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ABSTRACT

The aim of this work is specifically the study of some kinds of nonlinear elliptic and parabolic partial
differential equations. More precisely, this work is organized in two parts. In the first part we investigate
the existence and multiplicity of solutions for some class of elliptic equations. Firstly, we deal with a
problem related to the p-Laplacian operator with a p-gradient term and a Dirichlet boundary condition
type. Secondly, we deal with a problem involving a more general operator with a potential, and a source
term that does not satisfy the well known Ambrosetti-Rabinowitz condition. In the second part, we
study the asymptotic behavior of some parabolic equations. The first subject, concerns mainly the study
of some doubly nonlinear parabolic problems associated with a nonlinear boundary condition. In the
second subject, we deal also with parabolic equations, we show the existence of periodic solutions for a
fairly general problem associated with an operator in divergence form of Leary-Lions type with variable
exponent.

Keywords: p-Laplacian; Ambrosetti-Rabinowitz condition; variable exponent; doubly nonlinear equa-
tion; periodic solutions.



RESUME

L’objectif de ce travail est d’apporter une certaine contribution a 'étude de quelques problemes non
linéaires de type elliptique ou parabolique. Plus précisément, ce travail est organisé en deux parties. La
premiere partie est consacrée a 1'étude de l'existence et de la multiplicité des solutions pour certaines
classes d’équations elliptiques. Dans un premier temps, nous étudions un probléme lié a 1'opérateur p-
Laplacien avec croissance d’ordre p en le gradient et une condition aux limites de type Dirichlet. Nous
étudions ensuite un probleme faisant intervenir un opérateur assez général avec un potentiel et un terme
source qui ne vérifie pas la condition d’Ambrosetti-Rabinowitz. Dans la seconde partie, nous étudions
le comportement asymptotique de quelques équations de type parabolique. Le premier sujet, concerne
principalement 1’étude de problémes paraboliques doublement non linéaires avec une condition aux
limites de type non linéaire. Restant dans le cadre des équations paraboliques, nous montrons dans le
deuxiéme sujet, I’existence de solutions périodiques pour un probleme assez général associé a un opé-
rateur sous forme divergentielle de type Leary-Lions a exposant variable.

Mots Clés: p-Laplacien; condition d’Ambrosetti-Rabinowitz ; exposant variable ; équation doublement
non linéaire ; solutions périodiques;
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RESUME DE LA THESE

Cette these concerne 1’étude de certains équations aux dérivées partielles non linéaires de type ellip-
tique ou parabolique. Les problemes que nous avons étudiés dans ce travail comportent des opérateurs
de type divergentiel. De tels opérateurs apparaissent dans de nombreux modeles cinétiques de réactions
chimiques, de dynamique des populations, de physique des plasmas ainsi que dans certains modeles
d’écoulement de fluides non newtoniens.

Avant de faire une présentation des résultats que nous avons obtenus, nous signalons que le Chapitre[T]
(les espaces de Lebesgue-Sobolev a exposant variables) et le Chapitre[2|(les espaces de Musielak-Sobolev)
ont été consacrés aux différents rappels nécessaires a une bonne lecture du reste de la these.

Résumé du chapitre 3 :

Soit ) un domaine ouvert borné dans RN (N > 3) avec une frontiere assez réguliére. Dans ce chapitre
nous nous sommes intéressés au probleme elliptique suivant
—Apu = c(x)|ulT'u+ pu|VulP + h(x)  dans Q,
(P)q
u=20 sur dQ),

ott Apu := div(|Vu|P~2Vu) est I'opérateur p-Laplacien avec 1 < p < N. Nous étudions ce probleme sous
les hypotheses suivantes

¢, h appartiennent a L¥(Q) pour un certains k > %, h change de signe,
cz0 ppdans Q,9 >0, ety € R*.

Dans la littérature, il existe de nombreux résultats concernant I’existence, 1'unicité et la multiplicité des
solutions pour des modeles comme (P) sous diverses hypothéses sur ¢, h, g et u. Nous renvoyons le
lecteur a [29, 62, 61] pour quelques résultats importants liés au résultat principal de la présente étude
(voir aussi l'introduction du Chapitre B). Nos résultats completent et étendent certains des résultats des
études citées ci-dessus.

Le but principal de ce chapitre est de montrer I'existence au moins deux solutions faibles bornées pour
le probleme (P) sous ’hypothese (H). Pour atteindre cet objectif, nous utiliserons une approche varia-
tionnelle qui est 'un des moyens les plus utilisés pour traiter les problémes elliptiques. Précisément, nous
appliquerons le théoreme du Col (pour la premiere solution) et I’argument standard de semi-continuité
inférieure (pour la deuxieme solution). Afin de pouvoir appliquer ces derniers théoréemes, nous aurons
besoin, en principe, d"une formulation variationnelle (a savoir un probléeme dont les solutions peuvent
étre obtenues en tant que points critiques d"une fonctionnelle associée). Cependant, en raison de la pré-
sence du terme p-gradient, c’est-a-dire | Vu|?, notre probléeme (P) n’a pas de formulation variationnelle.
Donc, pour surmonter cette difficulté, nous effectuons le changement de variable bien connu de Kazdan-

Kramer, & savoir, v = (e —1)/p ot u > 0 (pour y < 0, nous changeons u par (—u) dans (P), ce qui
nous ramene comme au premier cas). Apreés un calcul simple, nous obtenons un nouveau probleme (P’)



RESUME DE LA THESE

équivalent a (P), donné comme suivant

(P') {—Apv =c(x)g(v) + h(x)f(v) inQ,

v=0 on 0Q),
ou
g(s) = w(l 4+ us)P " HIn(1 + pus) |7 In(1 + ps), avecs > _;41, (0.1)
et . pi
fs) = m- (0.2)

Par conséquent, nous pouvons associer a (P) une fonctionnelle d’énergie Z définie par :
1
Iv:—/VUP—/chv—/hva, 0.3
@ = [ 1Vol7 = [ ex)G(o) - [ nwFG ©03)

avec G(s) = fos g(t)dt et F(s) = fos f(t)dt. Désormais, chercher les solutions faibles bornées du probleme
(P") revient exactement a chercher les points critiques de sa fonctionnelle d’énergie Z. Il est a noter que,
selon le fameux papier d’Ambrosetti et Rabinowitz [§], I'étape majeure pour appliquer le théoréeme du
Col est de montrer que la fonctionnelle 7 satisfait la condition de Palais-Smale au niveau ¢ (voir Définition
B.3); et ceci est lié directement & la condition d’Ambrosetti-Rabinowitz ((A-R)), & savoir

ilexiste 8 > p et so >0 tel que 0 < 0G(s) < sg(s), tandis que |s| > sp.

Malheureusement, cette condition (A-R) est quelque peu restrictive, car elle exclut de nombreuses non-
linéarités ¢ comme dans notre cas ici (voir (0.1)). Pour cette raison, plusieurs recherches ont été réalisées
afin de surmonter la condition (A-R) (voir [28,[101} 78,150, 60]) ; et c’est dans ce cadre que s’inscrit l'un des
objectifs de la présente étude. Par conséquent, dans ce travail, nous utiliserons une condition assez faible
que la condition (A-R). Autrement dit, le point clé pour établir la condition de Palais-Smale au niveau ¢
est de montrer que la non-linéarité g satisfait une condition de type non quadraticité a I'infini (en anglais
nonquadraticity condition at infinity) a savoir

(NQ) H(s) =g(s)s — pG(s) — +o00, quant s — +oo.

Nous signalons aussi que puisque la fonction & change de signe, alors la réalisation de la condition de
Palais-Smale au niveau ¢ est plus délicate (voir [51}62]]).

Résumé du chapitre 4 :
Soit O C RN(N > 2) un domaine ouvert borné de frontiere assez réguliere. Soit ¢ : Q x [0, +-00) —

[0, +00) une fonction de Carathéodory telle que, pour tout x € (), nous avons :

(¢) $(x,0) =0, ¢(x,t).t eststrictement croissante,
$(x,t).t >0, Vi >0 et ¢(x,t).t — +oo quand t — +oo.

Dans ce chapitre, nous étudions le probleme elliptique quasi-linéaire suivant

—div(p(x, [Vu|)Vu) + V() |[u|T82y = f(x,u) inQ,
(P) u=20 on 0()

ot1 V est un potentiel appartenant a L) (), g et s : Q — (1, 00) sont des fonctions continues et f : () x
R — Rest une fonction de Carathéodory qui satisfait certaines conditions de croissance bien appropriées.

7
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Concernant les hypotheses précises sur les fonctions g, s, f et V nous renvoyons le lecteur au Chapitre 4
Section 4.2l

Le probleme (P) apparait dans plusieurs branches de la physique mathématique et a été étudié de
maniere approfondie ces dernieres années. Du point de vue de la motivation, ce probléeme a ses origines
dans des sujets d’actualité briilants comme le traitement d’image et les fluides électrorhéologiques. Pour
plus de détails sur ces deux applications, nous renvoyons le lecteur au Chapitre [T} Section[1.2}

L'opérateur divergentiel "div(¢(x, |Vu|)Vu)" intervenant dans (P) généralise plusieurs opérateurs
bien connus dans la littérature. On citera, a titre d’exemple les cas suivants : ¢(x, t) = t7 (x)le ol p est une
fonction continue sur Q) avec la condition min, . p(x) > 1, alors I'opérateur "Dyt i= div(|Vul? VN
est le p(x)-Laplacien. Ce dernier opérateur est une généralisation naturelle de 1'opérateur p-Laplacien,
a savoir, Ayu := div(|Vu|P~2Vu) ot p > 1 est un réel. On peut également citer deux opérateurs tres
intéressants : 'opérateur a double phase lorsque ¢(x,t) = tP~2 + a(x)t12 (ou1 p et q sont des réels) et
l'opérateur a double phase a exposant variable dans le cas ot ¢(x,t) = P2 4+ a(x)t1)=2 (o1 p et q
sont des fonctions).

