (xαψx)x dtdx−

∫ T

0
B∗(xαψx)(t, 1) vm(t) dt, ∀m ≥ 1

for every ψ ∈ L2
(
0, T ;H2

α(0, 1)2). From this equality we infer that the sequence (xαymx )x is

bounded in L2
(
0, T ; (H2

α(0, 1)2)
′
). Combining with (5.2.9), we deduce that (xαyx)x belongs to

L2
(
0, T ; (H2

α(0, 1)2)
′
) and satisfies estimate (5.2.7). With the previous property in mind and the

identity ∂ty − (xαyx)x = Ay, we also see that yt ∈ L2
(
0, T ; (H2

α(0, 1)2)
′
) and

‖yt‖L2((H2
α(0,1)2)′ ) ≤ C

(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
for a positive constant C. Therefore y ∈ C([0, T ];X2), where X is the interpolation space
X = [L2(0, 1), (H2

α(0, 1))
′
]1/2 = H−1

α (0, 1) (see [69, Theorem 11.4]). In conclusion, we get

‖y‖C(H−1
α (0,1)2) ≤ C

(
‖v‖L2(0,T ) + ‖y0‖H−1

α

)
.

Finally, one can easily check that y(0, ·) = y0 in H−1
α (0, 1)2. This ends the proof.

5.2.2 Duality

As it is well known, the controllability of system (5.1.1) can be characterized in terms of ap-
propriate properties of the solutions of the corresponding homogeneous adjoint problem (see for
instance [17, Theorem. 2.1], or [72, Theorem. 2.44]). Thus, we introduce the homogeneous
backward adjoint problem associated with system (5.1.1)

−∂tϕ− (xαϕx)x = A∗ϕ, in (0, T )× (0, 1),
ϕ(t, 1) = 0, on (0, T ),{

ϕ(t, 0) = 0, 0 ≤ α < 1

xαϕx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕ(T, x) = ϕ0, in (0, 1),

(5.2.10)

where ϕ0 ∈ L2(0, 1)2.
In order to provide these characterizations, we use the following result which gives a relation

between the solutions of systems (5.1.1) and (5.2.10) (For a proof, see for instance [88] or [156]).

Proposition 5.2.3. Let B the matrix given by B =
(
1 0

)∗
. Let us consider y0 ∈ H−1

α (0, 1)2,

v ∈ L2(0, T ) and ϕ0 ∈ H1
α(0, 1)2. Then, the solution y of system (5.1.1) associated to y0 and v,

and the solution ϕ of the adjoint system (5.2.10) associated to ϕ0 satisfy∫ T

0
v(t)B∗(xαϕx)(t, 1) dt = −〈y(T ), ϕ0〉H−1

α ,H1
α

+ 〈y0, ϕ(0, ·)〉H−1
α ,H1

α
. (5.2.11)

We have the following equivalent formulation of the approximate controllability:

Proposition 5.2.4. System (5.1.1) is approximately controllable at time T if and only if for all
initial condition ϕ0 ∈ H1

α(0, 1)2 the solution to system (5.2.10) satisfies the unique continuation
property

B∗(xαϕx)(·, 1) = 0 on (0, T )⇒ ϕ0 = 0 in (0, 1) (i.e., ϕ = 0 in Q).
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5.3 Spectral analysis

5.3.1 Spectral properties of scalar degenerate operators

The knowledge of the eigenvalues and associated eigenfunctions of the degenerate diffusion op-
erator y 7→ −(xαy′)′, will be essential for our purposes. It is worth mentioning that, an explicit
expression of the eigenvalues is given in [111] for the weakly degenerate case α ∈ (0, 1), and in
[141] for the strongly degenerate case α ∈ [1, 2), and depends on the Bessel functions of first
kind (see [130, 162]). For this reason, we will start by giving a brief account of some results
concerning the Bessel functions that will be useful in the rest of this thesis.

For a real number ν, we denote by Jν the Bessel function of the first kind of order ν defined
by the following Taylor series expansion around x = 0:

Jν(x) =
∑
m≥0

(−1)m

m! Γ(1 + ν +m)

(x
2

)2m+ν
,

where Γ(.) is the Gamma function.
We recall that ∀ν ∈ R, the Bessel function Jν satisfies the following differential equation

x2yxx + xyx + (x2 − ν2)y = 0 x ∈ (0,+∞).

Besides, the function Jν has an infinite number of real zeros which are simple with the possible
exception of x = 0 (see [81]). We denote by (jν,n)n≥1 the strictly increasing sequence of the
positive zeros of Jν :

jν,1 < jν,2 < · · · < jν,n < · · ·

and we recall that
jν,n → +∞ as n→ +∞

and the following bounds on the zeros jν,n, which are provided in [138]:

• ∀ν ∈
(

0,
1

2

]
, ∀n ≥ 1,

(
n+

ν

2
− 1

4

)
π ≤ jν,n ≤

(
n+

ν

4
− 1

8

)
π. (5.3.1)

• ∀ν ≥ 1

2
, ∀n ≥ 1, (

n+
ν

4
− 1

8

)
π ≤ jν,n ≤

(
n+

ν

2
− 1

4

)
π. (5.3.2)

Moreover, we have the following results (see [124, Proposition 7.8]):

Lemma 5.3.1. Let jν,n, n ≥ 1 be the positive zeros of the Bessel function Jν . Then, the following
holds:

• The difference sequence (jν,n+1 − jν,n)n converges to π as n −→ +∞.

• The sequence (jν,n+1− jν,n)n is strictly decreasing if |ν| > 1

2
, strictly increasing if |ν| < 1

2
,

and constant if ν =
1

2
.

We also have that the Bessel functions enjoy the following integral formula (see [162]):∫ 1

0
xJν(jν,nx)Jν(jν,mx) dx =

δnm
2

[J
′
ν(jν,n)]2, n,m ∈ N∗,
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where, δnm is the Kronecker symbol.
Now, we give the explicit expression of the spectrum of the operator y 7→ −(xαy′)′, i.e., the

nontrivial solutions (λ,Φ) of
−(xαΦ

′
(x))

′
= λΦ(x), x ∈ (0, 1),

Φ(1) = 0,{
Φ(0) = 0, in the (WD) case

(xαΦx)(0) = 0, in the (WD) case.

(5.3.3)

Let κα =
2− α

2
> 0. From now on, we set

να =
1− α
2− α

∈
(

0,
1

2

]
, in the (WD) case

να =
α− 1

2− α
≥ 0, in the (SD) case.

Then, one has (see [111, 141]):

Proposition 5.3.1. The admissible eigenvalues λ for problem (5.3.3) are given by

λνα,n = κ2
αj

2
να,n, ∀n ≥ 1. (5.3.4)

and the associated normalized (in L2(0, 1)) eigenfunctions takes the form

Φνα,n(x) =

√
2κα

|J ′να(jνα,n)|
x

1−α
2 Jνα(jνα,nx

κα), x ∈ (0, 1), n ≥ 1. (5.3.5)

Moreover, the family (Φνα,n)n≥1 forms an orthonormal basis of L2(0, 1).

In both cases of degeneracy, the spectrum of the associated degenerate operator satisfies the
following properties.

Lemma 5.3.2. Let (λνα,k)k≥1 be the sequence of eigenvalues of the spectral problem (5.3.3).
Then, the following properties hold:

1. For all n,m ∈ N?, there is a constant ρα > 0 such that the sequence of eigenvalues
(λνα,n)n≥1 satisfy the gap condition:

|λνα,n − λνα,m| ≥ ρ|n2 −m2|, ∀n,m ≥ 1. (5.3.6)

2. The series
∑
n≥1

1

λνα,n
is convergent.

Remark 34. Note that the gap condition (5.3.6) is stronger than the following separation
property

|λνα,n − λνα,m| ≥ ρ|n−m|, ∀n,m ≥ 1. (5.3.7)

Proof. 1. Let n,m ∈ N? with n ≥ m. We have

λνα,n − λνα,m
= κ2

α(j2
να,n − j

2
να,m)

= κ2
α(jνα,n − jνα,m)(jνα,n + jνα,m)

= κ2
α

(
(jνα,n − jνα,n−1) + ...+ (jνα,m+1 − jνα,m)

)
(jνα,n + jνα,m). (5.3.8)
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Now, if α ∈ [0, 1). In this situation να ∈
(
0,

1

2

]
, then thanks to Lemma 5.3.1 we immediately

have that
jνα,n − jνα,n−1 ≥ jνα,2 − jνα,1, ∀n ≥ 2.

Therefore,
λνα,n − λνα,m ≥ κ2

α(n−m)(jνα,2 − jνα,1)(jνα,n + jνα,m).

Using (5.3.1), the last inequality becomes:

λνα,n − λνα,m ≥
7

8
π2κ2

α(n−m)
(
n+m+ να −

1

2

)
.

Taking into account the fact that(
n+m+ να −

1

2

)
>
n+m

2
,

we deduce that there exists ρα =
7

16
π2κ2

α such that

λνα,n − λνα,m ≥ ρα(n2 −m2).

If α ∈ [1, 2). We discuss two different sub-cases: α ∈ [1,
4

3
] (i.e. να ≤

1

2
) and α ∈ [

4

3
, 2) (i.e.

να ≥
1

2
).

When να ≤
1

2
the proof is similar to the one treated above. When να ≥

1

2
, by Lemma 5.3.1,

the sequence (jνα,n − jνα,n−1)n≥2 is decreasing and converge to π, and thus

jνα,n − jνα,n−1 ≥ π, ∀n ≥ 2.

Hence, (5.3.8) becomes

λνα,n − λνα,m ≥ κ2
απ(n−m)(jνα,n + jνα,m). (5.3.9)

Owing to (5.3.2),

jνα,n + jνα,m ≥
(
n+

να
4
− 1

8

)
π +

(
m+

να
4
− 1

8

)
π

≥
(
n+m+

να
2
− 1

4

)
π ≥ n+m. (5.3.10)

Combining (5.3.9) and (5.3.10), the thesis follows with ρα = πκ2
α.

Thus, in every case there holds

λνα,n − λνα,m ≥ ρα(n2 −m2).

After reversing the roles of n and m, one has

λνα,m − λνα,n ≥ ρα(m2 − n2).

Consequently,
|λνα,n − λνα,m| ≥ ρα|n2 −m2|, ∀n,m ≥ 1.

2. This point follows easily form (5.3.1) and (5.3.2). Indeed, when να ≤
1

2
, from (5.3.1) we have

(
n− 1

4

)
π ≤ jνα,n ≤ nπ, ∀n ≥ 1.
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Therefore ∑
n≥1

1

λνα,n
≤ 1

κ2
απ

2

∑
n≥1

1(
n− 1

4

)2 ≤ 4

κ2
απ

2

∑
n≥1

1

n2
< +∞.

Similarly, if να ≥
1

2
, then from (5.3.2) we obtain

nπ ≤ jνα,n ≤
(
n+

να
2

)π, ∀n ≥ 1.

Thus ∑
n≥1

1

λνα,n
≤ 1

κ2
απ

2

∑
n≥1

1

n2
< +∞.

This proves the second point and finishes the proof.

5.3.2 Spectral properties of vectorial degenerate operators

Let us consider the degenerate vectorial operators

L :=

(
−∂x(xα∂x·) 0

0 −∂x(xα∂x·)

)
−A : D(L) ⊂ L2(0, 1)2 → L2(0, 1)2

and also its adjoint

L∗ :=

(
−∂x(xα∂x·) 0

0 −∂x(xα∂x·)

)
−A∗

with domains D(L) = D(L∗) = H2
α(0, 1)2.

This section will be devoted to giving some spectral properties of the operators L and L∗

which will be useful for developing the moment method.
We have the following result:

Proposition 5.3.2. 1. The spectra of L and L∗ are given by

σ(L) = σ(L∗) =
{
λ(1)
να,n, λ

(2)
να,n

}
n≥1

=
{
κ2
αj

2
να,n − µ1, κ

2
αj

2
να,n − µ2

}
n≥1

(5.3.11)

where µ1 and µ2 are the eigenvalues of the matrix A defined by :

• Case 1: a2
2 + 4a1 > 0,

µ1 =
1

2

(
a2 −

√
a2

2 + 4a1

)
and µ2 =

1

2

(
a2 +

√
a2

2 + 4a1

)
, (5.3.12)

• Case 2: a2
2 + 4a1 < 0,

µ1 =
1

2

(
a2 + i

√
−(a2

2 + 4a1)
)

and µ2 =
1

2

(
a2 − i

√
−(a2

2 + 4a1)
)
, (5.3.13)

2. For each n ≥ 1, the corresponding eigenfunctions of L (resp., L∗) associated to λ(1)
να,n and

λ(2)
να,n are respectively given by

ψ(1)
n = U1Φνα,n, ψ(2)

n = U2Φνα,n, (5.3.14)

with

U1 =
a1

µ2
2 + a1

(
−µ2

1

)
and U2 =

(
−µ1

1

)
.

(resp.,
Ψ(1)
n = V1Φνα,n, Ψ(2)

n = V2Φνα,n, (5.3.15)

with

V1 =

(
−µ2

a1
1

)
and V2 =

a1

µ2
1 + a1

(
−µ1

a1
1

)
).
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Proof. The proof of this Theorem is inspired by [107]. We will prove the result for the operator
L. The same reasoning provides the proof for its adjoint L∗.

We look for a complex λ and a function ψ ∈ H2(0, 1;C2)∩H1
a(0, 1;C2) such that ψ 6≡ 0 and

L(ψ) = λψ. Using the fact that the function Φνα,n is the eigenfunction of the degenerate elliptic
operator −∂x(xα∂x·) associated to the eigenvalues λνα,n = κ2

αj
2
να,n, we can find ψ as

ψ(x) =
∑
n≥1

anΦνα,n(x), ∀x ∈ (0, 1),

where {an}n≥1 ⊂ C2 and, for some k ≥ 1, ak 6= 0. From the identity L(ψ) = λψ we deduce∑
n≥1

(
κ2
αj

2
να,nI −A− λI

)
anΦνα,n(x) = 0, ∀x ∈ (0, 1).

From this identity, it is clear that the eigenvalues of the operator L correspond to the
eigenvalues of the matrices

κ2
αj

2
να,nI −A, ∀n ≥ 1

and the associated eigenfunctions of L are given choosing an = zkδkn, for any n ≥ 1, where
zk ∈ C2 is an associated eigenvector of j2

να,nI −A, that is to say, ψn(·) = znΦνα,n(·).
Taking into account the expression of the characteristic polynomial of κ2

αj
2
να,nI −A:

P (z) = z2 − z(2λνα,n − a2) + λνα,n(λνα,n − a2)− a1, n ≥ 1,

a direct computation provides the formulas (5.3.11) and (5.3.14) as eigenvalues and associated
eigenfunctions of the operator L. This ends the proof.

Let us now check that the sequence of eigenvalues of L and L∗ fulfills the conditions in
Theorem 5.1.1. One has

Proposition 5.3.3. Assume that condition (5.4.2) holds. Then, one can construct a family
from the spectrum

{
λ(1)
να,n, λ

(2)
να,n

}
n≥1

defined by{
Λνα,n

}
n≥1

= {λνα,k + µ2 − µ1 : k ≥ 1} ∪ {λνα,k : k ≥ 1}

=
{
λ(1)
να,n + µ2, λ

(2)
να,n + µ2

}
n≥1

,
(5.3.16)

which satisfies the hypotheses in Theorem 5.1.1.

Proof. We distinguish between three cases depending on the spectrum of matrix A.

Case 1: A has two real eigenvalues µ1 and µ2, chosen such that µ1 < µ2.
Let us consider the sequence

{
Λνα,n

}
n≥1

defined in (5.3.16) by{
Λνα,n

}
n≥1

=
{
λ(1)
να,n + µ2, λ

(2)
να,n + µ2

}
n≥1

.

The hypothesis 1) holds true if and only if the condition (5.4.2) is satisfied. In addition, the
hypotheses 2) and 3) are obviously satisfied by definition.

Let us now show the hypothesis 4). To this aim, it suffices to prove that the indexes can be
fixed in such a way that

Λνα,n ≤ Λνα,n+1, ∀n ≥ 1.

Since µ2 − µ1 > 0, we observe that Λνα,1 = λνα,1 > 0, and thus Λνα,n > 0, ∀n ≥ 1.

We start by studying the case where να ∈
(
0,

1

2

]
, that is α ∈ [0, 1) ∪ [1,

4

3
]. Denoting by [x]

the integer part of x, we see that, whenever

n ≥ n0 :=
[ µ2 − µ1

2κ2
απ(jνα,2 − jνα,1)

+
3

4
− να

2

]
+ 1 (5.3.17)
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one has
λ

(1)
να,n−1 < λ(2)

να,n < λ(1)
να,n < λ

(2)
να,n+1.

Indeed, using the expressions of λ(1)
να,n and λ(2)

να,n and the bound given in (5.3.1), we get

λ(2)
να,n − λ

(1)
να,n−1 = κ2

α(j2
να,n − j

2
να,n−1) + µ1 − µ2

= κ2
α(jνα,n − jνα,n−1)(jνα,n + jνα,n−1) + µ1 − µ2

≥ κ2
απ
(
2n+ να −

3

2

)
(jνα,n − jνα,n−1) + µ1 − µ2.

By Lemma 5.3.1, we infer that

λ(2)
να,n − λ

(1)
να,n−1 ≥ κ

2
απ
(
2n+ να −

3

2

)
(jνα,2 − jνα,1) + µ1 − µ2. (5.3.18)

Now, in order to obtain λ(2)
να,n − λ

(1)
να,n−1 > 0, it suffices to take n ≥ n0 where the integer n0 ≥ 1

is defined in (5.3.17) and the claim follows.

Let us now treat the case να ≥
1

2
(i.e., α ∈ [

4

3
, 2)). Proceeding in a similar manner, by

applying (5.3.2) instead of (5.3.1), we obtain

λ(2)
να,n − λ

(1)
να,n−1 = κ2

α(j2
να,n − j

2
να,n−1) + µ1 − µ2

≥ κ2
απ

2
(
2n− 5

4
+
να
2

)
+ µ1 − µ2

≥ κ2
απ

2(2n− 1) + µ1 − µ2. (5.3.19)

At this point, we see that, whenever

n ≥ n0 :=
[µ2 − µ1

2κ2
απ

2
+

1

2

]
+ 1, (5.3.20)

one has
λ

(1)
να,n−1 < λ(2)

να,n < λ(1)
να,n < λ

(2)
να,n+1.

This shows hypothesis 4).
Let us move to prove hypothesis 5). For this purpose, we are going to use the following

notations:
Λνα,2n−1 = λ(2)

να,n + µ2, Λνα,2n = λ(1)
να,n + µ2, ∀n ≥ 1.

At first, let us check that the sequence
{

Λνα,n
}
n≥1

satisfies

inf
n,k≥1:n 6=k

|Λνα,n − Λνα,k| > 0. (5.3.21)

Using (5.3.18) and (5.3.19), then for i = 1, 2, we get

λ(2)
να,n − λ

(1)
να,n−1, λ

(i)
να,n − λ

(i)
να,n−1 −→n→+∞

+∞.

Thus, there exists k0 ∈ N and C > 0 such that

|Λνα,n − Λνα,n−1| > C, ∀n ≥ k0.

Combining the above estimate with the hypothesis 1), the property (5.3.21) holds. As a conse-
quence, the second property of (5.1.4) is satisfied for any q ≥ 1.

Now, we proceed to prove the second property of (5.1.4). By (5.3.6), we have

|Λνα,2n − Λνα,2k| = |λνα,n − λνα,k| ≥ ρα|n2 − k2| = ρα
4
|(2n)2 − (2k)2|,
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and

|Λνα,2n−1 − Λνα,2k−1| = |λνα,n − λνα,k| ≥ ρα|n2 − k2| ≥ ρα
4
|(2n− 1)2 − (2k − 1)2|.

Moreover, denoting ñ = 2n and k̃ = 2k − 1 and using (5.3.6), we see that

|Λνα,ñ − Λνα,k̃| =
∣∣λ(1)
να,n − λ

(2)
να,k

∣∣
=
∣∣λνα,n − λνα,k + (µ2 − µ1)

∣∣
≥ ρα|n2 − k2| − (µ2 − µ1)

=
ρα
4
|ñ2 − (k̃ + 1)2| − (µ2 − µ1)

=
ρα
4
|ñ2 − k̃2 − 2k̃ − 1| − (µ2 − µ1). (5.3.22)

Observe that, if ñ < k̃, we have,

|Λνα,ñ − Λνα,k̃| ≥
ρα
4

(k̃2 − ñ2)
(

1− 4(µ2 − µ1)

ρα(k̃2 − ñ2)

)
Taking into account the fact that k̃ + ñ ≥ 2 and choosing q1 ≥

4(µ2 − µ1)

ρα
, then ∀k̃, ñ ≥ 1 with

|k̃ − ñ| ≥ q1, we obtain

|Λνα,ñ − Λνα,k̃| ≥
ρα
4

(k̃2 − ñ2)
(

1− 2(µ2 − µ1)

ραq1

)
≥ ρα

8
(k̃2 − ñ2) (5.3.23)

On the other hand, if ñ > k̃, one has

|Λνα,ñ − Λνα,k̃| ≥
ρα
4

(ñ2 − k̃2)
(

1−
(4(µ2 − µ1)

ρα
+ 2k̃ + 1

) 1

(ñ2 − k̃2)

)
.

Therefore, taking q2 ≥
4(µ2 − µ1)

ρα
+ 4 so that ∀k̃, ñ ≥ 1 with |k̃ − ñ| ≥ q2 and having in mind

the fact that 2k̃ + 1 ≤ 4k̃ , it follows that

|Λνα,ñ − Λνα,k̃| ≥
ρα
4

(ñ2 − k̃2)
(

1−
(4(µ2 − µ1)

ρα
+ 2k̃ + 1

) 1

2k̃q2

)
≥ ρα

4
(ñ2 − k̃2)

(
1− 1

q2

(2(µ2 − µ1)

ρα
+ 2
))

≥ ρα
8

(ñ2 − k̃2) (5.3.24)

Thus, choosing q = max{q1, q2}, the gap condition in (5.1.4) follows immediately.
Let us now show the hypothesis 6). From the definition of Λνα in (5.3.16), for any r > 0, we

can see that:

N (r) = Card{k : λνα,k ≤ r}+ Card{k : λνα,k + µ2 − µ1 ≤ r}
= N1(r) +N2(r) = n1 + n2.

We now proceed to prove suitable estimates for n1 and n2.
As before, we distinguish two cases depending on the value of να. First, we consider the case

where να ≤
1

2
. We look for n1 satisfying

λνα,n1 ≤ r.
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By (5.3.1), it follows that

κ2
α

(
n1 +

να
2
− 1

4

)2
π2 ≤ r.

So that

n1 ≤
√
r

καπ
− να

2
+

1

4
. (5.3.25)

On the other hand, using (5.3.2), one has

λνα,n1+1 > r

which implies that

n1 >

√
r

καπ
− να

4
− 7

8
. (5.3.26)

Summarizing, n1 is a nonnegative integer such that
√
r

καπ
− να

4
− 7

8
< n1 ≤

√
r

καπ
− να

2
+

1

4
. (5.3.27)

The case να ≥
1

2
can be treated in a similar way, but, instead of working with bounds (5.3.1),

we will use (5.3.2) to obtain

√
r

καπ
− να

2
− 3

4
< n1 ≤

√
r

καπ
− να

4
+

1

8
. (5.3.28)

Next we are going to estimate n2. Let us start by the case να ≤
1

2
. Using arguments similar to

the ones used above, we can see that

λνα,n2 + µ2 − µ1 ≤ r

and
λνα,n2+1 + µ2 − µ1 > r

imply √
r + µ1 − µ2

καπ
− να

4
− 7

8
< n2 ≤

√
r + µ1 − µ2

καπ
− να

2
+

1

4
.

Then, using the fact that
√
a−
√
b ≤
√
a− b and

√
a− b ≤

√
a provided a ≥ b > 0, we deduce

√
r

καπ
−
√
µ2 − µ1

καπ
− να

4
− 7

8
< n2 ≤

√
r

καπ
− να

2
+

1

4
. (5.3.29)

Similarly, in the case where να ≥
1

2
, we get

√
r

καπ
−
√
µ2 − µ1

καπ
− να

2
− 3

4
< n2 ≤

√
r

καπ
− να

4
+

1

8
. (5.3.30)

Next, combining (5.3.27) and (5.3.29), it follows that for να ≤
1

2
,

2
√
r

καπ
−
√
µ2 − µ1

καπ
− να

2
− 7

4
< N (r) ≤ 2

√
r

καπ
− να +

1

2
. (5.3.31)

The bounds (5.3.28) together with (5.3.30) gives for να ≥
1

2
,

2
√
r

καπ
−
√
µ2 − µ1

καπ
− να −

3

2
< N (r) ≤ 2

√
r

καπ
− να

2
+

1

4
(5.3.32)
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Finally, choosing p =
2

καπ
and for να ≤

1

2
( resp. να ≥

1

2
)

s = max{
√
µ2 − µ1

καπ
+
να
2

+
7

4
, −να +

1

2
} =

√
µ2 − µ1

καπ
+
να
2

+
7

4

( resp. s = max{
√
µ2 − µ1

καπ
+ να +

3

2
, −να

2
+

1

4
} =

√
µ2 − µ1

καπ
+ να +

3

2
), we get

|p
√
r −N (r)| ≤ s,

which proves the claim.
Case 2: A has two complex eigenvalues µ1 and µ2.

In this case a2
2 + 4a1 < 0,

µ1 =
a2

2
+ iβ̂, and µ2 =

a2

2
− iβ̂,

where β̂ :=
1

2

√
−(a2

2 + 4a1).

Now, we consider the complex sequence {Λνα,n}n≥1, with

Λνα,2n = λ(1)
να,n + µ2 = λνα,n − 2iβ̂, Λνα,2n−1 = λ(2)

να,n + µ2 = λνα,n, ∀n ≥ 1.

Let us check if the hypotheses in Theorem 5.1.1 hold true for
{

Λνα,n
}
n≥1

.

First, it is clear that the sequence
{

Λνα,n
}
n≥1

always satisfies the hypothesis 1). Furthermore,

the hypothesis 2) follows directly from the fact that

R(Λνα,2n) = R(Λνα,2n−1) = λνα,n > 0.

The hypothesis 3) is clearly fulfilled. Indeed, one has

I(Λνα,2n) = 2β̂ ≤ δ
√
R(Λνα,2n)

and

I(Λνα,2n−1) = 0 ≤ δ
√
R(Λνα,2n−1),

for some suitable δ > 0.
Let us now show hypothesis 4). To this end, it suffices to prove that there exists n0 ∈ N

such that for all n ≥ n0 |Λνα,2n| ≤ |Λνα,2n+1|. Using (5.3.6), we have

|Λνα,2n+1|2 − |Λνα,2n|2 = λ2
να,n+1 − λ2

να,n − 4β̂2

≥ (λνα,n+1 − λνα,n)2 − 4β̂2

≥ ρ2
α|(n+ 1)2 − n2|2 − 4β̂2

= ρ2
α(2n+ 1)2 − 4β̂2.

Now, in order to obtain |Λνα,n+1|2 − |Λνα,n|2 ≥ 0, it suffices to take n ≥ n0 where the integer
n0 ≥ 1 is given by

n0 =
[ β̂
ρα
− 1

2

]
+ 1.