Récemment, il y a eu un grand nombre des travaux dédiés a 1’étude de I’existence et la multiplicité des
solutions faibles pour des problemes de type (P). Pour quelques résultats importants liés a cette présente
étude, nous renvoyons le lecteur a [2, 24, 26, 43, 53, 52, [70, [73] (voir aussi I'introduction du Chapitre @)
Apres une étude approfondie de la littérature liée au sujet, les résultats qui ont été obtenus peuvent étre
résumés en deux axes : i) V = 0 et f avec ou sans la condition (A-R), ii) V # 0 et f avec ou sans la
condition (A-R). Pour le premier axe, les problemes étudiés ont été considérés dans un cadre fonctionnel
plus général (les espaces de Musielak-Sobolev), tandis que, pour le deuxieme axe ont été considérés dans
un cadre fonctionnel assez particulier (les espaces de Lebesgue-Sobolev a exposant variable). Par consé-
quent, parmi les principales motivations de notre étude actuelle est de considérer a la fois le potentiel
V # 0 et la non-linéarité f sans la condition (A-R) pour le probleme quasi-linéaire (P) dans le cadre
fonctionnel d’espace de Musielak-Sobolev. 11 est a noter que 1'intérét d’abandonner la condition (A-R) a
été expliqué dans le résumé précédent.

L'objectif de ce chapitre est de montrer 1’existence de solutions faibles pour le probleme (P). Premie-
rement, nous établissons quelques résultats techniques nécessaires pour la démonstration des théoremes
principaux de ce travail. Ainsi, en se basant sur le Théoréeme nous démontrons un résultat d'in-
jection compacte dans le cadre des espaces de Musielak-Sobolev. Deuxiemement, par utilisation de 1’ar-
gument standard de semi-continuité inférieure, nous démontrons 1’existence d’une solution faible dans
le cas ou le potentiel V change de signe et la non-linéarité f satisfait une certaine hypothese (notée (fy)
dans le Chapitre E[) Troisiemement, en se basant sur un théoréme classique des opérateurs monotones,
nous démontrons 1’existence d’une solution faible unique dans le cas ot le potentiel V est positif et la
non-linéarité f est indépendante de la seconde variable, a savoir, f(x,t) = f(x). Quatriéemement, en uti-
lisant le théoreme du Col, nous démontrons 1’existence d’une solution faible non triviale dans le cas ou
le potentiel V a un signe constant et la non-linéarité f ne vérifie pas la condition (A-R). Dans ce dernier
cas, f vérifie certaines conditions au voisinage de zéro et a 1'infini, et la principale condition (A-R) a été
remplacée par ’hypothese notée (f1) dans ce chapitre (voir aussi (f})-(f3)). Finalement, en utilisant le
théoreme de Fountain, nous démontrons ’existence d’une infinité de solutions dans le cas ot1 le potentiel
V a un signe constant et la non-linéarité f est impaire par rapport a la seconde variable ¢ et vérifie aussi
les hypotheses (f})-(f3) signalées ci-dessus.

n

Résumé du chapitre 5 :

Soit O C RN(N > 1) un domaine ouvert borné de frontiére assez réguliere. Dans ce chapitre, nous
étudions le probléme parabolique doublement non linéaire suivant

or(B(u)) — Apu+h(x,t,u) =0, dans Q) x (0,0c0),
(P)  —IVulP=255 = g(u), sur 9Q) x (0,0),
B(u(0)) = B(uo), dans Q),
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ott Apu = div(|VulP=2Vu) (1 < p < o), est l'opérateur p-Laplacien, 2 désigne la normale extérieure

a dQ) en un point x € 9}, B est une fonction continue croissante localement lipschitzienne sur R avec
B(0) = 0etuy € L*(Q) est la condition initiale. Concernant les hypotheses précises sur les fonctions & et
g nous renvoyons le lecteur au Chapitre[5| Section[5.2}

Les équations paraboliques non linéaires définies par (P), ou certains cas particuliers de celle-ci, sont
étudiées par plusieurs mathématiciens en raison de leur intérét mathématique et parce qu’elles décrivent
de nombreux phénomeénes en mécanique, physique et biologie. Pour étre plus précis, nous donnons
quelques exemples des modeles importants. Pour (1) = u, g = 0 et p = 2, le probléeme (P) s’inscrit
dans le type des équations réaction-diffusion; tandis que pour p # 2 le probleme (P) représente quelques
équations de la filtration élastique non newtonienne et les phénomenes de glaciologie (voir [63] 74, 85]).
Pour B(u) = |u|%sign(u), avecm > 1etp = 2, le probleme (P) décrit alors le flux non stationnaire &
travers un milieu poreux; alors que pour p # 2, ce probleme modélise I'écoulement polytropique non
stationnaire d"un fluide dans un milieu poreux dont la contrainte tangentielle dépend de la puissance de
la vitesse (voir [63]]). De plus, les problemes de type (P) représentent également quelques modeles d’évo-
lution d’une population biologique (voir [56, 55]). La condition de non linéarité sur le bord, a savoir,
—|Vu[P=29% = ¢(u), peut étre physiquement interprétée comme une loi de rayonnement non linéaire
prescrit a la limite du corps matériel (voir [9,69] et les références y contenues).

Dans ce travail, nous nous préoccupons de l'existence et de I'unicité des solutions bornées et de I'exis-
tence d’un attracteur global pour le probleme (P). Ici, nous nous concentrons sur une condition aux
limites non linéaire de type Neumann, car la condition aux limites de type Dirichlet a été largement
traitée dans la littérature (voir [19, 132} 36, 39]). Le but de cette présente étude est double : d"une part
donner des conditions suffisantes pour lesquelles notre probléeme (P) est globalement bien posé dans
un espace fonctionnel approprié; et d’autre part déterminer des conditions suffisantes sous lesquelles
le systeme dynamique associé a (P) admet un attracteur global compact dans L*(Q}). Pour atteindre le
premier objectif, nous montrons tout d’abord l'existence de solutions classiques apres avoir régularisé
notre probleme (P). Ensuite, afin d’étudier la convergence de ces solutions, nous montrons quelques es-
timations a priori dans des espaces fonctionnels appropriés. Finalement, inspirés par les travaux [7, 32],
nous prouvons l'unicité des solutions. Pour atteindre le deuxieme objectif, nous utilisons la théorie des
systemes dynamiques (voir [96])). Précisément, nous commencons a reformuler notre probléeme (P) en un
systéme dynamique en lui associant une famille d’opérateurs non linéaires (S(t));>o. Puis, sous quelques
hypotheses supplémentaires sur B, g et 1, nous montrons que les solutions obtenues sont holdériennes.
Ce dernier résultat nous permet de montrer que les opérateurs (S(f));>o sont uniforméments compacts
quand t est assez large, ce qui est a son tour une étape importante pour montrer 1’existence d"un attracteur
global dans L®(Q)).

Résumé du chapitre 6 :

Soit O C RN(N > 1) un domaine ouvert borné de frontiére assez réguliere et T > 0 un réel fixe. Dans
ce chapitre, nous étudions le probléeme périodique-parabolique non linéaire suivant

o+ Au = f(x,t,u,Vu) dans Q) x (0, T),

(P)Ju=0 sur 9Q) x (0,T),
u(0) = u(T) dans O,
ot Au = —div(A(:,-,u, Vu)) est un opérateur de type Leray-Lions a exposant variable qui agit d’'un

espace fonctionnel V; vers son dual topologique Vj et f est une fonction de Carathéodory, dont la crois-
sance par rapport a |Vu| est au plus d’ordre p(x) avec p(-) est fonction continue sur Q) a valeurs dans
(1,00). Pour plus de détails sur les hypotheses de A et f, nous revoyons le lecteur au Chapitre[6] Section
6.2

Les problémes non linéaires définis par (P) apparaissent dans plusieurs applications. Par exemple dans
les modeles de fluides électrorhéologiques, pour lequels il apparait un terme donné par [, |Du(x)[P¥)dx
(voir [88] ou Chapitre [T} Section[I.2). Une autre application importante concerne le cas ot f ne dépend

9
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que de (x, t) et en prenant A(x, t,s,&) = |&|P()~2F. Alors, le probleme (P) peut étre vu comme une sorte
d’équation de diffusion non linéaire dont le coefficient de diffusion prend la forme |Vu|P*)=2 (voir [6]).
Pour plus d’applications, nous renvoyons le lecteur a [104, 25].

Dans la littérature, il existe de nombreux résultats concernant I’existence et l'unicité de solutions pour
des problemes comme (P). Lorsque p(x) := p est un exposant réel, nous renvoyons le lecteur a [31} 20}
40, 54] pour quelques résultats importants. Dans le cas ot p(-) est un exposant variable, certains cas par-
ticuliers de problémes ont été étudiés par de nombreux auteurs [6} 49, 17, [102], au moyen de différentes
méthodes telles que : opérateurs sous-différentiels, méthodes de Galerkin, théorie des semi-groupes, etc.
L’objectif principal de cet présente étude est d’étendre les résultats de [40] au cas des exposants variables
en utilisant la méthode des sous et sur-solutions. Précisément, nous montrons I’existence au moins d’une
solution périodique pour le probleme (P) en supposons l'existence d’une sous et d"une sur-solution bien
ordonnées. La méthode de sous et sur-solutions, lorsqu’elle est applicable, a plus d’avantages par rapport
aux autres méthodes; par exemple : elle nous donne quelques informations sur le comportement de la
solution (explosion ou extinction) et elle détermine parfois le signe de la solution (positive ou négative).
Néanmoins, cette méthode est assez compliquée car elle nécessite de montrer I’existence de sous et des
sur-solutions bien ordonnées, ce qui n’est généralement pas facile a obtenir. En effet, dans de nombreux
cas d’application, les sous et sur-solutions sont obtenues a partir de la fonction propre associée a la pre-
miere valeur propre de certains opérateurs (par exemple le p-Laplacien). Mais, quand on traite des cas
avec des exposants variables, il est bien connu par exemple que le p(x)-Laplacien n’a pas en général une
premiére valeur propre (voir [44]) et donc, nous devons trouver une sous et une sur solution au moyen
d’autres idées (voir notre exemple d’application dans la Section [6.4).
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The study of partial differential equations (PDEs) dates from the 18th century. There is much variety of
physical models introduced in the work of Euler, Navier and Stokes (for the equations of fluid mechan-
ics), Fourier (for the heat equation), Maxwell (Maxwell’s equations for electromagnetism), Schrodinger
and Heisenberg (for the equations of quantum mechanics). The middle of the 19th century is enriched by
the work of Riemann, Poincaré and Hilbert. From there, the PDEs receive their title of nobility because
they answer many questions that scientists ask themselves. The PDEs appear also in others branches
of applications: in chemistry, biology, economics, image processing, etc... The situations depending on
time are reflected more particularly by equations of evolution taking into account any interactions be-
tween objects and events. As far as we are concerned, we deal with some kinds of nonlinear elliptic and
parabolic partial differential equations. The primary concern of the mathematician when faced with a
partial differential equation is to give it meaning in a suitable functional spaces and proving the existence,
multiplicity and uniqueness of solutions. When we study some nonlinear partial differential equations,
it is well known that we search for an appropriate functional space on which we resolve them. For ex-
ample, the p-Laplacian equations correspond to the classical Sobolev space setting; the p(x)-Laplacian
equations correspond to the Sobolev space with variable exponent setting, etc... Hence, the first and sec-
ond chapter of this thesis are devoted to the various recalls concerning some functional spaces which will
be used in the forthcoming chapters. Indeed, in the first one, we introduce Lebesgue-Sobolev spaces with
variable exponent and state some of their basic properties, such as reflexivity, separability, duality and
results concerning embeddings and density of smooth functions. These spaces appeared in the literature
in 1931 in the paper by Orlicz [84]. More precisely, Orlicz introduced the class of measurable functions