This completes the proof of 4).
Let us now check if the hypothesis 5) holds true. First, observe that the second property is

actually satisfied using (5.3.6) and hypothesis 1).
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Concerning the first property, arguing as done in the real case, by (5.3.6), there exists ρα > 0
such that

|Λνα,2n − Λνα,2k| ≥
ρα
4
|(2n)2 − (2k)2|,

and
|Λνα,2n−1 − Λνα,2k−1| ≥

ρα
4
|(2n− 1)2 − (2k − 1)2|.

Moreover, denoting ñ = 2n and k̃ = 2k − 1, and proceeding as in (5.3.23) and (5.3.24), one can
see that there exists q ≥ 4 such that ∀k̃, ñ ≥ 1 with |k̃ − ñ| ≥ q

|Λνα,ñ − Λνα,k̃|
2 = |Λνα,2n − Λνα,2k−1|2

=
∣∣λνα,n − λνα,k∣∣2 + 4β̂2

≥
∣∣λνα,n − λνα,k∣∣2 ≥ (ρα4 |ñ2 − k̃2 − 2k̃ − 1|

)2

≥
(ρα

8
(k̃2 − ñ2)

)2

which provides the desired result.
Finally, it remains to prove hypothesis 6). For any r > 0, we define

N (r) = Card{k : λνα,k ≤ r}+ Card{k : (λ2
να,k + 4β̂2)1/2 ≤ r}

= N1(r) + Ñ2(r) = n1 + ñ2.

where the estimates of n1 are given in (5.3.27) and (5.3.28), and ñ2 can be estimated in a similar
way as n2. Indeed, we can see that

λνα,ñ2 ≤ (λ2
να,ñ2

+ 4β̂2)1/2 ≤ r

and then ñ2 satisfies for να ≤
1

2
(resp. να ≥

1

2
) the estimate (5.3.25) (resp. the upper bound in

(5.3.28)). On the other hand, since

λνα,ñ2+1 + 2β̂ ≥ (λ2
να,ñ2+1 + 4β̂2)1/2 > r

then one can gets the same estimates in (5.3.29) and (5.3.30) with 2β̂ in place of µ2−µ1. Again,
as in the real case, one can show that there exists some suitable parameters p and s for which
the inequality (5.1.5) holds.
Case 3: A has a double eigenvalue.

In this case a2
2 + 4a1 = 0. We denote by µ =

a2

2
∈ R the eigenvalue of A. Thus, the sequence{

Λνα,n
}
n≥1

is then reduced to {λνα,n}n≥1. In view of (5.3.6), and reasoning as in the first case,

we automatically conclude that
{

Λνα,n
}
n≥1

fulfills all the hypotheses in Theorem 5.1.1. This

complete the proof of Proposition (5.3.3).

We will finish this section giving a result on the set of eigenfunctions of the operators L and
L∗. It reads as follows:

Proposition 5.3.4. Let us consider the sequences

B =
{
ψ(1)
n , ψ(2)

n , n ≥ 1
}

and B∗ =
{

Ψ(1)
n ,Ψ(2)

n , n ≥ 1
}
. (5.3.33)

Then,

1. B and B∗ are biorthogonal families in L2(0, 1)2.

2. B and B∗ are complete sequences in L2(0, 1)2.
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3. The sequences B and B∗ are biorthogonal Riesz bases of L2(0, 1)2.

4. The sequence B∗ is a basis of H1
α(0, 1)2 and B is its biorthogonal basis in H−1

α (0, 1)2.

Proof. From the expressions of ψ(i)
n and Ψ(i)

n , we can write

ψ(i)
n = UiΦνα,n and Ψ(i)

n = ViΦνα,n, i = 1, 2, n ≥ 1,

where Ui, Vi ∈ R2 and Φνα,n is given (5.3.5).

1. It is not difficult to check that {Ui}i=1,2 and {Vi}i=1,2 are biorthogonal families of R2.
Moreover, since (Φνα,n)n≥1 is an orthonormal basis for L2(0, 1), we readily deduce

〈ψ(i)
n ,Ψ

(j)
k 〉 = (Ui)

trVj〈Φνα,n,Φνα,k〉 = δijδnk, ∀n, k ≥ 1, i, j = 1, 2.

This proves the claim.

2. We will use [114, Lemma 1.44]. For this purpose, let us consider f = (f1, f2)tr ∈ L2(0, 1)2

such that
〈f, ψ(i)

n 〉 = 0, ∀n ≥ 1, i = 1, 2.

If we denote fi,n (i = 1, 2) the corresponding Fourier coefficients of the function fi ∈
L2(0, 1) with respect to the basis (Φνα,n)n≥1, then the previous equality can be written as

(f1,n, f2,n)[U1|U2] = 0R2 , ∀n ≥ 1.

Using the fact that det[U1|U2] 6= 0, we deduce f1,n = f2,n = 0, for all n ≥ 1. This implies
that f1 = f2 = 0 (since (Φνα,n)n≥1 is an orthonormal basis in L2(0, 1)) and, therefore,
f = 0 which proves the completeness of B. A similar argument can be used for B∗ and the
conclusion follows immediately.

3. By [114, Theorem 7.13], we know that
{
ψ(1)
n , ψ(2)

n

}
n≥1

is a Riesz basis for L2(0, 1)2 if and

only if
{
ψ(1)
n , ψ(2)

n

}
n≥1

is a complete Bessel sequence and possesses a biorthogonal system

that is also a complete Bessel sequence. Using the previous properties 1) and 2), we only
have to prove that the sequence

{
ψ(1)
n , ψ(2)

n

}
n≥1

and
{

Ψ(1)
n ,Ψ(2)

n

}
n≥1

are Bessel sequences.
This amounts to prove that the series

S1(f) =
∑
n≥1

[
〈f, ψ(1)

n 〉2 + 〈f, ψ(2)
n 〉2

]
and S2(f) =

∑
n≥1

[
〈f,Ψ(1)

n 〉2 + 〈f,Ψ(2)
n 〉2

]
converge for any f = (f1, f2)tr ∈ L2(0, 1)2.

From the definition of the functions ψ(i)
n and Ψ(i)

n , it is easy to see that there exists some
constant C > 0 such that

S1(f) ≤ C
∑
n≥1

(
|f1,n|2 + |f2,n|2

)
and S2(f) ≤ C

∑
n≥1

(
|f1,n|2 + |f2,n|2

)
.

Recall that fi,n is the Fourier coefficient of the function fi ∈ L2(0, 1) (i = 1, 2) with
respect to Φνα,n. Accordingly, the series S1(f) and S2(f) converge since (Φνα,n)n≥1 is an
orthonormal basis for L2(0, 1). We obtain thus the proof of desired result.

4. For showing item 4) we make use of [114, Theorem 5.12]. First, we have that

H1
α(0, 1) ⊂ L2(0, 1) ⊂

(
H1
α(0, 1)

)′
= H−1

α (0, 1).
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Therefore, B∗ ⊂ H1
α(0, 1)2 and is complete in this space since it is in L2(0, 1)2. On the

other hand, by the definition of the duality pairing, we have

〈ψ(i)
n ,Ψ

(j)
k 〉H−1

α ,H1
α

= 〈ψ(i)
n ,Ψ

(j)
k 〉 = δijδnk, ∀n, k ≥ 1, i, j = 1, 2.

Thus, B ⊂ H−1
α (0, 1)2 and is biorthogonal to B∗, which also yields that B∗ is minimal in

H1
α(0, 1)2 thanks to [114, Lemma 5.4]. To conclude the proof, it remains to prove that for

any f = (f1, f2) ∈ H1
α(0, 1)2, the series

S(f) =
∑
n≥1

[
〈ψ(1)

n , f〉H−1
α ,H1

α
Ψ(1)
n + 〈ψ(2)

n , f〉H−1
α ,H1

α
Ψ(2)
n

]
converges in H1

α(0, 1)2.

Using again the definitions of ψ(i)
n and Ψ(i)

n , one can prove that

〈ψ(1)
n , f〉H−1

α ,H1
α
Ψ(1)
n =

a1

µ2
2 + a1

µ2
2

a1
f1,n −

µ2

a1
f2,n

−µ2f1,n + f2,n

Φνα,n (5.3.34)

and

〈ψ(2)
n , f〉H−1

α ,H1
α
Ψ(2)
n =

a1

µ2
1 + a1

µ2
1

a1
f1,n −

µ1

a1
f2,n

−µ1f1,n + f2,n

Φνα,n (5.3.35)

where fi,n is the Fourier coefficient of the function fi ∈ H1
α(0, 1), i = 1, 2.

But, we know that the series
∑
n≥1

fi,nΦνα,n, i = 1, 2 converges in H1
α(0, 1) since (Φνα,n)n≥1

is an orthogonal basis for H1
α(0, 1) and f1, f2 ∈ H1

α(0, 1). This implies that, the series∑
n≥1

〈ψ(1)
n , f〉H−1

α ,H1
α
Ψ(1)
n and

∑
n≥1

〈ψ(2)
n , f〉H−1

α ,H1
α
Ψ(2)
n converge in H1

α(0, 1)2 and assure the

convergence of S(f) in H1
α(0, 1)2. This concludes the proof of the result.

5.4 Boundary approximate controllability

We will devote this section to proving the approximate controllability at time T > 0 of system
(5.1.1). In fact, our first main result is the following one.

Theorem 5.4.1. Let α ∈ [0, 2) and consider µ1 and µ2 the eigenvalues of the matrix A. Then,
system (5.1.1) is approximately controllable at time T > 0 if and only if conditions

rank[B|AB] = 2 (5.4.1)

and
κ2
α(j2

να,n − j
2
να,l) 6= µ2 − µ1, ∀n, l ∈ N∗, with n 6= l. (5.4.2)

The previous theorem is a direct consequence of the following result.

Theorem 5.4.2. Let α ∈ [0, 2) and consider µ1 and µ2 the eigenvalues of the matrix A. Then,
system (5.1.2) is approximately controllable at time T > 0 if and only if (5.4.2) holds.

For the proof of Theorem 5.4.2, we are going to apply the following known result provided
in [17] and [88].



CHAPTER 5. BOUNDARY CONTROLLABILITY FOR COUPLED SYSTEMS 132

Theorem 5.4.3. Let T > 0. Suppose that {Λn}n≥1 is a sequence of complex numbers such that,
for some δ, ρ > 0, one has

<(Λn) ≥ δ|Λn|, |Λn − Λm| ≥ ρ|n−m|, ∀n,m ≥ 1,∑
n≥1

1

|Λn|
< +∞. (5.4.3)

Then, there exists a family {qn}n≥1 ⊂ L2(0, T ) biorthogonal to {e−Λnt}n≥1 i.e., a family {qn}n≥1

in L2(0, T ) such that ∫ T

0
qn(t)e−Λmt dt = δnm, ∀n,m ≥ 1.

Moreover, for every ε > 0, there exists Cε > 0 for which

‖qn‖L2(0,T ) ≤ Cεeε<(Λn), ∀n ≥ 1.

Using the previous result and similar techniques as in Proposition 5.3.3, we obtain the
following result.

Proposition 5.4.1. The family defined in (5.3.16) satisfies all the hypothesis of Theorem 5.4.3
(i.e., (5.4.3)).

Proof of Theorem 5.4.2. As said in section 5.2, in order to prove this theorem we will follow a
duality approach leading us to study a unique continuation property for the adjoint system.

Necessary condition: By contradiction, let us assume that condition (5.4.2) does not hold,
i.e., that there is n0, l0 ∈ N∗ with n0 6= l0 such that

λ(1)
να,n0

= λ
(2)
να,l0

:= λ.

Let us see that the approximate controllability property does not hold. Owing to Proposition
5.2.4, it suffices to show that the unique continuation property for the adjoint system (5.2.10)

is no longer valid. Indeed, let us take ϕ0 = aΨ(1)
n0

+ bΨ
(2)
l0
∈ H1

α(0, 1)2, with a, b ∈ R to be
determined. In this case, it is not difficult to see that the corresponding solution to the adjoint
problem (5.2.10) is given by

ϕ(t, x) = (aΨ(1)
n0

(x) + bΨ
(2)
l0

(x))e−λ(T−t), ∀(t, x) ∈ Q.

On the other hand, direct computations show that

(xα(Φνα,n)x)(1) =

√
2κ

3
2
αjνα,n

|J ′να(jνα,n)|
J ′να(jνα,n). (5.4.4)

Coming back to the definition of Ψ(i)
n , and taking into account the previous property, one obtains

B∗(xαϕx)(t, 1)

= B∗
(
a(xαΨ(1)

n0,x)(1) + b(xαΨ
(2)
l0,x

)(1)
)
e−λ(T−t)

=
√

2κ
3
2
α

(
aB∗V1jνα,n0

J ′να(jνα,n0)

|J ′να(jνα,n0)|
+ bB∗V2jνα,l0

J ′να(jνα,l0)

|J ′να(jνα,l0)|

)
e−λ(T−t)

= −
√

2κ
3
2
α

(
a
µ2

a1
jνα,n0

J ′να(jνα,n0)

|J ′να(jνα,n0)|
+ b

µ1

µ2
1 + a1

jνα,l0
J ′να(jνα,l0)

|J ′να(jνα,l0)|

)
e−λ(T−t)
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Choosing

a =
µ1

µ2
1 + a1

jνα,l0
J ′να(jνα,l0)

|J ′να(jνα,l0)|
,

b = −µ2

a1
jνα,n0

J ′να(jνα,n0)

|J ′να(jνα,n0)|

we have that B∗(xαϕx)(t, 1) = 0 but ϕ0 6= 0, which proves that the unique continuation property
for the adjoint system (5.2.10) fails to be true. This ends the proof of the necessary part.

Sufficient condition: Let us now assume that the condition (5.4.2) holds and prove the unique
continuation property for system (5.2.10).

Let us consider ϕ0 ∈ H1
α(0, 1)2 and suppose that the corresponding solution ϕ of the adjoint

problem (5.2.10) satisfies
B∗(xαϕx)(t, 1) = 0, ∀t ∈ (0, T ). (5.4.5)

Observe that, thanks to Proposition 5.3.4, ϕ0 can be written as

ϕ0 =
∑
n≥1

(bnΨ(1)
n + cnΨ(2)

n ),

where
bn = 〈ψ(1)

n , ϕ0〉H−1
α ,H1

α
and cn = 〈ψ(2)

n , ϕ0〉H−1
α ,H1

α
.

Hence, the corresponding solution ϕ of system (5.2.10) associated to ϕ0 is given by

ϕ(t, x) =
∑
n≥1

(
bnΨ(1)

n e−λ
(1)
να,n(T−t) + cnΨ(2)

n e−λ
(2)
να,n(T−t)

)
.

Therefore, using (5.4.4) we get that

0 = B∗(xαϕx)(T − t, 1)

=
∑
n≥1

B∗
(
bn(xαΨ(1)

n,x)(1)e−λ
(1)
να,nt + cn(xαΨ(2)

n,x)(1)e−λ
(2)
να,nt

)
=
√

2κ
3
2
α

∑
n≥1

J ′να(jνα,n)

|J ′να(jνα,n)|
jνα,n

(
bnB

∗V1e
−λ(1)

να,nt + cnB
∗V2e

−λ(2)
να,nt

)
= −
√

2κ
3
2
α

∑
n≥1

J ′να(jνα,n)

|J ′να(jνα,n)|
jνα,n
a1

(
bnµ2e

−λ(1)
να,nt + cnµ1

a1

µ2
1 + a1

e−λ
(2)
να,nt

)
= −
√

2κ
3
2
α

∑
n≥1

J ′να(jνα,n)

|J ′να(jνα,n)|
jνα,n
a1

eµ2t
(
bnµ2e

−(λ
(1)
να,n+µ2)t + cnµ1

a1

µ2
1 + a1

e−(λ
(2)
να,n+µ2)t

)
.

From Proposition 5.4.1, we can apply Theorem 5.4.3 in order to deduce the existence of a

biorthogonal family {q(1)
n , q(2)

n }n≥1 to {e−(λ
(1)
να,n+µ2)t, e−(λ

(2)
να,n+µ2)t}n≥1 in L2(0, T ). Then, the

previous identity, in particular, yields
∫ T

0
B∗(xαϕx)(s, 1) e−µ2s q(1)

n (s) ds = −
√

2κ
3
2
α
J ′να(jνα,n)

|J ′να(jνα,n)|
jνα,n
a1

µ2bn = 0, ∀n ≥ 1∫ T

0
B∗(xαϕx)(s, 1) e−µ2sq(2)

n (s) ds = −
√

2κ
3
2
α
J ′να(jνα,n)

|J ′να(jνα,n)|
jνα,n
a1

µ1
a1

µ2
1 + a1

cn = 0, ∀n ≥ 1.

and bn = cn = 0 for any n ≥ 1. In conclusion, ϕ0 = 0. This proves the continuation property for
the solutions to the adjoint problem (5.2.10) and, thanks to Proposition 5.2.4, the approximate
controllability of system (5.1.2) at any positive time T .

Remark 35. Notice that, condition (5.4.2) is equivalent to the simplicity of the spectrum of L
and L∗.
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5.5 Boundary null controllability

In this section, we will address the problem of the null controllability at time T > 0 of system
(5.1.1). In particular, our main aim is to characterize the boundary controllability properties of
(5.1.1) (a degenerate system of two equations) when we apply just one control on a part of the
boundary. In this sense, one has:

Theorem 5.5.1. Let α ∈ [0, 2) and consider by µ1 and µ2 the eigenvalues of A. Then system
(5.1.1) is null controllable at any time T > 0 if and only if conditions (5.4.1) and (5.4.2) hold.

Moreover, there exists some positive constant C independent of T such that the control force
satisfies

‖v‖L2(0,T ) ≤ CeCT+C
T ‖y0‖H−1

α
, (5.5.1)

The above result is a consequence of the following theorem.

Theorem 5.5.2. Let α ∈ [0, 2) and consider by µ1 and µ2 the eigenvalues of A. Then system
(5.1.2) is null controllable at any time T > 0 if and only if conditions (5.4.1) and (5.4.2) hold.
Moreover, the control force satisfies the estimate (5.5.1).

It is worth mentioning that the Theorem 5.4.3 can also be applied to get the null controlla-
bility result for the system (5.1.1). However, it does not permit to deduce the estimate (5.5.1)
on the null-control. For this reason, to obtain the null controllability result together with such
an estimate, we will use Theorem 5.1.1.

Proof of Theorem 5.5.2. The main technical tool for proving this result is the moment method.

To prove Theorem 5.5.2, we transform the controllability problem into a moment problem.
Using Proposition 5.2.3, we deduce that the control v ∈ L2(0, T ) drives the solution of (5.1.1)
to zero at time T if and only if v ∈ L2(0, T ) satisfies∫ T

0
B∗(xαϕx)(t, 1) v(t) dt = 〈y0, ϕ(0, ·)〉H−1

α ,H1
α
, ∀ϕ0 ∈ H1

α(0, 1)2 (5.5.2)

where ϕ ∈ C0
(
[0, T ];H1

α(0, 1)2
)
∩L2

(
0, T ;H2

α(0, 1)2
)

is the solution of the adjoint system (5.2.10)
associated to ϕ0.

Observe that, using Proposition 5.3.4, the corresponding solution ϕ of system (5.2.10) asso-
ciated to ϕ0 is given by

ϕ(t, x) =
∑
k≥1

(
〈ψ(1)

k , ϕ0〉H−1
α ,H1

α
Ψ

(1)
k e−λ

(1)
να,k

(T−t) + 〈ψ(2)
k , ϕ0〉H−1

α ,H1
α
Ψ

(2)
k e−λ

(2)
να,k

(T−t)
)
.

Since B∗ is a basis for H1
α(0, 1)2, we find that ϕ(t, x) = Ψ(i)

n (x)e−λ
(i)
να,n(T−t) is the solution of

system (5.2.10) associated with ϕ0 = Ψ(i)
n . Therefore, we can deduce that the identity (5.5.2) is

equivalent to∫ T

0
B∗(xαΨ(i)

n,x)(1)v(t)e−λ
(i)
να,n(T−t)dt = e−λ

(i)
να,nT 〈y0,Ψ

(i)
n 〉H−1

α ,H1
α
, ∀n ≥ 1, i = 1, 2.

Taking into account the expressions of Ψ(i)
n (see (5.3.15)), we infer that v ∈ L2(0, T ) is a null

control for system (5.1.1) associated to y0 if and only if

√
2κ

3
2
αjνα,n

|J ′να(jνα,n)|
J ′να(jνα,n)B∗Vi

∫ T

0
v(t)e−λ

(i)
να,n(T−t)dt

= e−λ
(i)
να,nT 〈y0,Ψ

(i)
n 〉H−1

α ,H1
α
, ∀n ≥ 1, i = 1, 2



CHAPTER 5. BOUNDARY CONTROLLABILITY FOR COUPLED SYSTEMS 135

and equivalently, ∫ T

0
v(t)e−λ

(i)
να,n(T−t)dt = C(i)

να,n, ∀n ≥ 1, i = 1, 2, (5.5.3)

where C(i)
να,n is given by

C(i)
να,n =

|J ′να(jνα,n)|e−λ
(i)
να,nT

√
2κ

3
2
αjνα,nJ

′
να(jνα,n)B∗Vi

〈y0,Ψ
(i)
n 〉H−1

α ,H1
α
, ∀n ≥ 1, i = 1, 2. (5.5.4)

At this stage, the strategy to solve the moment problem (5.5.3) is to use the concept of
biorthogonal family. In fact, Proposition 5.3.3 and Theorem 5.1.1 guarantee the existence of
T0 > 0, such that for any T ∈ (0, T0), there exists a biorthogonal family {q(1)

n , q(2)
n }n≥1 to

{e−(λ
(1)
να,n+µ2)t, e−(λ

(2)
να,n+µ2)t}n≥1 in L2(−T/2, T/2) which also satisfies

‖q(i)
n ‖L2(−T/2,T/2) ≤ Ce

√
R(λ

(i)
να,n+µ2)+C

T , ∀n ≥ 1, i = 1, 2. (5.5.5)

for some positive constant C independent of T .
Performing the change of variable s = T/2 − t in (5.5.3), the controllability problem reduces
then to the following moment problem: Given y0 ∈ H−1

α (0, 1)2 find v ∈ L2(0, T ) such that
u(s) = v(T/2− s)eµ2s ∈ L2(−T/2, T/2) satisfies∫ T/2

−T/2
u(s)e−(λ

(i)
να,n+µ2)sds = Ĉ(i)

να,n, ∀n ≥ 1, i = 1, 2, (5.5.6)

with Ĉ(i)
να,n = eλ

(i)
να,nT/2C(i)

να,n

Then, a formal solution to the moment problem (5.5.6) is given by

u(s) =
∑
n≥1

(Ĉ(1)
να,nq

(1)
n (s) + Ĉ(2)

να,nq
(2)
n (s)).

Thus,

v(s) =
∑
n≥1

(
Ĉ(1)
να,nq

(1)
n (T/2− s) + Ĉ(2)

να,nq
(2)
n (T/2− s)

)
e−µ2(T/2−s). (5.5.7)

The only remaining point is to prove that v ∈ L2(0, T ) (in fact (5.5.1)). This comes directly
from the estimate (5.5.5) and the fact that

‖Ψ(i)
n ‖H1

α
= ‖ViΦνα,n‖H1

α
≤ C

√
λνα,n = Cκαjνα,n, ∀n ≥ 1, i = 1, 2,

for some positive constant C.
Indeed, the previous inequality implies

|〈y0,Ψ
(i)
n 〉H−1

α ,H1
α
| ≤ ‖y0‖H−1

α
‖Ψ(i)

n ‖H1
α

≤ Cκαjνα,n‖y0‖H−1
α
, ∀n ≥ 1, i = 1, 2.

Moreover, from (5.5.4), by using the expressions of κα, we obtain

|Ĉ(i)
να,n| ≤

C√
2− α

e−λ
(i)
να,nT/2‖y0‖H−1

α
, ∀n ≥ 1, i = 1, 2. (5.5.8)

Now, taking into account the definition of λνα,n, we get for a new constants C not depending
on n and T

|e−λ
(i)
να,nT/2| ≤ eCT e−λνα,nT/2
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and √
R(λ

(i)
να,n + µ2) ≤ C

√
λνα,n, ∀n ≥ 1. (5.5.9)

Coming back to the expression (5.5.7) of the null control v and using the previous estimates, we
get

‖v‖L2(0,T ) ≤
CeCT√
2− α

‖y0‖H−1
α

∑
n≥1

e−λνα,nT/2eC
√
λνα,n+C

T . (5.5.10)

Using Young’s inequality,

C
√
λνα,n ≤

λνα,nT

4
+
C2

T

we see that

‖v‖L2(0,T ) ≤
CeCT+C

T

√
2− α

‖y0‖H−1
α

∑
n≥1

e−λνα,nT/4.

On the other hand, by (5.3.1) and (5.3.2), it can be easily checked that there exist a constant
C > 0 such that

Cκ2
αn

2 ≤ λνα,n = κ2
αj

2
να,n, ∀n ≥ 1.

Finally,

‖v‖L2(0,T ) ≤
C√

2− α
eCT+C

T ‖y0‖H−1
α

∑
n≥1

e−Cκ
2
αn

2T

≤ C√
2− α

eCT+C
T ‖y0‖H−1

α

∫ ∞
0

e−Cκ
2
αTs

2
ds

=
C

(2− α)
3
2

eCT+C
T ‖y0‖H−1

α

√
π

T

≤ CeCT+C
T ‖y0‖H−1

α
,

where C independent of T . This inequality shows that v ∈ L2(0, T ) and yields the desired
estimate on the null control in the case where T < T0. On the other hand, when T ≥ T0, it
suffices to set the null control function to 0 for the time interval (T0/2, T ). Indeed, v is given by

v(t) =

{
v0(t), t ∈ [0, T0/2]

0, t ∈ [T0/2, T ]

and consequently, the following estimate follows

‖v‖L2(0,T ) ≤ Ce
2C
T0 ‖y0‖H−1

α
. (5.5.11)

This completes the proof of Theorem 5.5.2.



Chapter 6

Pointwise controllability of
degenerate heat equation

This chapter is devoted to the controllability of the degenerate heat equation controlled by an
internal force acting at a single point inside the space domain. We give a necessary and sufficient
condition for the approximate controllability. On the other hand, we provide a minimal time
for null controllability. Our approach is mainly based on the moment method developed by
Fattorini and Russell [87].

The results obtained in this chapter are presented in the research article [13], in collaboration
with Jawad Salhi.

6.1 Introduction

The aim of this chapter is to address the pointwise controllability of a parabolic equation in one
space dimension, which degenerates at the boundary of the space domain. To be more precise,
for 0 ≤ α < 2, we consider the following problem:

yt − (xαyx)x = δbv(t), (t, x) ∈ Q,
y(t, 1) = 0, t ∈ (0, T ),{

y(t, 0) = 0, 0 ≤ α < 1

xαyx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

(6.1.1)

where y0 ∈ L2(0, 1), T > 0 and δb denotes the Dirac mass supported at a given point b ∈ (0, 1),
on which one acts via a control function v(t). This is the so-called pointwise control.