u for which fol lu(x)|P*)dx < co and suggested that a variety of results about integrable functions with
real constant p can be generalized to certain classes of functions that are integrable with a real function p.
Then, in the 1950’s, Nakano [83] developed the theory of modular function spaces, that is, the class of real
valued functions # on a domain Q) for which [ ¢(x, |u(x)|)dx < oo, where ¢ : Q) X [0, 4+00) — [0, +c0)
is a suitable function. Moreover, in the appendix [p. 284], Nakano explicitly mentioned Lebesgue spaces
with variable exponents as an example of more general spaces he considered. The major step in the
investigation of Lebesgue spaces with variable exponents appeared in the early 1990s by the work of Ko-
vacik and Rakosuik [66]. It is worth mentioning that after ten years, Fan and Zhao [44] proved the same
properties in [66] by different methods. These spaces are motivated by some interesting models such as:
electrorheological fluids model developed by Rajagopal and Rtizicka [89] and image restoration model
proposed by Chen, Levine and Rao [25].

In the second chapter of this thesis, we study the Musielak-Sobolev spaces which provide the frame-
work for a variety of different function spaces, including classical (weighted) Lebesgue, Orlicz spaces
and Lebesgue spaces with variable exponents. Particularly, this chapter will be used in the study of some
kind of quasilinear elliptic problems which can be found in Chapter[].

The third chapter of this thesis is devoted to the study of some class of elliptic problem of p-Laplacian
type with a p-Gradient term. As a model case, we consider

—Apu = c(X)|ulT u+ u|VulP + h(x)  inQ,
(P)
u=20 on 0Q),
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where ) is a bounded domain in RN (N > 3) with a smooth boundary,1 < p < N,gq > 0, u € R*, and
¢ and h belong to L¥(Q)) for some k > % and satisfying some suitable conditions. Notice that, the differ-

ential operator p-Laplacian defined by A,u := div(|Vu|P~2Vu) (observe that for p = 2 it is precisely the
Laplacian) appears in pure mathematics such as problems of curves as well as in applied mathematics
problems. Indeed, it appears in various fields in experimental sciences: nonlinear reaction-diffusion
problems, dynamics of populations, non-Newtonian fluids flows, flows through porous medias and
petrol extraction. As an example, in the 1970s, M.C. Pélissier [85] models the flow of mountain glaciers
by partial differential equations involving the p-Laplacian. She explains its presence (p-Laplacian) by the
fact that the ice can be considered as a pseudo-plastic fluid and satisfies a nonlinear strain law. In the lit-
erature, there are many results concerning the existence, the uniqueness, and the multiplicity of solutions
for models like problems (P). Precisely, the investigation of nonlinear elliptic partial differential equa-
tions with a gradient dependence up to the critical growth was essentially initiated by Boccardo, Murat
and Puel [21} 23, 22]]. Firstly, we note that the change of sign of c plays a crucial role in the study of the
problem (P) regarding the uniqueness and the existence of bounded solutions. In this setting, we refer
to [61] for more details. In the case where c(x) < —ap a.e. in Q) for some &y > 0, now referred to as the
coercive case, Boccardo, Murat and Puel [21} 23] 22]], proved the existence of bounded solutions for more
general divergential form problems with quadratic growth in the gradient. For the same problem as the
previous one, Barles and Murat [15] and Barles et at. [14] dealt with the uniqueness question. For weakly
coercive case ¢ = 0, there had been many contributions (see e.g. [1}75 86]). However, for c < 0 a.e in (
(i.e that may vanish only on some parts of the domain), the uniqueness of solutions was left open until the
recent paper authored by Arcoya et at. [12]. In that paper, the result was proved for the situation p = 2,
g = 1, and under some sufficient conditions on ¢ and h. We refer also the reader to [11] for more general
uniqueness results. The non-coercive case, that is, when c¢(x) = 0 a.e. in (), the problem (P) behaves
very differently and becomes rather complex than for ¢ < 0 a.e in (). In that situation, the question of
non-uniqueness has been being an open problem given by Sirakov [95] and it has received considerable
attention by many authors. Moreover, it should be pointed out that the sign of i and whether y is a func-
tion or a constant, generate additional difficulties for solving (P). In this setting, Jeanjean and Sirakov
[61] showed the existence of two bounded solutions assuming that: u € IR*, h without sign condition,
and [[pth||n/2(q) is small enough. This result was extended by Coster and Jeanjean [29] for y a bounded
function with p(x) > p1 > 0 and by assuming some regularity on ¢ and h. Finally, in the case where c is
without sign condition with ¢(x) = 0 a.e. in (), Jenajean and Quoirin [62] showed the existence of two
bounded positive solutions by assuming & = 0, # > 0 and ¢* and uh are suitably small. We note that all
the above quoted multiplicity results were restricted to the Laplacian operator with quadratic growth in
the gradient, i.e. in the case where p = 2 and q = 1. Moreover, it is interesting to mention that when c is
without sign condition, the solutions obtained are positive. In this thesis, for any 1 < p < N, we prove
the multiplicity of bounded solutions for the problem (P) under the following assumption

¢, h belongs to L¥(Q) for some k > %, h without sign condition,
cz0ae inQ,q >0, and y € R*.

The fourth chapter of this thesis is devoted to study the following quasilinear elliptic problem

—div(p(x, [Vu|)Vu) + V() |[u|T872y = f(x,u) inQ,
(P) u=20 on 0()

where Q) is a smooth bounded domain in RN (N > 2), gand s : Q) — (1, ) are continuous functions, V is
a given function in a generalized Lebesgue space L**)(Q), f(x,u) is a Carathéodory function satisfying
suitable growth conditions and ¢ : Q) x [0, +00) — [0, +00) is a Carathéodory function such that for all
x € ), we have

¢) $(x,0) =0, ¢(x,t).t isstrictly increasing,
¢(x,t).t >0, Vt >0 and $(x,t).t — +ooast — +oo.
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In particular, when ¢(x, t) = t#()=2, where p is a continuous function on Q with the condition min, .q p(x) >
1, the operator introduced in (P) is exactly the p(x)-Laplacian, i.e. A, u := div(|Vu|P®)=2Vy). This dif-
ferential operator is a natural generalization of the p-Laplacian operator Ayu := div(|Vu|F2Vu) (with
1 < p < o0) as already mentioned above. Notice that the p(x)-Laplacian possesses more complicated
nonlinearities than the p-Laplacian (for example, it is nonhomogeneous), so more complicated analysis
has to be carefully carried out. The studies for p(x)-Laplacian problems have been extensively consid-
ered by many researchers in various ways (see e.g. [2,43] 164, [70]). It should be noted that our problem
(P) enables the presence of many other operators such as double-phase and variable exponent double-
phase operators. Recently, this kind of problem (P) is a subject of much research. Let us give a review
of some interesting results related to our work. At first, we recall that when the nonlinearity f satisfies
the well-known Ambrosetti-Rabinowitz condition ((A-R) condition for short); which, for the p-Laplacian
operator, then, this asserts that there exist two constants M > 0 and 6 > p, such that

0<8F(x,t) < f(x,)t, V|| > M,

where F(x, t) fo x,s)ds. This last condition implies the existence of two positive constants cy, c; such
that
F(x,t) > |t|]® —co, V(x,t) € QxR (0.4)

This means that f is p-superlinear at infinity in the sense that

. F

|t\lgﬁoo T +o0. (0.5)
On the one hand, there are several nonlinearities which are p-superlinear but do not satisfy the (A-R)
condition, on the other hand, the (A-R) condition is one of the main tools for finding solutions to elliptic
problems of variational type. However, many recent types of research have been made to drop the (A-
R) condition (see e.g. [24} 26|52} [70] and references therein). Indeed, in [24], Carvalho, Goncalves and
Silva, studied a more general quasilinear equation in the framework of Orlicz-Sobolev spaces; precisely,
when the function ¢ considered in (P) is independent of x, i.e. ¢(x,t) = ¢(t). In that paper, the authors
established the existence of at least a nontrivial solution where the nonlinearity f satisfies, among other
conditions, the following assumptions: there exist an N-function I' (cf. [90]) and positive constants C, R
such that

r <F|(tT¢t)> < CF(x,t), V(x,|t|]) € Qx [R,+00), (0.6)
and fxt) Fxt)
Xt ) xXt)
et =P i e T 07

where F(x,t) := f(x,t)t — ¢°F(x,t), A > 0and ¢, ¢° are defined in relation below with some specific
assumptions. In the few last years, studies on double phase problems have attracted more and more
interest and many results have been obtained. Especially, in [52], Ge, Lv and Lua, proved the existence
of a nontrivial solution and obtained infinitely many solutions for the problem (P) with ¢(x,t) = /=2 +
a(x)t7-2, where a : Q) — [0, +-00) is Lipschitz continuous, 1 < p < g < N, % < 1+ 4 and the nonlinearity
f satisfies:

T FT;CI,;) B jlft(;,‘tl) - o)
F(x,t) < F(x,8) +pu1, VY(x,t) € Qx(0,5) or V(x,t) € Qx (s,0), (0.9)
and 3 )
H(ts) < H(t) +u2, Vt>0 and s € [0,1], (0.10)
where H(t) := q®(t) — ¢(t)t? and F(x,t) := f(x,t)t — qF(x,t) with (¢ fo s)sds. In [53], Ge

and Chen, however, considered the same previous problem and proved the existence of infinitely many
solutions; but the nonlinearity f is supposed to satisfy the assumption above, where I'(t) = |t|”