The proof of null controllability of the system (6.1.1) will rely on the celebrated moment
method initially developed in [86, 87]. Let us recall quickly this method in the classical non-
degenerated situation. We consider the 1-D Laplace operator ∂xx with domain D(∂xx) :=
H2(0, π) ∩H1

0 (0, π) and state space H := L2(0, π). In other words, given the operator ∂xx, let
us consider the following controlled heat equation on (0, T ) × (0, π), with Dirichlet boundary
conditions: 

yt − yxx = f(x)v(t), (t, x) ∈ (0, T )× (0, π),
y(t, 0) = y(t, 1) = 0, t ∈ (0, T ),
y(0, x) = y0(x), x ∈ (0, π),

(6.1.2)

where y0 ∈ L2(0, π), v ∈ L2(0, T ) is the control and f ∈ H−1(0, π) is an imposed profile for this
control.

137
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It is well-known that −∂xx : D(∂xx) → L2(0, π) admits a sequence of eigenvalues and nor-
malized eigenfunctions given by

λk = k2, ek(x) :=

√
2

π
sin(kx), k ≥ 1, x ∈ (0, π), (6.1.3)

and the sequence {ek}k≥1 is a Hilbert basis of L2(0, π).
The starting point of this moment method is to decompose the initial datum y0 and the

control profile f in the basis of the eigenfunctions {ek}k≥1 associated to the operator −∂xx, i.e.

f(x) =
∑
k≥1

fkek(x), y0(x) =
∑
k≥1

y0
kek(x),

with {fk}k≥1, {y0
k}k≥1 ∈ l2(N?) := {{βj} ∈ RN :

∑
j∈N?
|βj |2 < +∞}.

Then, it is classical that find v ∈ L2(0, T ) such that y(T, ·) = 0 is equivalent to find v ∈
L2(0, T ) such that

fk

∫ T

0
e−λktv(t) dt = −e−λkT y0

k, ∀k ≥ 1. (6.1.4)

Finding v ∈ L2(0, T ) such that (6.1.4) holds, is the so-called moment problem. A necessary
condition for the existence of a solution to this problem for any y0 ∈ L2(0, π) is:

fk 6= 0, ∀k ≥ 1.

In [86, 16], the authors solved the previous moment problem by proving the existence of a
biorthogonal family {qk}k≥1 to {e−λkt}k≥1 in L2(0, T ) which, in particular, satisfies the next
additional property: for every ε > 0 there exists a constant C(ε, T ) > 0 such that

‖qk‖L2(0,T ) ≤ C(ε, T )eελk , ∀k ≥ 1. (6.1.5)

Then, the control is obtained as a linear combination of {qk}k≥1, that is,

v = −
∑
k≥1

e−λkT

fk
y0
kqk,

and the previous bounds (6.1.5) are used to prove that this series converges in L2(0, T ) for any
positive time T > T0, where

T0 := lim sup
k→∞

Ik(f) ∈ [0,+∞], with Ik(f) := − log(|fk|)
k2

.

More precisely, it is proved in [16] that:

1. Equation (6.1.2) is null controllable at any time T > T0.

2. Equation (6.1.2) is not null controllable at any time T < T0.

In the same framework, it is worth to mention also the recent work [137], where the author
proved the first results related to the cost of the null controllability in the case of a minimal
time on control for the one dimensional heat equation (6.1.2).

Let us also underline the reference [77], where a study of (6.1.2) is performed in the particular
case f(x) := δb ∈ H−1(0, π), with b ∈ (0, π). That is to say: Given T > 0 and y0 ∈ H−1(0, π),
can we find a control v ∈ L2(0, T ) such that the solution y ∈ C([0, T ];H−1(0, π)) of

yt − yxx = δbv(t), (t, x) ∈ (0, T )× (0, π),
y(t, 0) = y(t, 1) = 0, t ∈ (0, T ),
y(0, x) = y0(x), x ∈ (0, π),

(6.1.6)
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satisfies
y(T, ·) = 0 in (0, π). (6.1.7)

Using again the existence of a biorthogonal family in L2(0, T ) to the exponentials {e−λkt}k≥1

and the bounds (6.1.5), S. Dolecki exhibited a minimal time T0 ∈ [0,+∞], depending on b, such
that system (6.1.6) is not null controllable at time T if T < T0 and is null controllable at time
T when T > T0. This minimal time of controllability is given by

T0(b) = lim sup
k→∞

− log(| sin(kb)|)
k2

. (6.1.8)

To our knowledge, this was the first result on null controllability of parabolic problems where a
minimal time of control appears.

In this chapter we will focus on the pointwise controllability of degenerate parabolic equa-
tions. The particularity is that the control is exerted only on some point in the interior of the
spatial domain. With respect with both boundary and distributed parabolic control problems,
we will see new phenomena such as conditions on the time control and geometric conditions on
the location of the control.

Remark 36. In what follows, we will keep the same notations of Chapter 5.

This chapter is outlined as follows. In Section 6.2, we analyze the well-posedness for the
equation (6.1.1). Section 6.3 is devoted to studying the pointwise approximate controllability
problem for equation (6.1.1). Finally, in Section 6.4, we prove the pointwise null controllability
result.

6.2 Well-posedness results

Let us define the following symmetric continuous bilinear form a on H1
α(0, 1) by

a :

 H1
α ×H1

α → R

(y, z) 7→
∫ 1

0

√
xαyx

√
xαzx dx.

(6.2.1)

We immediately see that a is H1
α(0, 1)-L2(0, 1) coercive, i.e.

∃γ > 0,∃λ ∈ R,∀y ∈ H1
α(0, 1), a(y, y) + λ‖y‖2L2(0,1) ≥ γ‖y‖

2
H1
α(0,1). (6.2.2)

Then, the equation (6.1.1) is well-posed. To be precise, one has (see [135, Theorem III.1.2]):

Theorem 6.2.1. For any y0 ∈ L2(0, 1) and v ∈ L2(0, T ), equation (6.1.1) possesses a unique
solution y satisfying y ∈ L2(0, T ;H1

α(0, 1)) ∩ C0([0, T ];L2(0, 1)) and

‖y‖L2(0,T ;H1
α(0,1)) + ‖y‖C0([0,T ];L2(0,1))

≤ C
(
‖y0‖L2(0,1) + ‖δb‖H−1

α
‖v‖L2(0,T )

)
,

for some positive constant C.

6.3 Approximate controllability

In this section, we deal with the notion of approximate controllability (which is weaker than
null controllability), that can be stated as follows: For every ε > 0 and y0, yT ∈ L2(0, 1), find a
control v ∈ L2(0, T ) such that the solution y of (6.1.1) satisfies

‖y(T )− yT ‖L2(0,1) ≤ ε. (6.3.1)
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It is nowadays well-known (see for instance [72, Theorem 2.43]) that the approximate controlla-
bility at time T > 0 of (6.1.1) is equivalent to the unique continuation property for the adjoint
parabolic equation: equation (6.1.1) is approximately controllable at time T > 0 if and only if
its adjoint equation 

ϕt + (xαϕx)x = 0, (t, x) ∈ Q,
ϕ(t, 1) = 0, t ∈ (0, T ),{

ϕ(t, 0) = 0, 0 ≤ α < 1

xαϕx(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕ(T, x) = ϕ0(x), x ∈ (0, 1),

(6.3.2)

satisfies the following unique continuation property

∀ϕ0 ∈ L2(0, 1),

(
ϕ(·, b) = 0 on (0, T )

)
⇒ ϕ0 = 0 in (0, 1). (6.3.3)

Let us present our pointwise approximate controllability results, that is, our first main result
related to system (6.1.1). To this end, we introduce the following set

Sνα =
{( jνα,k

jνα,n

) 1
κα , n > k ≥ 1

}
, (6.3.4)

where (jνα,k)k≥1 is the sequence of the zeros of Bessel functions defined in Section 5.3.
One has:

Theorem 6.3.1. Equation (6.1.1) is approximately controllable at time T > 0 if and only if

b /∈ Sνα . (6.3.5)

Remark 37. We point out that, condition (6.3.5) is equivalent to the so-called Fattorini-Hautus
test [85]:

Φνα,n(b) 6= 0, for any n ≥ 1.

Here Φνα,n denotes the eigenfunctions defined in Section 5.3.

Remark 38. The approximate controllability result stated in Theorem 6.3.1 does not depend
on the final time T : approximate controllability of equation (6.1.1) at some time T > 0 is
equivalent to the approximate controllability of equation (6.1.1) at any time T > 0. On the
other hand, condition (6.3.5) characterizes the approximate controllability property of equation
(6.1.1). Thus, (6.3.5) is a necessary condition for the null controllability of this system at some
time T > 0.

Proof. Necessary condition: By contradiction, let us assume that condition (6.3.5) does not
hold, i.e., that there is n0 > k0 ≥ 1 for which jνα,n0b

κα = jνα,k0 . Let us see that the unique
continuation property for the adjoint equation (6.3.2) is no longer valid. Indeed, let us take
ϕ0 = Φνα,n0 ∈ L2(0, 1). Thus, it is not difficult to see that the corresponding solution to the
adjoint problem (6.3.2) is given by

ϕ(t, x) = e−λνα,n0 (T−t)Φνα,n0(x), (t, x) ∈ Q.

Therefore, ϕ(t, b) = e−λνα,n0 (T−t)Φνα,n0(b) = 0 on (0, T ) but ϕ0 6= 0. So, system (6.1.1) is not
approximately controllable at time T > 0. This proves the necessary part of Theorem 6.3.1.

Sufficient condition: Let us now assume that condition (6.3.5) holds. The task now is to prove
that the unique continuation property for the solutions of the adjoint problem (6.3.2) holds. To
this end, let us fix ϕ0 ∈ L2(0, 1) and assume that the corresponding solution ϕ of (6.3.2) satisfies

ϕ(t, b) = 0, ∀t ∈ (0, T ).
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Using the fact that (Φνα,k)k≥1 is a basis for L2(0, 1), we can write

ϕ0(x) =
∑
k≥1

akΦνα,k(x),

where the previous series converges in L2(0, 1). In this series the coefficients are given by
ak = 〈ϕ0,Φνα,k〉 for any k ≥ 1. Then, the solution ϕ of system (6.3.2) is given by

ϕ(t, x) =
∑
k≥1

ake
−λνα,k(T−t)Φνα,k(x).

On the other hand, since the sequence (λνα,k)k≥1 satisfies the hypotheses of Lemma 5.3.2, we
know that there exists a biorthogonal family {qνα,k}k≥1 to the exponentials made upon the λνα,k,
see Theorem 6.4.2.

Hence, by [114, Lemma 5.4] we infer that the family {e−λνα,kt}k≥1 is minimal, which implies
that is ω-independent, see [114, Theorem 5.8 and Definition 5.7].

Recall that we have assumed ϕ(·, b) = 0 on the interval (0, T ). Then, the expression of ϕ(·, b)
together with the property of the exponentials imply ak = 0 for any k ≥ 1. This proves the
continuation property for the solutions to the adjoint problem (6.3.2) and, thus the approximate
controllability of (6.1.1) at any positive time T .

6.4 Null controllability

We recall that the main problem that we will address is the null pointwise controllability for
equation (6.1.1), employing a control located at an interior point b ∈ (0, 1). In other words,
given y0 ∈ L2(0, 1) we wish to find a control function v ∈ L2(0, T ) that drives the solution y of
(6.1.1) at rest in a finite time T > 0. This is our second main result. It reads as follows:

Theorem 6.4.1. Let y0 ∈ L2(0, 1) and assume that condition (6.3.5) holds. Let us define

T (b, α) = lim sup
k→+∞

−
log(|Φνα,k(b)|)

λνα,k
. (6.4.1)

Then, given T > 0, one has:

1. If T > T (b, α), the equation (6.1.1) is null controllable at time T .

2. If T < T (b, α), the equation (6.1.1) is not null controllable at time T .

Remark 39. The minimal time T (b, α) depends on the control position b but also on the rate
of the degeneracy α.

Proof. Positive pointwise controllability result. Let us assume that T > T (b, α). Our
objective is to prove that equation (6.1.1) is exactly controllable to zero at time T . Following
the ideas of [54, 87], we may reduce the controllability issue to a moment problem. First, we
treat the problem with formal computations. We will present a rigorous justification in a second
moment.

Step 1: Reduction to a moment problem. Let us start expanding the initial condition y0 ∈
L2(0, 1) with respect to the basis of the eigenfunctions (Φνα,k)k≥1. Indeed, we know that there
exist a sequence (µ0

α,k)k≥1 ∈ l2(N?) such that, for all x ∈ (0, 1),

y0(x) =
∑
k≥1

µ0
α,kΦνα,k(x).
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Next, we expand also the solution y of (6.1.1) as

y(t, x) =
∑
k≥1

βα,k(t)Φνα,k(x), x ∈ (0, 1), t ≥ 0 with
∑
k≥1

β2
α,k(t) < +∞.

Therefore, the null controllability condition y(T, x) = 0 becomes

βα,k(T ) = 0, ∀k ≥ 1. (6.4.2)

On the other hand, we observe that ϕk(t, x) := e−λνα,k(T−t)Φνα,k(x) is solution of the adjoint
problem: 

(ϕk)t +
(
xα(ϕk)x

)
x

= 0, (t, x) ∈ Q,
ϕk(t, 0) = ϕk(t, 1) = 0, t ∈ (0, T ),{

ϕk(t, 0) = 0, 0 ≤ α < 1

xα(ϕk)x(t, 0) = 0, 1 ≤ α < 2
t ∈ (0, T ),

ϕk(T, x) = Φνα,k, x ∈ (0, 1).

(6.4.3)

Combining (6.1.1) and (6.4.3) we obtain

Φνα,k(b)

∫ T

0
v(t)e−λνα,k(T−t) dt

=

∫ T

0

∫ 1

0

[
ϕk
(
yt − (xαyx)x

)
+ y
(
(ϕk)t + (xα(ϕk)x)x

)]
dx dt

=

∫ 1

0
ϕky|T0 dx−

∫ T

0
ϕkx

αyx|10 dt+

∫ T

0
yxα(ϕk)x|10 dt

=

∫ 1

0
y(T, x)ϕk(T, x) dx−

∫ 1

0
y(0, x)ϕk(0, x) dx

=

∫ 1

0
y(T, x)Φνα,k(x) dx−

∫ 1

0
y(0, x)Φνα,k(x)e−λνα,kT dx

= βα,k(T )− µ0
α,ke

−λνα,kT .