13



INTRODUCTION

with ¢ > max{1, %}, and F(x,t) > 0 for any (x, |t|]) € Q X [R,4o0) is such that Mli)rﬂoo F‘Ef;é)
with ¢ = g and ¢y = p. We note that all the above quoted results were restricted to the case where
the potential V = 0. Concerning the case where the potential V' # 0 on (), recently, in [91], Ridulescu
and Zhang established the existence of nontrivial non-negative and non-positive solutions, and obtained
infinitely many solutions for the quasilinear equation —divA(x, Vu) + V(x)|u|*®)~2u = f(x,u) in RY,
where the divergence type operator has behaviors like |7|1*)=2 for small || and like |Z|P(*)=2 for large
7|, where 1 < a(-) < p(-) < g(-) < N. In that paper, it is supposed that the potential V € L} (RN)
verifies V(-) > Vo > 0, V(x) — +o0 as |x| — +o0 and that the nonlinearity f satisfies some growth
condition with the following assumption instead of (A-R) condition: there exist constants M, C;,C, > 0

and a function a such that

:+OO

C1[H1)[In(e 4 |¢])]*¥) 1 < sz < fx, )t —s(x)F(x,t), ¥(x,[t]) € RN x [M, +00), (0.11)

where ess, gy inf(a(x) —g(x)) > 0,¢(-) < s(-) and ess,cgn inf(p*(x) —s(x)) > 0 with p*(x) := NN_"F(IE‘Q).
Related to this subject, we refer the readers to some important results concerning the study of the eigen-
value problems (see [18, 164} 165 77] and the references therein). A main motivation of this chapter is that,
to the best of our knowledge, there is little research considering both the potential V' # 0 and nonlinearity
f without (A-R) condition for more general quasilinear equation in the framework of Musielak-Sobolev
spaces. Hence, in this work, our main goal is to show the existence of weak solutions to the problem (P)
when the nonlinearity f satisfies some set of growth conditions and similar condition to that in (0.6).

The fifth chapter of this thesis is devoted to study a doubly nonlinear parabolic problem of p-Laplacian
type with a nonlinear boundary condition. Precisely, we consider the following problem

or(B(u)) — Apu+h(x,t,u) =0, inQx (0,00),
(P)  —|Vul[P=2% = o(u), on 9Q) x (0, 00),
B(u(0)) = B(uo), in Q,

where O C RN (N > 1) is a bounded domain with smooth boundary 9Q). Here, a% denotes the outer
unit normal to 0Q) at x, B is an increasing locally Lipschitz function on R with (0) = 0 and 1y € L®(Q2)
is initial datum. Partial differential equations of the form (P), or some special cases of it, are studied by
several authors because of their mathematical interest and because they describe many phenomena in
mechanics, biology and physics (see e.g. [74,185] 163,56, 55]]). In this work, we shall focus on a Neumann
type nonlinear boundary condition, since the Dirichlet boundary condition have been widely treated in
the literature (see [19)132, 36, 39]). In fact, in [39]], E1 Hachimi and El Ouardi, extend some of the results
obtained in [36]. Precisely, they proved the existence and uniqueness of solutions, and the existence of
a global attractor for problem (P) with Dirichlet boundary condition and initial datum in L?(Q)) and h
satisfying some set of conditions. For p = 2, Andreu et al. in [10], proved the existence and uniqueness
of bounded solution and the existence of a global attractor where the initial datum is in L®(Q)) with
nonlinear boundary condition. Therefore, this work is inspired by the results of El Hachimi and El Ouardi
[39] and Andreu et al. [10]. Here, assuming the initial datum in L*(Q)) and the assumptions on & quite
weaker than in [39], we shall extend the results in [39] concerning only the existence and the uniqueness
of the solutions to the problem (P). Moreover, by adding some supplementary assumptions on the data
B,h and g, and following some ideas in [10] combined with some results in [98], we prove the existence
of a global attractor in L®(Q)) for (P) with 1 < p < 400, when the initial datum 1y € L®(Q)). We point
out that, the conditions on nonlinearities & and g used here differ from those imposed in [10]. We also
note that the choice of the space L*(Q}) is motivated by the fact that the solutions obtained are bounded
for bounded initial data and that the compactness of the trajectories is obtained by using a result of [33].

The last chapter (Chapter [6) of this thesis is devoted to the study of some quasilinear parabolic prob-
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lems with variable exponents. As a model case, we consider

o + Au = f(x,t,u,Vu) inQx(0,T),
(P)Su=0 ondQ x (0,T),
u(0) = u(T) in (),

where () is a bounded open set of RN (N > 1) with a smooth boundary 0QQ, T > 0. Here, Au :=
—div(A(-,-,u, Vu)) denotes a Leray-Lions’s type operator with variable exponents acting from some
functional space Vj into its topological dual Vj (see Section and f is a nonlinear Carathéodory func-
tion whose growth with respect to |Vu| is at most of order p(x) ( see hypothesis A4)). For this type of
problem, the generalized Lebesgue-Sobolev space (see Chapter [1) is the adequate functional spaces for
solutions. Nonlinear problems defined by (P) arises in many applications; for instance, in electrorheo-
logical fluids (see [88]) and image restoration (see [25]). There is an extensive literature on the existence
of solutions for problems like (P). Let us give a review of some results concerning the case p(x) := pisa
real constant. In [31]], Deuel and Hess, proved the existence of at least one periodic solution for problem
(P) in the case where the natural growth of f with respect to |Vu| is of order less than p; which means,
|f(x,t,u, Vu)| < k(x,t) + c|Vu|P~° for some § > 0, k(x,t) € L'°(Q x (0,T)), and ¢ being a positive
constant. In [54], Grenon extends the result of [31] to the case where the natural growth of f with respect
to |Vu| is at most of order p; but instead of a periodicity condition the author considered an initial one.
Notice that in the two previous works, the hypothesis of existence of well-ordered sub and supersolu-
tions is assumed. Following [31], El Hachimi and Lamrani in [40] extend the results in [54], where the
authors obtained the existence of periodic solutions, under the same hypotheses as in [54]. For variable
exponents, some particular cases of problems has been studied by many authors (see e.g [6} 49, 17, [102]).
The main goal of this chapter is to extend the results in [40] to the variable exponents case by using the
sub and supersolutions method. It is well known that this method, when it is applicable, has more ad-
vantages compared to other methods . For example, we can give some information on the behavior of
the solution (blow-up or extinction) and on the sign of the solution (positive or negative). Nevertheless,
this method is quite complicated because it requires well-ordered sub and supersolutions, which is not
usually easy to get. Indeed, in many application cases, sub and supersolutions are obtained from eigen-
function associated to the first eigenvalue of some operators (say the p-Laplacian.) But, when dealing
some with variable exponents, it is well known that the p(x)-Laplacian does not have in general a first
eigenvalue (see [44]) and therefore, one has to find sub and supersolution by means of other ideas.
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CHAPTER 1

LEBESGUE-SOBOLEV SPACES WITH
VARIABLE EXPONENT

In the past few years the subject of variable exponent spaces has undergone a vast develop-
ment. Nevertheless, the standard reference for basic properties has been the article [66] by
Kovacik and Rakosuik from 1991. (The same properties were derived by different methods by
Fan and Zhao [44] 10 years later.) In this chapter we shall introduce Lebesgue and Sobolev
spaces with variable exponent and state some of their basic properties, such as reflexivity, sep-
arability, duality and first results concerning embeddings and density of smooth functions.

1.1. A brief history of function spaces with variable exponents

Lebesgue spaces with variable exponents appeared in the literature in 1931 in the paper by Orlicz [84].
In that paper, the author considered the question of Holder’s inequality in the space #7() and then he
generalized the same question to the Lebesgue space with variable exponent L1() on the real line. After
this, he was interested in the study of function spaces L?® that contain all measurable functions u : Q — R
such that

p(Au) = /('lq>(A|u(x)|)dx < oo,

for some A > 0 and ® satisfying some natural assumptions, where (Q is an open set in RY (see [82]).
We point out that in [82] the case |u(x)|7%) corresponding to variable exponents was not included. In
the 1950’s these problems were systematically studied by Nakano [83], who developed the theory of
"modular function spaces". Nakano, in the appendix [p. 284], explicitly mentioned Lebesgue spaces with
variable exponents as an example of more general spaces he considered. Lebesgue spaces with variable
exponents on the real line reappeared independently in the Russian literature, where they were studied
as spaces of interest in their own right, notably Tsenov in 1961 [97] and Sharapudinov in 1979 [93]]. The
question raised by Tsenov and solved by Sharapudinov is the minimization of the integral

[ ) = o,

where u is a given function and v varies over a finite dimensional subspace of L7)([a, b]). In [93] Shara-
pudinov also introduced the Luxemburg norm for the Lebesgue space and showed some classical results
such as the separability and reflexivity. In the mid-1980s Zhikov [103] started a new direction of inves-
tigation, which applied the Lebesgue spaces with variable exponents to problems in the calculus varia-
tional integrals with non-standard growth conditions. Precisely, he was concerned with minimizing the
functionals

F(u) :/Qf(x,Vu)dx,
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1. LEBESGUE-SOBOLEV SPACES WITH VARIABLE EXPONENT

when f satisfies the non-standard growth condition
—co+a1|t]P < f(x,t) < co+caft]?,

where the ¢; are positive real constants and 0 < p < s. A particular example of such function is f(x,t) =
|£]7%), where p < g(x) < s.

The paper by Kovacik and Rakosuik in the early 1990s [66], was considered as a major step in the in-
vestigation of Lebesgue spaces with variable exponents. This paper established several basic properties
of spaces L1 (Q)) and W) (Q) with variable exponents in RN. After ten years, Fan and Zhao [44]
established the same properties in [66] by different methods. At the beginning of millennium, many
efforts were made to understand these spaces, for example, how to establish the connection between
these spaces, conditions of coercivity and the variational integrals with nonstandard growth. Density
of smooth functions in W4 (Q)) and related Sobolev embedding properties are due to Edmunds and
Rakosnik [?37]. Pioneering regularity results for functionals with nonstandard growth are due to Acerbi
and Mingione [3]. The abstract theory of Lebesgue and Sobolev spaces with variable exponents was de-
veloped in the monographs by Diening, Harjulehto, H4sto, and Ruzicka [34] and by Cruz-Uribe, Fiorenza

.