Therefore, there exists a control function v ∈ L2(0, T ) such that the solution satisfies y(T, x) = 0
for any x ∈ (0, 1) if, and only if, there exists v ∈ L2(0, T ) such that:

Φνα,k(b)

∫ T

0
v(t)e−λνα,k(T−t) dt = −µ0

α,ke
−λνα,kT , ∀k ≥ 1.

A necessary condition for the existence of a solution for any y0 ∈ L2(0, 1) is:

Φνα,k(b) 6= 0, ∀k ≥ 1.

This latter condition is fulfilled by (6.3.5) (see Remark 37).
We are thus led to find a function v ∈ L2(0, T ) that satisfies the following problem∫ T

0
v(t)e−λνα,k(T−t) dt = −

e−λνα,kTµ0
α,k

Φνα,k(b)
, ∀k ≥ 1. (6.4.4)

After a change of variable in the integral, we arrive to the reduction of the null controllability
issue to the problem (h(t) = v(T − t))

Find h ∈ L2(0, T ) such that∫ T

0
h(t)e−λνα,kt dt = −

e−λνα,kTµ0
α,k

Φνα,k(b)
, ∀k ≥ 1.

(6.4.5)
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This is a moment problem in L2(0, T ) with respect to the family {e−λνα,kt}k≥1.

Step 2: Formal solution of the moment problem. We present here the formal computations that
show that the moment problem (6.4.4) has a solution h. For defining the function h satisfying
(6.4.5), in what follows we firstly need to introduce a sequence {qνα,k}k≥1 in L2(0, T ) which
is biorthogonal to {e−λνα,kt}k≥1. The existence of such a sequence is a consequence of the

convergence of the series
∑
n≥1

1

λνα,n
by the celebrated Muntz theorem, and it is guaranteed by

the following result.

Theorem 6.4.2 ([88, Lemma 3.1]). Let (λνα,k)k≥1 be defined by (5.3.4). Then there exists a
biorthogonal family {qνα,k}k≥1 in L2(0, T ) to {e−λνα,kt}k≥1, i.e.,∫ T

0
e−λνα,ktqνα,l(t) dt = δkl, ∀k, l ≥ 1. (6.4.6)

Here, δkl denotes the Kronecker symbol.
Moreover, the following estimation holds

∀ε > 0,∃Cε,T > 0 such that ‖qνα,k‖L2(0,T ) ≤ Cε,T eελνα,k , ∀k ≥ 1. (6.4.7)

Hence, we may formally solve the moment problem above by defining

h(t) =
∑
k≥1

hk(t), with hk(t) = −
e−λνα,kTµ0

α,k

Φνα,k(b)
qνα,k(t). (6.4.8)

Indeed, if this series makes sense (and if the following computation can be justified) we have∫ T

0
h(t)e−λνα,kt dt =

∑
l≥1

−
e−λνα,lTµ0

α,l

Φνα,l(b)

∫ T

0
e−λνα,ktqνα,l(t) dt

= −
e−λνα,kTµ0

α,k

Φνα,k(b)
,

and the claim will be proved.

Step 3: L2 regularity of the control and controllability result. We consider h given by (6.4.8).
We have to check that h belongs to L2(0, T ) if T > T (b, α). Indeed, from the definition of
the minimal time T (b, α) (see (6.4.1)) and for any fixed ε > 0, we can infer that there exists a
positive constant Cνα,ε such that

1

|Φνα,k(b)|
≤ Cνα,εeλνα,k(T (b,α)+ε), ∀k ≥ 1.

Hence, we can use the bound (6.4.7) and get a new positive constant Cνα,ε,T for which

‖hk‖L2(0,T ) ≤ ‖y0‖L2(0,1)
e−λνα,kT

|Φνα,k(b)|
‖qνα,k‖L2(0,T )

≤ Cνα,ε‖y0‖L2(0,1)e
−λνα,k(T−T (b,α)−ε)‖qνα,k‖L2(0,T )

≤ Cνα,ε,T ‖y0‖L2(0,1)e
−λνα,k(T−T (b,α)−2ε).

By the estimate above with ε =
T − T (b, α)

4
, we deduce that

‖hk‖L2(0,T ) ≤ Cνα,T ‖y0‖L2(0,1)e
−λνα,k(T−T (b,α))/2.
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Next, observe that∑
k≥1

‖hk‖L2(0,T ) ≤ Cνα,T ‖y0‖L2(0,1)

∑
k≥1

e−λνα,k(T−T (b,α))/2 < +∞,

where the last series is convergent due to the presence of the exponential with negative sign.
Indeed, using Lemma 5.3.6, we have∑

k≥1

e−λνα,k(T−T (b,α))/2

=
2

T − T (b, α)

∑
k≥1

(
λνα,k

T − T (b, α)

2
e−λνα,k(T−T (b,α))/2

) 1

λνα,k

≤ 2

T − T (b, α)

(
sup
x>0

xe−x
)∑
k≥1

1

λνα,k
< +∞.

This immediately ensures the absolute convergence of the series which defines the control h.
This allows to conclude that

h = −
∑
k≥1

e−λνα,kTµ0
α,k

Φνα,k(b)
qνα,k ∈ L2(0, T ),

and therefore, that the degenerate heat equation (6.1.1) is null controllable at time T when
T > T (b, α).

Negative pointwise controllability result. In order to finish the proof of Theorem 6.4.1,
let us prove that if 0 < T < T (b, α), then equation (6.1.1) is not null controllable at time T . We
argue by contradiction. Assume that equation (6.1.1) is null controllable at time T < T (b, α).
By duality, this last fact is equivalent to the existence of a positive constant C such that every
solution ϕ of the adjoint problem (6.3.2) satisfies, the following observability estimate:

‖ϕ(0, ·)‖2L2(0,1) ≤ C
∫ T

0
ϕ(t, b)2 dt. (6.4.9)

Let us work with the particular solutions associated with initial data ϕ0 = Φνα,k. With this
choice, the solution ϕk of (6.3.2) is given by

ϕk(t, x) = e−λνα,k(T−t)Φνα,k(x), ∀k ≥ 1.

Thus, the observability inequality (6.4.9) becomes

e−2λνα,kT ≤ CΦνα,k(b)
2

∫ T

0
e−2λνα,k(T−t) dt

≤ C 1

2λνα,k

(
1− e−2λνα,kT

)
Φνα,k(b)

2,

≤ C 1

2λνα,k
Φνα,k(b)

2,

≤ C

2λνα,1
Φνα,k(b)

2, ∀k ≥ 1, (6.4.10)

that is to say, for a new constant C > 0 not depending on k, one has,

1 ≤ Ce2λνα,kTΦνα,k(b)
2. (6.4.11)

From the definition of T (b, α), we obtain the existence of an increasing unbounded subsequence
{kn}n≥1 such that

T (b, α) = lim
n→+∞

−
log(|Φνα,kn(b)|)

λνα,kn
.
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If we assume that T (b, α) < +∞, then, for every ε > 0, there exits a positive integer nε such
that

T (b, α)− ε ≤ −
log(

∣∣Φνα,kn(b)
∣∣)

λνα,kn
, ∀n ≥ nε.

This last inequality together with (6.4.11) provide the new inequality

1 ≤ Ce−2λνα,kn (T (b,α)−T−ε), ∀n ≥ nε.

The previous inequality gives a contradiction if we take ε ∈ (0,
T (b, α)− T

2
). This ends the

proof.

Let us end this section by proving that the minimal time T (b, α) is well-defined and satisfies
T (b, α) ∈ [0,+∞]. One has

Theorem 6.4.3. Let us assume the hypotheses of Theorem 6.4.1 and let T (b, α) be the number
given by (6.4.1). Then,

T (b, α) ∈ [0,+∞].

Proof. Owing to Remark 37, condition (6.3.5) implies that

Φνα,k(b) 6= 0, ∀k ≥ 1.

Hence,

0 < |Φνα,k(b)| = |〈δb,Φνα,k〉H−1
α ,H1

α
|

≤ ‖δb‖H−1
α
‖Φνα,k‖H1

α

= ‖δb‖H−1
α

√
λνα,k.

Therefore, we deduce that there exists a constant σ > 0 such that

0 < |Φνα,k(b)| ≤ σλνα,k, ∀k ≥ 1.

Thus,

log
( 1

|Φνα,k(b)|
)
≥ log

( 1

σλνα,k

)
, ∀k ≥ 1,

that is to say,

−
log(|Φνα,k(b)|)

λνα,k
≥ −

log(σλνα,k)

λνα,k
, ∀k ≥ 1.

Using the fact that λνα,k → +∞ as k → +∞, it follows that T (b, α) ∈ [0,+∞]. This ends
the proof of the result.



Appendix

A Proof of Lemma 1.3.1

Denote by ν(t) = θ(t)−1. After straightforward computations, we get that

θ̇(T ′) = 0 and θ̈(t) ≥ 8

ν(t)5
= 8θ(t)

5
4 ≥ 8θ(T ′)

5
4 , ∀t ∈ (0, T ). (A.1)

Employing the standard Taylor’s formula to the function θ in (t0, T
′), there exists T̃ ∈ (t0, T

′)
such that

θ(t) = θ(T ′) + θ̇(T ′)(t− T ′) +
θ̈(T̃ )

2
(t− T ′)2

≥ θ(T ′) + 4θ(T ′)
5
4 (t− T ′)2,

where we have used (A.1). Now, recalling that ϕ = θψ, from the last inequality, we get

ϕ(t, x) ≤ ϕ(T ′, x)− c0(t− T ′)2,

where c0 = −4 max
x∈(0,1)

ψ(x)θ(T ′)
5
4 = 4γ(d− d∗)θ(T ′)

5
4 > 0. Therefore,

∫ T

t0

e2sϕ(t,x) dt ≤ e2sϕ(T ′,x)

∫ T

t0

e−2sc0(t−T ′)2
dt

=
e2sϕ(T ′,x)

√
2c0s

∫ +∞

−∞
e−r

2
dr

≤ C√
s
e2sϕ(T ′,x)

for some positive constant C independent of s.
Consequently, ∫∫

Qt0

f2(T ′, x)e2sϕ(t,x) dx dt ≤ C√
s

∫ 1

0
f2(T ′, x)e2sϕ(T ′,x) dx.

B Proof of Lemma 2.3.1

Using the equation satisfied by yk

ykt − dk(a(x)ykx)x +

k∑
j=1

bkjyj = fk

146
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and integrating by parts, we obtain

K1 =

∫∫
Qt0

yk−1,tβkχyk dx dt

=−
∫∫
Qt0

yk−1βk,tχyk dx dt−
∫∫
Qt0

yk−1βkχyk,t dx dt

=−
∫∫
Qt0

yk−1βk,tχyk dx dt+

∫∫
Qt0

yk−1βkχ (a(x)yk,x)x dx dt

−
k∑
j=1

∫∫
Qt0

yk−1βkχbk,jyj dx dt−
∫∫
Qt0

yk−1βkχbk,k+1yk+1 dx dt

+

∫∫
Qt0

yk−1βkχfk dx dt =

5∑
i=1

K
(i)
1 .

Recalling that βk = slθle2sΦk , we have that there exists C > 0 such that |βk,t| 6 Csl+1e2sΦkθl+1.
Thus, using Young’s inequality, we obtain∣∣∣K(1)

1

∣∣∣ =
∣∣∣ ∫∫

Qt0

yk−1βk,tχyk dx dt
∣∣∣

6 Csl+1

∫∫
Qt0

e2sΦkθl+1χ|yk−1yk| dx dt

6 C

∫∫
Qt0

(
s3/2esϕθ3/2|yk|

√
χ · 2ε

C
· x

2

a(x)

)

×

(
sl−1/2es(2Φk−ϕ)θl−1/2|yk−1|

√
χ · C

2ε
· a(x)

x2

)
dx dt

6 εs3

∫∫
Qt0

e2sϕθ3χ
x2

a(x)
y2
k dx dt+

C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χ
a(x)

x2
y2
k−1 dx dt.

Using the fact that suppχ ⊂ O0 and hence
a(x)

x2
is bounded on O0, it follows that

∣∣∣K(1)
1

∣∣∣ 6 εs3

∫∫
Qt0

e2sϕθ3χ
x2

a(x)
y2
k dx dt+

C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χy2
k−1 dx dt. (B.1)

Integrating by parts in K
(2)
1 , we obtain

K
(2)
1 =−

∫∫
Qt0

βkχyk−1,xa(x)yk,x dx dt︸ ︷︷ ︸
J1

−
∫∫
Qt0

yk−1χβk,xa(x)yk,x dx dt︸ ︷︷ ︸
J2

−
∫∫
Qt0

yk−1βkχxa(x)yk,x dx dt︸ ︷︷ ︸
J3

.

Once again, using Young’s inequality, we get

J1 6 C

∫∫
Qt0

sle2sΦkθlχ1/2yk−1,xa(x)yk,x dx dt

6 εs

∫∫
Qt0

e2sϕθa(x)y2
k,x dx dt+

C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χa(x)y2
k−1,x dx dt
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and observing that |βk,x| 6 Csl+1θl+1e2sΦk , and χ(x)a(x) 6 C
√
χa(x) on O0, one has

J2 6 C

∫∫
Qt0

sl+1e2sΦkθl+1
√
χa(x)yk−1yk,x dx dt

6 εs

∫∫
Qt0

e2sϕθa(x)y2
k,x dx dt+

C

ε
s2l+1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l+1χy2
k−1 dx dt.

For the term J3, having in mind facts that a(x) 6 C
√
a(x) on O0 and

χx√
χ
∈ L∞(0, 1), we

obtain

J3 6 C

∫∫
Qt0

sle2sΦkθl
√
χa(x)yk−1yk,x dx dt

6 εs

∫∫
Qt0

e2sϕθa(x)y2
k,x dx dt+

C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χy2
k−1 dx dt.

Hence ∣∣∣K(2)
1

∣∣∣ 63εs

∫∫
Qt0

e2sϕθa(x)y2
k,x dx dt+

C

ε

(
s2l+1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l+1χy2
k−1 dx dt

+s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χa(x)y2
k−1,x dx dt

)
. (B.2)

For the term K
(3)
1 , we have

∣∣∣K(3)
1

∣∣∣ 6 k−1∑
j=1

C

∫∫
Qt0

sle2sΦkθlχyjyk−1 dx dt+ C

∫∫
Qt0

sle2sΦkθlχykyk−1 dx dt

and

k−1∑
j=1

C

∫∫
Qt0

sle2sΦkθlχyjyk−1 dx dt

6
1

2
s2l−3

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−3χy2
k−1 dx dt+ C

k−1∑
j=1

s3

∫∫
Qt0

e2sϕθ3χy2
j dx dt.

Similarly,∫∫
Qt0

sle2sΦkθlχykyk−1 dx dt 6εs
3

∫∫
Qt0

e2sϕθ3χ
x2

a(x)
y2
k dx dt

+
1

4ε
s2l−3

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−3χ
a(x)

x2
y2
k−1 dx dt.

Therefore

K
(3)
1 6εs3

∫∫
Qt0

e2sϕθ3χ
x2

a(x)
y2
k dx dt

+ C

(
1 +

1

ε

)
sκ1

∫∫
Qt0

e2s(2Φk−ϕ)θκ1χy2
k−1 dx dt

+ C

k−2∑
j=1

s3

∫∫
Qt0

e2sϕθ3χy2
j dx dt, (B.3)
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where κ1 = max(3, 2l − 3).

For the last term K
(4)
1 , we have

∣∣∣K(4)
1

∣∣∣ =

∣∣∣∣∣−
∫∫
Qt0

yk−1s
le2sΦkθlχbk,k+1yk+1 dx dt

∣∣∣∣∣ 6 C

∫∫
Qt0

sle2sΦkθlχyk−1yk+1 dx dt

6 εs3

∫∫
Qt0

e2sϕθ3 x2

a(x)
χy2

k+1 dx dt+
C

ε
s2l−3

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−3a(x)

x2
χy2

k−1 dx dt.

Thus, as in K
(1)
1 , we obtain∣∣∣K(4)

1

∣∣∣ 6 εs3

∫∫
Qt0

e2sϕθ3 x2

a(x)
χy2

k+1 dx dt+
C

ε
s2l−3

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−3χy2
k−1 dx dt (B.4)

Combining (B.1)-(B.4), we end up with

|K1| 6ε
(
J (yk) + J (yk+1)

)
+ C

k−2∑
j=1

s3

∫∫
Qt0

e2sϕθ3χy2
j dx dt

+ C

(
1 +

1

ε

)
sκ2

∫∫
Qt0

e2s(2Φk−ϕ)θκ2χy2
k−1 dx dt

+
C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χa(x)y2
k−1,x dx dt (B.5)

where κ2 = max(3, 2l + 1).
Going back to the term K2, one has

K2 =

∫∫
Qt0

dk−1 (a(x)yk−1,x)x βkχyk dx dt

= −
∫∫
Qt0

dk−1a(x)yk−1,x (βkχ)x yk dx dt︸ ︷︷ ︸
K

(1)
2

−
∫∫
Qt0

dk−1a(x)yk−1,xβkχyk,x dx dt︸ ︷︷ ︸
K

(2)
2

.

Taking into account the fact that |(βkχ)x| 6 Csl+1θl+1e2sΦkχ1/2 and that the functions a and
a

x2
are bounded on O0, we find that

∣∣∣K(1)
2

∣∣∣ 6C ∫∫
Qt0

sl+1θl+1e2sΦkχ1/2yk−1,xyk dx dt

6εs3

∫∫
Qt0

e2sϕθ3 x2

a(x)
y2
k dx dt+

C

ε
s2l−1

∫∫
Qt0

θ2l−1e2s(2Φk−ϕ)a(x)χy2
k−1,x dx dt.

Analogously, ∣∣∣K(2)
2

∣∣∣ 6εs ∫∫
Qt0

θa(x)χe2sϕy2
k,x dx dt

+
C

ε
s2l−1

∫∫
Qt0

a(x)θ2l−1e2s(2Φk−ϕ)χy2
k−1,x dx dt.

Therefore,

|K2| 6 εJ (yk) + 2
C

ε
s2l−1

∫∫
Qt0

a(x)θ2l−1e2s(2Φk−ϕ)χy2
k−1,x dx dt. (B.6)
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For the term K3, one has

|K3| 6
k−1∑
j=1

C

∫∫
Qt0

slθle2sΦkχykyj dx dt

6 εs3

∫∫
Qt0

θ3e2sϕχ
x2

a(x)
y2
k dx dt

+
C

ε

k−1∑
j=1

s2l−3

∫∫
Qt0

θ2l−3e2s(2Φk−ϕ)a(x)

x2
χy2

j dx dt.

This yields that

|K3| 6 εs3

∫∫
Qt0

θ3e2sϕχ
x2

a(x)
y2
k dx dt+

C

ε

k−1∑
j=1

s2l−3

∫∫
Qt0

θ2l−3e2s(2Φk−ϕ)χy2
j dx dt. (B.7)

Combining (B.5), (B.6) with (B.7), we arrive at

K1 +K2 +K3 6ε(J (yk) + J (yk+1)) +K
(5)
1 + C

k−2∑
j=1

sl̂
∫∫
Qt0

e2sϕ̃θl̂χy2
j dx dt

+ C

(
1 +

1

ε

)
sκ2

∫∫
Qt0

e2s(2Φk−ϕ)θκ2χy2
k−1 dx dt

+
C

ε
s2l−1

∫∫
Qt0

e2s(2Φk−ϕ)θ2l−1χa(x)y2
k−1,x dx dt, (B.8)

with l̂ = max(3, 2l − 3), ϕ̃ = max (ϕ, 2Φk − ϕ) and κ2 defined in (B.5).
Next, we proceed to estimate the last term in the above inequality.

Set Φ̃k = 2Φk − ϕ, multiply the equation satisfied by yk−1 by s2l−1θ2l−1χe2sΦ̃k yk−1 and
integrate over Q, it comes that∫∫

Qt0

s2l−1θ2l−1χe2sΦ̃kay2
k−1,x dx dt

=
1

dk−1

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃kdk−1ay
2
k−1,x dx dt

=
1

2dk−1

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃ka(y2
k−1)t dx dt

− 1

dk−1

∫∫
Qt0

bk−1,ks
2l−1θ2l−1χe2sΦ̃kyk−1yk dx dt

−
k−1∑
j=1

1

dk−1

∫∫
Qt0

bk−1,js
2l−1θ2l−1χe2sΦ̃kyjyk−1 dx dt

− 1

dk−1

∫∫
Qt0

(
s2l−1θ2l−1χe2sΦ̃k

)
x
yk−1dk−1ayk−1,x dx dt

− 1

dk−1

∫∫
Qt0

fk−1s
2l−1θ2l−1χe2sΦ̃kyk−1 dx dt

=
5∑
j=1

Hj .

Observe that ∣∣∣∂t (s2l−1θ2l−1χe2sΦ̃k
)∣∣∣ 6 Cs2l+1θ2l+1χe2sΦ̃k
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for some positive constant C. Hence

|H1| 6 C

∫∫
O1×(0,T )

s2l+1θ2l+1e2sΦ̃ky2
k−1 dx dt. (B.9)

Again, by Young’s inequality one has

|H2| =

∣∣∣∣∣ 1

dk−1

∫∫
Qt0

bk−1,ks
2l−1θ2l−1χe2sΦ̃kyk−1yk dx dt

∣∣∣∣∣
6 C

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃kyk−1yk dx dt

6 C

∫∫
Qt0

(√
2ε

C
s

3
2 θ

3
2
√
χesϕ

√
x2

a
yk

)

×

(√
C

2ε
s2l− 5

2 θ2l− 5
2
√
χes(2Φ̃k−ϕ)

√
a

x2
yk−1

)
dx dt

6 ε

∫∫
Qt0

s3θ3e2sϕχ
x2

a
y2
k dx dt+

C

ε

∫∫
Qt0

s4l−5θ4l−5χe2s(2Φ̃k−ϕ) a

x2
y2
k−1 dx dt.

Hence

|H2| 6 ε

∫∫
Qt0

s3θ3e2sϕχ
x2

a
y2
k dx dt+

C

ε

∫∫
Qt0

s4l−5θ4l−5χe2s(2Φ̃k−ϕ)y2
k−1 dx dt. (B.10)

Proceeding as above we can see that

|H3| 6
k−2∑
j=1

C

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃kyjyk−1 dx dt

+ C

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃ky2
k−1 dx dt

6
k−2∑
j=1

C

∫∫
Qt0

(√
2ε

C
sl−

1
2 θl−

1
2
√
χesϕyj

)(√
C

2ε
sl−

1
2 θl−

1
2
√
χes(2Φ̃k−ϕ)yk−1 dx dt

)

+ C

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃ky2
k−1 dx dt

6
k−2∑
j=1

ε

∫∫
Qt0

s2l−1θ2l−1χe2sϕy2
j dx dt+

C

ε

∫∫
Qt0

s2l−1θ2l−1χe2s(2Φ̃k−ϕ)y2
k−1 dx dt

+ C

∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃ky2
k−1 dx dt. (B.11)

Now, observe that
∣∣∣(s2l−1θ2l−1χe2sΦ̃k

)
x

∣∣∣ 6 Cs2lθ2le2sΦ̃k on O0 × (0, T ), hence

|H4| 6
∫∫
Qt0

∣∣∣(s2l−1θ2l−1χe2sΦ̃k
)
x
yk−1ayk−1,x

∣∣∣ dx dt
6 C

∫∫
O1×(0,T )

s2lθ2le2sΦ̃kyk−1

√
ayk−1,x dx dt

6
1

2

∫∫
O1×(0,T )

s2l−1θ2l−1e2sΦ̃kay2
k−1,x dx dt

+ C

∫∫
O1×(0,T )

s2l+1θ2l+1e2sΦ̃ky2
k−1 dx dt. (B.12)
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Since Φ̃k ≤ 2Φ̃k − ϕ, it comes from (B.9)-(B.12) that∫∫
Qt0

s2l−1θ2l−1χe2sΦ̃kay2
k−1,x dx dt

6 C

(
1 +

1

ε

)∫∫
Qω′

sJθJe2s(2Φ̃k−ϕ)y2
k−1 dx dt+ ε

∫∫
Qt0

s3θ3e2sϕχ
x2

a
y2
k dx dt

+
k−2∑
j=1

ε

∫∫
Qt0

s3θ3χe2sϕy2
j dx dt+

1

dk−1

∫∫
Qt0

∣∣fk−1s
2l−1θ2l−1χe2sΦ̃kyk−1

∣∣ dx dt, (B.13)

where J = κ2 = max(3, 2l + 1, 4l − 5).

Observing that Φk−1 −
(

2Φ̃k − ϕ
)

= −2ϕ > 0, it follows that

2Φ̃k − ϕ ≤ Φk−1 and ϕ̃ ≤ Φk−1.

Finally, from (B.8) and (B.13), we deduce that

K1 +K2 +K3 6ε
(
J (yk) + J (yk+1)

)
+ C

k−2∑
j=1

sl̂
∫∫
O0×(0,T )

e2sΦk−1θl̂y2
j dx dt

+ C

(
1 +

1

ε

)
sJ
∫∫
O0×(0,T )

e2sΦk−1θJy2
k−1 dx dt

+

∫∫
Qt0

∣∣yk−1s
lθle2sΦkχfk

∣∣ dx dt
+ C

∫∫
Qt0

∣∣fk−1s
2l−1θ2l−1χe2sΦk−1yk−1

∣∣ dx dt, (B.14)

where we have used the fact that Φ̃k ≤ Φk−1. This completes the proof of (2.3.40).

C Caccioppoli’s inequality

In this section, we will prove the Caccioppoli’s inequality (2.3.15) for an inhomogeneous degen-
erate parabolic equation. Note that, this inequality is different from the one shown in [5] for the
homogeneous case.

Proof of Lemma 2.3.1. Define a smooth cut-off function τ ∈ C∞(0, 1) such that 0 ≤ τ ≤ 1 in
(0, 1), supp(τ) ⊂ ω′ and τ ≡ 1 on ω′′. Since y solves (2.3.2), we have

0 =

∫ T

t0

d

dt

(∫ 1

0
τ2y2e2sφ dx

)
dt

= 2s

∫∫
Qt0

τ2φty
2e2sφ dx dt+ 2

∫∫
Qt0

(
d
(
a(x)yx

)
x

+ f
)
τ2ye2sφ dx dt.

Then, integrating by parts and using the fact that d > 0, we find∫∫
Qt0

aτ2y2
xe

2sφ dx dt = s

∫∫
Qt0

τ2

d
φty

2e2sφ dx dt+
1

2

∫∫
Qt0

(
(e2sφτ2)xa

)
x
y2 dx dt

+

∫∫
Qt0

τ2

d
fye2sφ dx dt.
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Since τ is supported in ω′, τ ≡ 1 in ω′′, |θ̇| ≤ Cθ2, a ∈ C1(ω′), min
x∈ω′′

a(x) > 0 and % ∈ C2(ω′)

then, using Young’s inequality one obtains

min
x∈ω′′
{a(x)}

∫∫
ω′′t0

y2
xe

2sφ dx dt ≤
∫∫
Qt0

aτ2y2
xe

2sφ dx dt

≤ C

(∫∫
ω′t0

(
s|θ̇|+ s2θ2

)
y2e2sφ dx dt

+

∫∫
ω′t0

f2e2sφ dx dt+

∫∫
ω′t0

y2e2sφ dx dt

)

≤ C
∫∫
ω′t0

(
f2 + s2θ2y2

)
e2sφ dx dt

and the proof is complete.