These spaces form particular case of Orlicz spaces that we can find in [4}, 82, 81} 90]. Moreover, they
constitute the most appropriate functional framework for solving several nonlinear partial differential
equations such as the problems involving the operator p(x)-Laplacian. These problems model many
physical phenomena such as electrorheological fluids [92] and image restoration [25]. In the forthcoming
section, we discuss these phenomena in details.

1.2. Motivation

In this section, we give two relevant examples that justify the mathematical study of models involving
variable exponents.

Electrorheological fluids: Electrorheological fluids are colloidal suspensions of a certain type, consist-
ing of dielectric particles dispersed in an insulating oil. The marvelous feature of such fluids is that they
can solidify into a jelly-like state almost instantaneously when subjected to an externally applied electric
field with moderate strength, with a stiffness varying proportionally to the field strength. The liquid-
solid transformation is reversible. Once the applied field is removed, the original flow state is recovered.
This phenomenon is known as the Winslow effect, and we can represent it as follows

Before electric field After electric field

Electrorheological fluids have the quality and potential for a wide field of applications. These include
for example robotics, aircraft and aerospace applications. We refer the reader to for more
information.

There exist several possibilities for modeling the physics of electrorheological fluids. In [89], Rajagopal
and Rtizic¢ka have developed a model that takes into account the complex interaction of electromagnetic
fields and the moving liquid. The constitutive equation for the motion of an electrorheological fluid is
given by

diu +divS(u) + (u-Viu+Vmr = f, (1.1)
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where u : R3*! — R3 is the velocity of the fluid at a point, V = (91, 9,,93) is the gradient operator, 77 is
the pressure, f represents external forces and the stress tensor S is of the form

S()(x) = p(x)(1 + |Du(x)2) = Du(x),

where p = p(x) and Du = 1(Vu + VuT) is the symmetric part of the gradient of u. Rajagopal and
Rtizicka established an existence result for problem in variable exponent spaces.

Image restoration: Image restoration is the operation of taking a corrupt/noisy image and estimating
the clean, original image. Corruption may come in many forms such as motion blur, noise and camera
mis-focus. Chen, Levine and Rao [25], proposed a new model for image restoration. The diffusion result-
ing from the model was proposed is a combination of the Gaussian smoothing and regularization based
on the total variation. Precisely, given an original image f, it is assumed that it has been corrupted by
some additive noise 7. Then the problem is to recover the true image u

f=u+n.
The adaptive model was proposed is:
: A 2
ueBV{?ﬁBLZ(Q) /Q P, Vi) + 2 /Q(u —f 12
where
1 t’fi(x) it < B
_ St <b
p(x,t) =7 _ i)
1] - BOZE e > B,
g(x) =1+ m, Go(x) = ﬁexp( ‘2’;‘;) is the Gaussian kernel, k > 0, > 0 are fixed parameters

and B > 0is a user-defined threshold. For problem , Chen, Levine and Rao established the existence
and uniqueness of the solution and the long-time behavior of the associated flow of the proposed model.
The effectiveness of the model in image restoration is illustrated by some experimental results included
in their paper.

1.3. Lebesgue spaces with variable exponents

In this part, we define Lebesgue spaces with variable exponents, L7("). The variable Lebesgue spaces,
as their name implies, are a generalization of the classical Lebesgue L7 spaces, replacing the constant
exponent g with a variable exponent function g(-). The resulting Banach function spaces L1(") have many
properties similar to the L7 spaces, but they also differ in surprising and subtle ways. The spaces L1()
fit into the framework of Musielak spaces which we will define in the forthcoming chapter. By virtue of
types of problems studied in this thesis, throughout this work, we restrict to define the Lebesgue spaces
with variable exponents L1(") only for a continuous function g : Q — (1, +00). However, these spaces
can be defined for any measurable function q : () — [1, +o0]. For more details on the basic properties of
these spaces, we refer the reader to the papers [30, 34, 44, 66].

Set
C.(Q):={heC(Q):h(x)>1forany x € Q}.
For any h € C;(Q) we define
h™ :=minh(x), h*:=maxh(x).

xeQ xeQ
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1. LEBESGUE-SOBOLEV SPACES WITH VARIABLE EXPONENT

Definition 1.1. Let g € C4(Q). For a measurable function u : QO — R, the mapping

pato () = [ ()",
is called modular of u with respect to q(-).

Remark 1.3.1. In view of the definition in [81, p. 11, py(.) is a convex modular, that means, p,.) verifies the
following properties: for any measurable functions u,v : Q) — R, we have

. pq(_)(u) =0 u=0,
* Pa() (1) = gy (=10),
® 040 (au+ po) < apgy(u) + Boyy(v), Vo, p>0, a+p=1
Using the modular p,(.), Lebesgue spaces with variable exponent are defined as follows.

Definition 1.2. Let g € C(Q). The set
L1 () == {u tu 0 Q) — R is measurable with p, ) (u) < oo} ,

is called Lebesgue space with variable exponent q(-) or generalized Lebesgue space.
Now we introduce the so-called Luxemburg norm on L7 ((}).

Definition 1.3. Let g € C..(Q). For u € L1%)(Q) we define its Luxemburg norm with respect to q(-) by

11t o2y = Ntlgey = inf{)\ >0: py,) (%) < 1}.

Proposition 1.3.2 ([44, 66])). Let g € C.(Q)). Then, the variable exponent Lebesgue spaces (L1¥) (Q)), || - ()
are separable Banach spaces.

The norm [[u|,(,) is in close relation with the modular p,.)(u). We have

Proposition 1.3.3 ([44]). Let u, (u,) : QO — R be measurable functions; then,

min{ Jull’, 7} < g0 () < max{ull, ), ), (13)

[ullgx) <U=1,>1) & pyy(u) <1U(=1,>1), (1.4)

Hun — qu(x) -0 pq(,)(un — M) — 0, (15)

[l gzx) = +00 & pg() (Un) — +o0. (1.6)

Definition 1.4. Let g € C(Q). The variable exponent Lebesgue space L1 (Q)) is called the conjugate space of
L5 (Q)), where g’ (x) is the conjugate exponent of q(x), that means, ﬁ + q,(l—x) =1

Holder’s inequality is another important tool that can also be retrieved.

Proposition 1.3.4 ([44,66]). Let g € C.(Q) and q'(x) its conjugate exponent. Then, for any u € L1 (Q)) and
v € LYM(Q), the Holder type inequality

1 1
/Q |uv]dx < <q_ + q/_) Hqu(x)Hqu’(x) < 2||u||q(x)||qu’(x)/ (1.7)
holds true.
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1. LEBESGUE-SOBOLEV SPACES WITH VARIABLE EXPONENT

Among the main properties in the study of Banach spaces is the description of their dual space (L1™)(Q))*,
and closely related to this, the question of reflexivity. For this purpose we give

Proposition 1.3.5 ([44, 66])). Let g € C(Q)) and ¢'(x) its conjugate exponent. Then, the space (L7 (Q)), || -
l4(x)) is reflexive, and that the mapping I : LY0(Q) — (LI0)(Q))* defined by

(I(v),w) = /Qv(x)w(x)dx, Vo e L7TM(Q),Yw € L1 (Q),

is a linear isomorphism and [|1(v) || 400 )y < 2||v||Lq/(x)(Q).

The use of different variable exponents induces different generalized Lebesgue spaces. But, since [Q)| <
o, then we can recapture classic embedding properties.

Proposition 1.3.6 ([44, 66]). Let g1(x),q2(x) € C(Q). Then, q1(x) < ga(x) almost everywhere in Q, if and
only if, L2 (Q)) embedded continuously in LT (Q)).

Remark 1.3.7. For a single q € C+(Q), obviously, we have the following chain of continuous embeddings:
L2(Q) < LT 0 (Q) — LIO(Q) — LT W (Q) < L1(Q).
We finish this section by recalling the following proposition.

Proposition 1.3.8 ([37]). Let p and q be measurable functions such that p € L*(Q) and 1 < p(x)q(x) < oo for
ae x € Q. Letu € L1 (Q),u # 0. Then

+ ; -

ey < 1= 1175y < 1P gy < il
- +

1l pra = 1= 1l 00 < N0 Nl < el g0

In particular when p(x) = p is a constant, then

_ P
Heel? ey = il

1.4. Sobolev spaces with variable exponents

In this part, we give some basic results on the generalized Sobolev spaces W1(*) ((0). One motivation
of studying these spaces is that solutions of partial differential equations belong naturally to Sobolev
spaces (see Chaptersf 5..).

Definition 1.5. Let g € C(Q). We define the Sobolev space with variable exponent q(x) by
WS (Q) = {u e LI¥(Q) : |Vu| € LY (Q)},
Definition 1.6. Let g € C.(Q) and u € W) (Q)). We define the Sobolev norm by
[l wrae () = Nl g = lullge + 1 Vullge),
where [|[Vulgix) = [Vulllg)-
Proposition 1.4.1 ([44, 66])). The space (W4 (%) (Q), | - Hl,q(X)) is separable and reflexive Banach space.

An immediate consequence of Proposition is

Proposition 1.4.2 ([44, 66]). Let q1(x),q2(x) € C(Q). If g1(x) < ga(x) almost everywhere in Q), then
W12() (Q)) can be embedded into W) (Q)).
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1. LEBESGUE-SOBOLEV SPACES WITH VARIABLE EXPONENT

Now let us generalize the well-known Sobolev embedding theorem of W1(Q) to WY (Q). Let us
start by the following definition

Definition 1.7. Let g € C4(Q)). The variable exponent defined by

m =g"(x), VYxeQ,

is called Sobolev conjugate exponent.
Now we can state the Sobolev embedding result
Proposition 1.4.3 ([44])). Let g, € C+(Q). Assume that
g(x) <N, r(x)<g*(x), VxeQ.
Then, there is a continuous and compact embedding W) (Q)) < L' (Q)).

A natural question which may be asked is: is there a continuous embedding of W) (Q) into LT (¥) (Q)?
The following example shows that, in general, this cannot be expected.

Example 1.4.4. Let Q = {x = (x1,x2): 0<x1 <1, 0 <xp <1} CR%,q(x) =1+ x0,u(x) = (2+xz)ﬁ.
Then, we have u(x) € WY1 (Q) and q*(x) = 2(1 + x2)/ (1 — x2). It is easy to check that u ¢ L1 ) (Q).

By assuming that the exponent ¢(-) is regular, we can get the embedding W) (Q) — L") (Q). To
this end, we give the following definition

Definition 1.8. Let q € C(Q). We say that q(-) satisfies the log-Holder condition if,

c 1 —
_ < - - _ —
() —a)l = o=y VIl <z xyel

for some constant ¢ := c(g(+)) > 0.
Now, we can extend the Sobolev embedding theorem to variable exponents Sobolev spaces. We have

Proposition 1.4.5. [30,34] Let g € C(Q). If q(-) satisfies the log-Holder condition, then WY1 (Q)) can be
embedded into L7 () (Q)).

Since W9(¥)(Q) is a separable Banach space, then there exists a countable dense subset. Now, we
would like to identify particular families of functions that are dense. Because weak derivatives coin-
cide with classical derivatives for smooth functions, it is natural to consider the question of when such
functions are dense. We begin by defining two subspaces of W1(¥) (Q0).

Definition 1.9. Let g € C.(Q). Let W&’q(x)(()) be the closure of C(QY) in WY1()(Q)), and let Hé’q(x) (Q) =
WL (Q) N Wy Q).
Remark 1.4.6.
1. It is clear that if g(x) = q is a constant, then Hé’q(ﬂ) = Wé’q(ﬂ). In this case, the space C*(Q)) is dense
in WY (Q).

2. For a general function g € C1(Q), from the definition, we have Wé’q(x) Q) C H(l)’qm (Q)), and Hé’q(x) (Q)
is a closed linear subspace of W41 (Q)).

3. In general, Hé’q(x)(()) # W&’q(x)(ﬂ). Indeed, let Q) = {x = (x1,%2) € R?: |x| < 1},1 < a1 < 2 < ay.
Define the variable exponent q by

w1, if x1x0 >0,
a(x) = { /
ay, if x1x2 <0,

then Hé’q(x) (Q) # Wg’q(x) (Q)). This example was given by Zhikov in [103].
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1. LEBESGUE-SOBOLEV SPACES WITH VARIABLE EXPONENT

4. Theidentity H(l)’q(x) Q) = W(}’q(x) (Q), means that, the space C§°(Q)) is dense in (Hé’q(x) Q) [ lwrae ())-

Using the log-Holder condition on the variable exponent g, we get the following density result.

Proposition 1.4.7 ([30} 34, 44])). Let q € C(Q)) and g satisfies the log-Holder condition. Then, we have
1. C*(Q) is dense in W) (Q)).

2 Hé#i@‘)(g) _ WSJJ(X)(Q»

Now, we give the Poincaré inequality in generalized Sobolev space.

Proposition 1.4.8. [130,134] Let q € C+(Q) and q satisfies the log-Holder condition. Then, we have
1,g9(x
[ty < ClIVully, Vi€ W™ (@),

for some constant C > 0 depending only on the dimension N,diam(Q), and c(q(-)) defined in Definition

Moreover, ||u|\wé,q<x)(0) = ||Vl is a norm in A (o))

1.5. Some difficulties related to the Lebesgue-Sobolev spaces with variable
exponents

As each functional space has their difficulties, in this part, we give some important results and tech-
niques from classical Lebesgue-Sobolev spaces which do not hold in the Lebesgue-Sobolev spaces with

variable exponents even when the exponent is very regular, i.e., g satisfies the log-Holder condition, or
g€ C®(Q)).

1. The space L1%)(Q) is not rearrangement invariant; the translation operator Tj, : L1 (Q) — L10)(Q), T,u(:
u(x + h) is not bounded; Young’s convolution inequality

[ * 0l < cllullalloflgw),

does not hold. Moreover, the map T}, is bounded if and only if g is a constant (see Proposition 3.6. 1
in [34]).

2. The formula -
/ | (x)|7dx = q/ Y {x € Q: fu(x)] > t}|dt
(@) 0

has no variable exponent analogue.

3. In the constant exponent case there is an obvious connection between modular and norm versions
of the inequality, which does not hold in the variable exponent context. In other words, the modular
Poincaré inequality

pq (1) < cpg(Vu)

can not, in general, hold in a modular form p,.)(u). In fact, taking the following example: let
q : (—2,2) — [2,3] be a Lipschitz continuous exponent that equals 3 in (—2,—1) U (1,2), 2 in
(=31, 1) and is linear elsewhere. Let u, be a Lipschitz function such that u)(+2) = O;u, = A in
(—=1,1) and |u| = Ain (=2, —-1) U (1,2). Then,

1
2 x 5 2
pq(x)(“/\) f_z |uA]‘7( )dx - f_z% A~dx 1

= = [ — _> o0
Pq(x) (1)) ffz |u, |1)dx Zf:zl Adx  2A

7

as A — 0T,

4. Solutions of the p(x)-Laplacian equation are not scalable, i.e. Au need not be a solution even if u is.
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CHAPTER 2

MUSIELAK SPACES AND
MUSIELAK-SOBOLEV SPACES

In the study of nonlinear partial differential equations, it is well known that more general
functional space can handle differential equations with more nonlinearities. For example, the
p-Laplacian equations correspond to the classical Sobolev space setting, the p(x)-Laplacian
equations correspond to the Sobolev space with variable exponent setting, etc. In the forthcom-
ing chapter, we deal with a more general quasilinear equation in which the Musielak-Sobolev
spaces are the adequate functional spaces corresponding to their solutions. In this chapter we
study the Musielak-Sobolev spaces which provide the framework for a variety of different func-
tion spaces, including classical (weighted) Lebesgue and Orlicz spaces and Lebesgue spaces
with variable exponents. For more details we refer the readers to the papers [41] 58,73, 81].

In this chapter, we present results on generalizations of variable exponent Lebesgue-Sobolev spaces
(and other functional spaces) in which the role usually played by the convex function tP(¥) is assumed by
a more general convex function ®(x,t). By virtue of the problem studied in this thesis (particularly in
Chapter E[), we should note that some definitions and results given here are some restrictive.

2.1. Generalized N-functions and basic properties

Let O € RN(N > 2) be a bounded smooth domain.

Definition 2.1. We say that a function ® is a generalized N-function, if for each t € [0, +00), ®(., t) is measurable
and for a.e. x € Q, ®(x,.) is continuous, even, convex, ®(x,0) = 0, ®(x,t) > 0 for t > 0, and satisfies the
following conditions

D(x,t)

D(x,t
lim @ =0 and lim = }o00.
t—0+ t t—+o0 t

We denote by N(Q)) the set of generalized N-functions. Let us define
t
D(x,t) = / $(x,s)sds, Vt>0, (2.1)
0
where ¢ : Q) x [0, +00) — [0, +00) is a Carathéodory function such that for all x € (), we have

(9) $(x,0) =0, ¢(x,t).t isstrictly increasing,
$(x,t).t >0, Vt >0 and ¢(x,t).t — +o00ast — +oo.

From Theorem 13.2 of [81]], we have:

Proposition 2.1.1. ® € N(Q), if and only if, @ is of the form (2.1).
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2. MUSIELAK SPACES AND MUSIELAK-SOBOLEV SPACES

Definition 2.2. The function ® : Q x [0, +00) — [0, +00) defined by

O(x,t) = sup(ts — ®(x,s)), forxe Qandt>0,
s>0

is called the complementary function to ® in the sense of Young.
Remark 2.1.2. We observe that the function ® belongs to N(Q), and ® is also the complementary function to .

Proposition 2.1.3 ([81])). Let ®,® € N(Q) and let & be complementary to ® in the sense of Young. Then they
satisfy the Young inequality

st < ®(x,t) +D(x,s), forx € Qands,t > 0.

2.2. Musielak and Musielak-Sobolev spaces

Definition 2.3. Let ® € N(Q), the Musielak space L (Q) is defined by

L?(Q) := {u :u : Q) = R is measurable, and 3A > 0 such that/ P (x, |u(x)|> dx < oo} ,
Q

endowed with the Luxemburg norm

[ull o) = l[ullo == inf{/\ >0: /QCD <x’\u():c)|) dx < 1}.

Definition 2.4. We say that ® € N(Q) satisfies the (Ay)-condition, if there exist a positive constant C > 0 and
a nonnegative function h € L*(Q)) such that

P(x,2t) < CO(x,t)+h(x), forxe Qandt>0.

Now, we shall determine a sufficient condition for which a function ® € N(Q) satisfies the (A;)-
condition. To this end, let assuming that there exist two positive constants ¢y and ¢° such that

o(x, 1)t
D(x,t)
This relation gives the following result:
Lemma 2.2.1. Let u € L®(Q)) and p,t > 0, then we have

1< ¢ < §4)O<N, forx e Qandt > 0. (2.2)

min {p‘/’o,p‘/’o} P(x,t) < ®(x,pt) < max {p‘/’o,p"’o} D(x, 1), (2.3)
. 0 0
min { 1§, 1§ } < [ @Cx lu()dx < max {|jull}, lull§ } (2.4)
Proof. Integrating implies 2.3). From this and the definition of the Luxemburg norm, we obtain
4. 0

Remark 2.2.2. The assumption ¢° < oo it suffices to show the Lemma By virtue to what follows we need to
assume with ¢° < N.

Remark 2.2.3. Now, ® € N(Q) satisfies the (A, )-condition is a simple consequence of Lemma([2.2.1}(2.3). More

2
precisely, qzl()’(cg)tt) < ¢°, is a sufficient condition for that ® verifies the (A, )-condition, and it is a necessary condition

if h(x) = 0 defined in Definition2.4] Indeed, let ®(x,2t) < CP(x,t) for x € Qand t > 0. Then,

CO(x, 1) > ®(x,2t) = /O ”

2t
¢(x,8)sds > / ¢(x,8)sds > ¢(x, )12,
t

that means,

§¢O =C, forxeQandt>0.
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2. MUSIELAK SPACES AND MUSIELAK-SOBOLEV SPACES

For the complementary function ® we have the following lemma.

Lemma 2.2.4. Let u € L&’(Q) and p,t > 0, then we have

min {p( 90) pl# )}CTD( t) < ®(x, pt) < max {p(¢°)/,p(¢o)/}§>(x,t), (2.5)
! 0/
min { | 1} < [ @G ) e < max {Jull @, jul§}, 2.6)

0
where (¢o)’ = (P;Pﬂl and (¢°) = ¢ép_1.