Conclusion and perspectives

In this thesis, we have studied the following problems:
In Chapter 2, we addressed the question of Lipschitz stability regarding the inverse prob-

lem of retrieving, simultaneously, n source terms in a coupled system of n ≥ 2 degenerate
parabolic equations by means of measurements of one component of the solution. Such a result
is derived employing an appropriate Carleman estimate with one locally distributed observation.

In Chapter 3, we treated the distributed controllability for a coupled system of degenerate
parabolic equations with singular potentials. The main particularity is the fact that the coupling
is also done in the singular terms. By means of a Carleman inequality with only one observa-
tion for the problem under analysis, we obtained the null controllability employing one single
distributed control supported in a suitable open subset of the domain.

In Chapter 4, we provided a sufficient condition on the null controllability of an integro-
differential degenerate parabolic equation. In particular, we have shown that, by assuming an
exponential decay in time on the kernel memory at the end of the time horizon [0, T ], the null
controllability holds. Besides this, from the result in [110], it is clear that nontrivial constant
kernels cannot be handled when dealing with controllability problems for memory systems of type
(4.1.1). Instead, some additional assumption has to be imposed. In this work, we considered
kernels depending on space and time variables. Nevertheless, we do not know whether the
proposed decaying condition is the best possible or if, instead, sharper results can be proved.

In Chapter 5, we provided necessary and sufficient conditions for the approximate and null
controllability properties of a linear coupled system of two degenerate parabolic equations when
a control force acts on a part of the boundary. As a consequence and unlike the scalar case,
we infer that the distributed and boundary null controllability properties of coupled degenerate
parabolic systems are in general not equivalent. Indeed, Kalman rank condition is a necessary
condition for the controllability of both systems but is not a sufficient condition for the boundary
controllability problem.

In Chapter 6, we have established the approximate and null controllability properties of the
one-dimensional degenerate heat equation with a pointwise control. In this setting, the posi-
tion of the control force and the rate of degeneracy α can have an important influence on the
controllability properties of the control system. Notably, we showed that a minimal time of
pointwise null controllability, T0 ∈ [0,+∞], arises in such a way that the underlying equation is
null controllable at time T if T > T0 and is not when T < T0.

In the following, we present some perspectives that are somehow linked with the topics we
have addressed in this thesis.

1) Controllability of a coupled system with different diffusion coefficients

In this work, we have addressed the controllability issue of coupled parabolic systems involving
the same diffusion coefficients. The same problem would be of interest in the case of different
diffusion coefficients.

154
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• Distributed control

Let us consider the following distributed controlled system:

y1t − (k1(x)y1x)x + a11y1 + a12y2 = 1ωu, in Q,
y2t − (k2(x)y2x)x + a22y2 + a21y1 = 0, in Q,
yi(t, 1) = 0, i = 1, 2, t ∈ (0, T ),{

yi(t, 0) = 0, (WD)

(kiyix)(t, 0) = 0, (SD)
i = 1, 2, t ∈ (0, T ),

yi(0, x) = y0i(x), i = 1, 2, in (0, 1),

(.1)

where ω is an open subset of (0, 1), the coefficients aij ∈ L∞(Q), i, j = 1, 2, u ∈ L2(Q) is
the control force, k1, k2 are two diffusion coefficients vanishing at the extremity x = 0 and
(y01, y02) ∈ L2(0, 1)2.

The first results on null controllability of the coupled parabolic system (.1) have been
established in [61]. The authors concern mainly the case where k1 = k2 and with particular
coupling terms:

a12 = 0 in Q and a21 = 1O (.2)

for some non empty open set O b (0, 1) satisfying O ∩ ω 6= ∅. Then, the previous results
have been extended by Hajjaj et al. in [3] to the case where the system (.1) has a cascade
structure, i.e., a12 = 0, with different diffusion coefficients. To this aim, the authors
apply the Carleman estimates developed for a single equation in [5], with suitable weight
functions, for the two degenerate equations of the associated adjoint system to (.1) for
proving the null controllability result.

Later on, the non-cascade version of the system (.1) has been considered in [2]. In partic-
ular, the authors consider the special diffusion coefficients ki(x) := xαi , being αi ∈ [0, 1),
or the so-called weakly-weakly degenerate systems, under Dirichlet boundary conditions
and prove that the null controllability holds. Their approach is based on the use of new
global Carleman estimates with an appropriate weight function. Nevertheless, the pro-
posed weight function is no longer suitable for the strongly degenerate setting and, con-
sequently, the extension of such a controllability result to the weakly-strongly or strongly-
strongly degenerate parabolic systems are completely open. We refer to [2, Section 7] for
further discussions on this issue.

• Boundary control

Now, let us consider the following boundary controlled system:

y1t − d1(xα1y1x)x + b11y1 + b12y2 = 0, in Q,
y2t − d2(xα2y2x)x + b22y2 + b21y1 = 0, in Q,
y1(t, 1) = v(t), y2(t, 1) = 0, t ∈ (0, T ),{

yi(t, 0) = 0, 0 ≤ α < 1

xαiyix(t, 0) = 0, 1 ≤ α < 2
i = 1, 2, t ∈ (0, T ),

yi(0, x) = y0i(x), i = 1, 2, in (0, 1),

(.3)

where d1, d2 > 0, 0 ≤ α1, α2 < 2, the coefficients bij ∈ R, i, j = 1, 2, (y01, y02) ∈ L2(0, 1)2

is the initial condition and v ∈ L2(0, T ) is a scalar control force.

The boundary controllability of coupled degenerate parabolic systems like (.3) is completely
open when α1 6= α2.

We will present here a simple example which shows that when the diffusion coefficients
are not similar, the situation can be much more complex and unnatural difficulties arise
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when we try to control a coupled system of two degenerate parabolic equations form the
boundary.

We will be concerned with the non-degenerate cascade version of (.3). More precisely, we
consider the situation where α1 = α2 = 0, b21 = 1 and b11 = b12 = b22 = 0, namely

y1t − d1y1xx = 0, in Q,
y2t − d2y2xx + y1 = 0, in Q,
y1(t, 1) = v(t), y2(t, 1) = 0 t ∈ (0, T ),
y1(t, 0) = y1(t, 0) = 0, t ∈ (0, T ),
y1(0, x) = y01(x), y2(0, x) = y02(x) in (0, 1).

(.4)

In [88] it is shown that the system (.4) is approximately controllable at any positive time
T > 0 if and only if the square root of d1/d2 is an irrational number, i.e.,√

d1/d2 6= Q.

On the other hand, the boundary null controllability property holds if the control time T
is greater than a minimal time T0 ∈ [0,+∞] which depends on the diffusion constants d1

and d2. Otherwise, the null controllability fails.

Moreover, using the Diophantine approximation theory, in [16], the authors proved that,
it is possible to select two positive numbers d1 and d2 for which the system under consid-
eration is approximately controllable at any time T > 0 and never null controllable (i.e.,
T0 = +∞).

To the best of our knowledge, the previous result has never been extended to the context
of a coupled degenerate system of the form (.3).

Hence, as the first step in this direction, we suggest a coupled system of degenerate-
nondegenerate parabolic equations. This and other related questions are being considered
and will be addressed elsewhere.

2) Boundary control of a degenerate/singular parabolic system

Let us consider the following degenerate/singular parabolic equation:
yt − (xαyx)x −

λ

x2−α y = 0, in Q,

y(t, 0) = v(t), y(t, 1) = 0, t ∈ (0, T ),
y(0, x) = y0(x), in (0, 1),

(.5)

where y0 ∈ L2(0, 1) is the initial data, 0 ≤ α < 1 and λ ≤ (1− α)2/4 are two real parameters.
In [36], Biccari et al. analyzed the null controllability of the degenerate/singular parabolic

equation (.5) when a scalar control force acts at the degenerate point x = 0. Through the
classical moment method, the authors show that this equation is null-controllable. They also
provide suitable estimates for the control cost.

Following [88], since we have explicit knowledge of the spectrum of the operator −(xαyx)x−
λ

x2−α y, we believe that the moment method could also be used for analyzing boundary control-

lability for a coupled system of two degenerate/singular parabolic equations.

3) Control of a degenerate/singular system involving first-order terms

As in [108], we believe that the results found in Chapter 3 could be extended to more general
cascade systems by introducing first-order coupling terms. However, the employment of a weight
function for the Carleman inequality for the degenerate/singular part and a classical weight for
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the classical parabolic equation is not of use in this situation. We think that the weight function
introduced in [60] (see also [92]) could be used for analyzing controllability properties of a
degenerate/singular system involving coupling terms of first-order.

4) Bilinear control

The focus of this thesis was the controllability of degenerate systems via boundary, pointwise
and interior locally distributed controls that enter the model as an additive term describing the
effect of some external forces on the process at hand. However this is not always realistic to act
on the system in such a way. In the spirit of the works [94, 122, 157], it would be interesting to
study the problem of bilinear or multiplicative controllability for this class of systems.

5) On the minimal time of pointwise null controllability

In Chapter 6, we have shown that system (6.1.1) is null controllable if and only if the control
time T is greater than a minimal time T (b, α) ∈ [0,+∞]. However, we do not know, if for a
given T ∗ ∈ [0,+∞], one can find some α ∈ (0, 2) and b ∈ (0, 1) satisfying (6.3.5) and so that
T (b, α) = T ∗. We point out that, this problem was completely solved for the peculiar case α = 0
(i.e. the nondegenerate heat equation) (see [16, 77]). In particular, it has been proved that:
for any T ∗ ∈ [0,+∞], there exists b ∈ (0, 1) satisfying b /∈ Sν0 := Q ∩ [0, 1] such that

T (b, 0) = T ∗.

In fact, the authors proved that the minimal time T (b, 0) strongly depends on the Diophantine
approximation properties of the irrational number b. The situation is completely different in the
case where 0 < α < 2, since in this framework the set

Sνα =
{( jνα,k

jνα,n

) 1
κα , n > k ≥ 1

}
may contain booth rational and irrational numbers and then the approach used in the previous
papers is not suitable anymore. Therefore, the extension of such a result to the degenerate
setting requires new ideas and more investigation on the theory of zeros of Bessel functions.

6) Memory-type null controllability

We recall that, in the context of the parabolic equation without memory, once there exists a
control function acting on a control region ω ⊂ (0, 1) that drives the system from an initial state
y0 to the equilibrium at time t = T , i.e., y(T, ·) = 0, we can stop controlling, by setting u ≡ 0
for t ≥ T , and the underlying system naturally stays at rest for all t ≥ T , i.e.,

y(t, ·) = 0, ∀ t ≥ T.

Unfortunately, this is not the case for the parabolic equation with memory like (4.1.1). Indeed,

due to the effect of the accumulated memory at time t = T , i.e.,

T∫
0

b(T, s, ·)y(s, ·) ds, the null

state of this system at T cannot be kept for t ≥ T in the absence of control function.
Hence, it could be of interest to consider a more general concept of null controllability for a

system of type (4.1.1). In particular, we look for a control function that drives both the state
and the memory term to 0 at time t = T .

This problem has been addressed by S. Ivanov and L. Pandolfi in [118] for the parabolic
equation with memory and through a distributed control:

yt − yxx =

∫ t

0
b(t− s)yxx(s)ds+ 1ωu, (t, x) ∈ Q.
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In [118], it is proved that this system cannot be controlled to rest for large classes of memory
kernels and controls. In fact, the presence of the memory terms makes the controllability of this
system to be impossible if the control is located in a fixed subset ω.

On the other hand, to obtain controllability result as explained in [66] and [67], the support
of the control function needs to move to cover the domain where the equation evolves in the
control time horizon. We refer to [66] where this problem is discussed in the context of the heat
equation. The extension to the degenerate problem is the subject of future work.

7) Other inverse problems

In this thesis, we have addressed an inverse problem that consists of the identification of source
terms. However, other types of inverse problems could be considered. For instance, in the con-
text of the uniformly parabolic equation, the inverse problem concerning the identification of the
initial conditions has been established in [148], whereas [74] provide a simultaneous reconstruc-
tion of one coupling terms and initial conditions from a single local observation of the solution
of a coupled system of two parabolic equations. In the context of degenerate systems, only a
few results are known. For instance, J. Tort [154] established the inverse problem of retrieving
the diffusive constant in a degenerate parabolic equation.

Therefore, the extension of all the previous results to the context of degenerate or degener-
ate/singular scalar and coupled parabolic systems become, in our opinion, is a very interesting
issue.

Finally, it would certainly be interesting to establish numerical reconstruction problems like
the one considered in [131] in the context of the uniformly parabolic equation. See also [68], where
the authors introduce a non-iterative method for recovering the space-dependent source and the
initial data simultaneously in a parabolic equation from two over-specified measurements. The
first attempts in the degenerate setting can be found in [8, 20, 21].
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[28] J. Bebernes and D. Eberly, Mathematical Problems from Combustion Theory, Math. Sci.,
Vol. 83, Springer-Verlag, New York, 1989.

[29] M. Bellassoued and M. Yamamoto, Carleman estimates and applications to inverse problems
for hyperbolic systems. Springer Japan KK, 2017.

[30] M. Bellassoued and M. Yamamoto, Carleman estimates and an inverse heat source problem
for the thermoelasticity system, Inverse Problems, 27 (2011), Article ID 015006.

http://hal.archivesouvertes.fr/hal-00290867/fr/


BIBLIOGRAPHY 161
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[132] J.L. Lions, Contrôlabilité exacte perturbations et stabilisation de sysétmes distribués.
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