Proof. Since ® € N(Q), then by Proposition ® can be represented as follows
t
d(x,t) = / P(x,8)sds, Vt >0,
0

where the function ¢ satisfies the same assumptions in (¢). Hence, to prove (2.5) and , we follow the
same proof of Lemma To this end, it suffices to show that

s
—~
=

N
-+
N—
~~
N

1< (¢°) < < (¢o), forxe Qandt > 0. (2.7)

At first, we show that

O(x,¢(x,3)s) = P(x,5)s* — D(x,5) < P(x,2s), fors > 0. (2.8)
Indeed, by the convexity of ® we have

D(x,s) + D' (x,5)(t —s) < P(x,t), fors,t>0, (2.9)
and, by using ®'(x,s) = ¢(x,s)s, becomes
$(x,s)st — D(x,t) < 4>(x,s)52 — ®(x,s), fors,t>0.
Thus, by using Definition 2.2 we obtain
D(x, ¢p(x,8)s) = sup(p(x,s)st — P(x, 1))

t>0

= ¢(x,5)s? — @(x,5) < P(x,5)s> < /2S p(x, T)dT < P(x,25)

for s > 0. This shows . Now, we return to prove 1} Since ® = ® and using 1} (replacing ® with
d), we obtain

O(x,¢(x,5)s) = D(x, §(x,5)s) = §(x,5)s” — D(x,9), (2.10)
which is equivalent to
D(x, ' (x,5)) = P(x, P (x,5)) = P'(x,5)s — D(x,5). (2.11)
Differentiating (or (2.11)) and since ®"(x,s) # 0, we get
D' (x, P(x,5)s) =s. (2.12)
Putting t = ¢(x,s)s in (2.2) and using (2.12), we get
Po®@(x, P(x,5)s) < P(x,5)s? < P*D(x, P(x,5)s). (2.13)
Substituting in (2.13), and by simple computation we obtain (2.7). O
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2. MUSIELAK SPACES AND MUSIELAK-SOBOLEV SPACES

Remark 2.2.5. From Lemmaand Remark the complementary function ® also satisfies (A )-condition.

By Remarks and both ® and @ satisfy the (A;)-condition. Hence, we have the following
result (see [42, 58,173} 81]):

Proposition 2.2.6. The following assertions hold:
1. L®(Q) = {u: u: Q — Ris measurable, and [ @ (x, |u(x)]) dx < oo}.

2. For any sequence (uy) in L®(Q)), we have
a) [o @ (x,|un(x)])dx — O(resp. 1;4+00) < |[uy|le — O(resp. 1;400),
b) uy — uin L2(Q) = [ [P (x, [un(x)]) — ® (x, [u(x)]) [dx — 0as n — +oo.

3. Letu € L®(Q) and v € L®(Q). Then the Holder type inequality holds true

’/ x)dx

4. ¢(x, |u(x)|)u(x) € L2(Q) provided that u € L®(Q).

< 2|juflo[lo]l-

Definition 2.5. We say that ® € N(Q) is locally integrable if ®(., to) € L1(Q) for every to > 0.

Proposition 2.2.7 ([58,81]]). Let ® € N(Q), then the Musielak space (L®(Q), || - ||o) is a Banach space. More-
over, if ® is locally integrable, then L®(Q) is a separable.

We define the Musielak-Sobolev space W'®(Q) as follows.

Definition 2.6. Let ® € N(Q), the Musielak-Sobolev space is defined by
WLe(Q) = {u e L(Q) : |Vu| € L‘I’(Q)},

endowed with the norm
[ullwre ) = [[ullie == [[ulle + | Vullo,
where ||Vulle = |||Vu|||o-

Remark 2.2.8. In the particular case where ®(x,t) = ®(t) is independent of x, W-®(Q) is actually an Orlicz-
Sobolev space (see [90]) while in the case where ®(x, t) = |t|P™Y), this space becomes the variable exponent Sobolev
space W0 (Q) (see Chapter

2.3. Continuous and compact emdeddings

Definition 2.7. Let ®,'¥ € N(Q). We say that ® is weaker than ¥, and denote ® < ¥, if there exist positive
constants Ky, K, and a nonnegative function h € L! (Q) such that

D(x,t) < K3¥(x,Kat) + h(x), forx e Qandt > 0.
By Theorem 8.5 in [81], we have the following result

Proposition 2.3.1. Let ®,¥Y € N(Q) such that ® < Y. Then, we have the following continuous embeddings

LY (Q) < L®(Q) and L*(Q) — LY(Q).

Let us consider the following assertions.

(¢1) infreq @(x,1) =c1 > 0.
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2. MUSIELAK SPACES AND MUSIELAK-SOBOLEV SPACES

(¢2) For every to > 0 there exists ¢ = ¢(fp) > 0 such that

q)(j:'t)Zc, and q)(f't)

>c¢ forxe Qandt >t

We note that, (¢2) = (¢1). Moreover, in the case where @ is independent of x, (¢1) and (¢) hold
automatically and ® is automatically locally integrable.

Proposition 2.3.2. If ® € N(Q) satisfies the assumption (¢ ), then we have the following continuous embeddings
L?(Q) — LY(Q) and WYP(Q) — WH(Q).

Proof. Since ® is convex and ®(x,0) = 0, then ®(x, t)/t is strictly increasing for t > 0. Then, using (¢7)
we obtain
cit < P(x, 1)t < P(x,t), foranyx € Qandt>1,

which implies that L?(Q)) — L'(Q) and W'®(Q) — W1 (Q). O
Remark 2.3.3. The previous proposition can be showed by using Lemma[2.2.1-(2.3). Indeed, from (2.3), we have
t? < thd(x,1) < d(x,t), foranyx € Qandt > 1,

which implies that, since 1 < ¢o, L*(Q) < L9(Q) — LY(Q) and W-®(Q) — Wl (Q) — WI(Q). Since
Lemma has been shown when the assumption holds true, we omit to use it in order to show for readers
that can be proving this proposition just by using the properties of ®.

Furthermore, we have the following interesting result (see [81, p. 189]).
Proposition 2.34. If ®,® € N(Q) both are locally integrable and satisfy (¢2), then the space (L2(Q), 1| - lo)
is reflexive, and that the mapping | : L*(Q) — (L®(Q))* defined by
(J (), w) = / o(x)w(x)dx, Vo e L¥(Q),Yw e LP(Q),
0
is a linear isomorphism and || ] (v)|| Lo(q)y- < 2||Z7HL<5(Q).

We denote by Wé’q)(Q) the closure of C(Q)) in W®(Q) and by Dé"b(Q) the completion of Ci°(Q) in
the norm ||Vu||e. It is clear that Wg’q’(Q) = D(l]’(b(ﬂ) in the case where ||Vu||¢ is an equivalent norm in
Wy % (Q) .

Remark 2.3.5. By assuming ® locally integrable and satisfies (¢1), W'®(Q), Wy'® (Q) and Dy® (Q) are clearly
separable Banach spaces, and we have

Wy®(Q) = WH(Q) — WH(Q)
Dy (Q) = Dy () = Wy (Q).
Moreover, these spaces are reflexive if L® (Q)) is reflexive.

In this work, we need to use some standard tools such as the Poincaré inequality and results of com-
pactness for embeddings in Musielak-Sobolev spaces . For this reason, we shall suppose the following
supplementary assumptions on ®.

(H1) Q C RN(N > 2)is a bounded domain with the cone property, and ® € N(Q).
(Hy) ®:Q x [0,+00) — [0, +00) is continuous and ®(x,t) € (0, +o0) for x € Qand t € (0, +0).

Now, let ® satisfies (H;) and (Hy). Then, for each x € Q, the function ®(x,-) : [0, +00) — [0, +0) is a
strictly increasing homeomorphism. Denote by ®~!(x, -) the inverse function of ®(x, -). We also assume
the following condition.
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2. MUSIELAK SPACES AND MUSIELAK-SOBOLEV SPACES

(Hs) 1
Lot (x,t) —

N

Define the function ®; ! : Q x [0, +00) — [0, +00) by

N+1

s d-1 .
&, (x,5) = / Md’[, forx € O and s € [0, +0). (2.14)
0 TN

Then, by assumption (Hj), ®,! is well defined, and for each x € Q, ®;!(x,") is strictly increasing,
@, !(x,) € C1((0,+0)) and the function ®;!(x, -) is concave.

Remark 2.3.6. Since Q) is bounded, then the assumption (Hz) places no restrictions on ® from the point of view

of embedding theory. Indeed, define ®; : Q) x [0, +00) — [0, +00) by

®(x,1)t, forxe Qandte[0,1],
D(x,t), forxeQandt> 1.

CD](X, t) = {

We can see that L®(Q) = L®1(Q) and WV®(Q) = WYP1(Q) (see [81]]). Thus, in the study of embeddings of
WL®(Q), we may consider @1 instead of ®. For brevity, we write ® instead of 1. In other words, we may assume
that ® satisfies the following condition which is not essential because ) is bounded.

D(x,t) =D(x,1)t, forx € Qandt e [0,1).

Now, let setting T(x) = lim ®;!(x,s), forall x € Q. Then, T(x) € (0, +o0].

5—+00
Definition 2.8. The function ®, : Q x [0, +00) — [0, +00) defined by

s, if x€Q, te|0,T(x)) and & (x,s) =t
oo, if x€Q, t>T(x),

D, (x,t) = {

is called the Sobolev conjugate function of ®.

It is clear that ®, € N(Q), and for each x € Q, ®.(x,-) € C'((0,T(x))). Let X be a metric space and
f: X — (—o0,+00| be an extended real-valued function. For x € X with f(x) € R, the continuity of f at
x is well defined. Now, for x € X with f(x) = 400, we say that f is continuous at x if given any M > 0,
there exists a neighborhood U of x such that f(y) > M for all y € U. We say that f : X — (—c0, 40| is
continuous on X if f is continuous at every x € X. Define Dom(f) = {x € X : f(x) € R} and denote by
C179(X) the set of all locally Lipschitz continuous real-valued functions defined on X.

Remark 2.3.7. Suppose that ® satisfies (Hy). Then, for each tg > 0, ®(x, to) and . (x, ty) are bounded.
Concerning the function @, and the operator T, we suppose that
(Hy) T:Q — [0, +00] is continuous on Q and T € C'~%(Dom(T));

(Hs) CI;* € C19(Dom(®,)) and there exist positive constants Cy, dy < + and tg € (0, min__g5 T(x)) such
that
Vi@ (x,£)] < Co(Pu(x, )1 H%,

forall x € Qand t € [ty, T(x)) provided that V,®,(x, t) exists.

The following proposition gives a sufficient condition of (Hs) described in terms of ® (see Proposition
3.1 in [41]).

Proposition 2.3.8. Let ® satisfy (Hy), (Ha) and (H3), and let ® € C'~°(Q) x [0, +00)). Then,
1. @1 eCl (A x[0,4+00)),®; 1 € C10(Q x [0, +00)) and @, € C1(Dom(®.,)).
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2. If @ satisfies the (A,)-condition and there exist positive constants €9 < +, C and ty such that
|V ®(x, 1)| < Co(P(x, 1)1+ (2.15)

forall x € Qand t > t; provided that V ,®(x, t) exists, then ® satisfies (Hs).

Example 2.3.9. Let us give some examples of generalized N-function ® satisfying the assumptions (Hy)-(Hs)
above.

1. Define ®(x,t) = tP¥), where the variable exponent p : QO — (1,+00) is a continuous function with
1 < p~ < plx) < p" < N (see notations in Chapter . It is clear that ® satisfies the assumptions
(Hy)-(H3). In addition, if we assume that p € C1~°(Q)), then the assumptions (Hy) and (Hs) hold. Indeed,
firstly, p € C1=0(Q) implies @ € C1=9(Q x [0, +0)). Secondly, by a simple computation, we get

B Nv(x N—p(x)
‘D*“"'S):N—P;&)S |

Thus, T(x) = +oo. It is clear that (Hy) is satisfied. Now, for x € Q and t > 1, we have

0®(x,t) _ 9p(x) () .
ax,  ox, tP¥In(t), Vje{l,---,N}

Hence, there exist constants ty > 0,9 > 0 such that

’aap(x, 1)

' < C(®(x, )%, Vje{l,---,N}, (2.16)
ax]-

forany x € Qand t € [ty, +o0). Since  satisfies (A,)-condition, from Proposition [2.3.8) then (Hs) is
satisfied.

2. Define ®(x,t) = tP + a(x)t1, where a : Q > [0,+00) is Lipschitz continuous, 1 < p < q < N,
< 1+ &. Itis clear that ® satisfies (Hy)-(Hy). Now, it suffices to prove condition (2) of Proposition

If we put €y := % — 1and c; > 0 the Lipschitz constant of the function a, we get
oD (x,t)

‘M\Scutqzcaaw(xw)?, vje{l- N},
j

forany x € Qyand t > 0. Hence, holds with C := ¢,, € := % 1< % and any to > 0.

Definition 2.9. Let ®,¥ € N(Q). We say that ® essentially grows more slowly than ¥ and we write ® < ¥, if
forany k > 0,
D(x, kt)
im
t—too ¥ (x,t)

= 0 uniformly for x € Q.

Remark 2.3.10.
1. Obviously, if ® < Y then ® ' Y.

2. & <Y, if and only if,
. Y (x,t)
lim

A ST 1) = 0 uniformly for x € Q). (2.17)

Proposition 2.3.11. We have ® < P..
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Proof. Since % exists for all x € () and t > 0, then integrating by parts, we get

s q)—l
) = [ F L
0 T

100~ Yx, 1)

dr.
a7 T

dt = —Ns~ N<I> xs —|—/NT

Then, dividing by ®~!(x, s) we obtain

I Nt~ 22 (1) a(x Ddr

-
1 (x,8) = =Ns ¥ + O 1(x,s)

It is clear that —Ns~~ — 0 as s — +oo. Using L'Hospital’s rule (see e.g. [41, Proposition 2.2]), we get,

‘ fos NTf% 8<I>*;(x,7) dt ‘ st% 8<I>*; (x,5)
lim T = lim ——————%—.
s—+o0 D 1(x,s) s+ 0P a(er)
S
This shows that (2.17)) holds. O

Now, we give the embedding theorems in Musielak-Sobolev spaces setting (see [41),[73])).
Theorem 2.3.12. Assume (Hy)-(Hs) hold. Then
1. There is a continuous embedding W-®(Q) — L®-(Q).

2. Suppose that ¥ € N(Q), ¥ : Q x [0, +00) — [0, +00) is continuous, and ¥(x,t) € (0,+00) for x € Q
and t € (0,400). If ¥ < ®.. Then, the embedding W-®(Q) —— LY (Q) is compact.

From Remark Proposition and Theorem we have
Theorem 2.3.13. Assume (H1)-(Hs) hold. Then
1. The embedding WY®(Q)) < L®(Q) is compact .

2. The Poincaré type inequality
lulle < ClIVule  foru e Wy® (),

holds.
We finish this section by giving the following lemma

Lemma 2.3.14. Let u € L%~ (Q) and p,t > 0. Then, we have

min {p("’“)*,p("’o)*} D, (x,t) < P, (x,pt) < max {p(‘PO)*,p(‘PO)*} D, (x,1), (2.18)
. 0 *
mmin { ]} [l } / . ( x < max {|Jull ", Jull$ }, (2.19)
where (¢o)* = Nl\fpgo and (¢°)* = NN—(P¢0'

Proof. We denote by 6y(p) = min {p‘Pﬂ,p‘Po} and 0;(p) = max {p‘f’o,p"’o}. Putting s = ®(x,t),0 = 6p(p)
in (2.3), we get

0, ()@ (x,5) <D N(x,08) <0, (0)@ (x,5), foro,s>0. (2.20)

Using the definition of ®,! in (2.14), and by simple computation we obtain
07 () N0 (x,5) < @7 (x,05) < 05 (0)o VDT (x,9), (2.21)
which implies (2.18). As the proof of Lemma we obtain (2.19). O
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Part 1.

Existence and multiplicity of solutions for
some quasilinear elliptic problems
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CHAPTER 3

MULTIPLICITY OF SOLUTIONS FOR A
CLASS OF ELLIPTIC PROBLEMS OF
P-LAPLACIAN TYPE WITH A
P-GRADIENT TERM

We consider the following problem

P) —Apu = c(x)|u|T u + p|Vulf + h(x) inQ,
u=20 on d(),

where Q) is a bounded domain in RN (N > 3) with a smooth boundary, 1 < p < N, g > 0,
# € R*, and c and h belong to L¥(Q) for some k > %. In this chapter, we assume that ¢ 2 0

a.e. in ) and h without sign condition, then we prove the existence of at least two bounded
solutions under the condition that ||c||x and ||k||; are suitably small. For this purpose, we use
the Mountain Pass theorem, on an equivalent problem to (P) with variational structure. Here,
the main difficulty is that the nonlinearity term considered does not satisfy Ambrosetti and
Rabinowitz condition. The key idea is to replace the former condition by the nonquadraticity
condition at infinity.

3.1. Introduction

Let Q be a bounded domain in RN (N > 3) with a smooth boundary 0Q). In this chapter, we are
concerned with the following elliptic problem

(P) —Apu = c(X)|ulT u+ u|VulP + h(x)  inQ,
u=20 on 0Q),
where Apu := div(|Vu|P~2Vu) is the p-Laplacian operator, 1 < p < N, g > 0, 4 € R*, and c and h belong
to LF(Q) for some k > %.

In the literature, there are many results concerning the existence, the uniqueness, and the multiplicity
of solutions for models like (P) under various assumptions on ¢ and k. At first, it is important to mention
that the sign of ¢ plays a crucial role in the problem (P) regarding uniqueness, as well as existence, of
bounded solutions. In this setting, we refer to [61] for more details. In the coercive case, thatis c(x) < —ag
a.e. in Q) for some ay > 0, Boccardo, Murat and Puel [21} 23] 22], proved the existence of bounded
solutions for more general divergence form problems with quadratic growth in the gradient by using the
sub and supersolution method. Moreover, Barles and Murat [15] and Barles et at. [14] have treated the
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uniqueness question for similar problems. Notice that, if we allow ¢(x) < 0 a.e. in (), then Ferone and
Murat [45],[46] observed that finding solutions to (P) becomes rather complex without imposing some
strong regularity conditions on the data. For the particular case ¢ = 0, there had been many contributions
[1,175,186]. However, for ¢ < 0 that may vanish only on some parts of (), the uniqueness of solutions was
left open until the recent paper authored by Arcoya et at. [12]. This last result was proved for p = 2,
g = 1, and under the following condition

¢, h belong to L¥(Q)) for some k > &,y € L*(Q)) and meas(Q\Supp c) > 0,
: 2 _ 1yt + 2
inf [ (190l e () >0,

”GWC’H”HH(%(Q)

inf [ (19uP = e (0) > 0.

MEWC,HMHH%(Q)

where W, := {w € H}(Q) : ¢(x)w(x) =0, a.e. in Q}. For a related uniqueness result see also Arcoya et
at. [11].

The case where c(x) = 0 a.e. in (), the question of non-uniqueness has been being an open problem
given by Sirakov [95] and it has received considerable attention by many authors. Moreover, it should be
pointed out that the sign of & and whether y is a function or a constant, generate additional difficulties
for solving (P). In this setting, Jeanjean and Sirakov [61] showed the existence of two bounded solutions
assuming that 4 € R*, c and h are in L¥(Q) for some k > & and satisfying

+
14,y g < O

max{ |lc[| ), #h] ™ [[xa)} <€

where ¢ > 0 depends only on N, k, meas(Q), |u, || [uh] || x(q), and Cy is the optimal constant in Sobolev’s
inequality. In this last result, & is allowed to change sign. Shortly after, this result was extended by Coster
and Jeanjean [29] for a bounded function u such that u(x) > u; > 0 by using the degree topological
method.

Finally, in the case where c is allowed to change sign and with ¢(x) = 0 a.e. in (), Jenajean and Quoirin
[62, Theorem 1.1] showed the existence of two bounded positive solutions when /1 2 0, y is a positive
constant, and ¢ and uh are suitably small.

We would also like to mention that all the above quoted multiplicity results were restricted to the
Laplacian operator with quadratic growth in the gradient, i.e. p = 2, and for 4 = 1. Moreover, it is
interesting to mention that even when c is allowed to change sign the solutions are positive.

3.2. Main Theorem

In this work, we prove the multiplicity of bounded solutions for the problem (P) by assuming the
following assumption

(H ¢, h belongs to L¥(Q)) for some k > %, h is allowed to change sign,
c=0ae inQ,q>0, and y € R*.

In this section, we give a brief exposition of the proof of our multiplicity result and we state the main
result in this chapter. At first, without loss of generality, we solve the problem (P) by restricting it to
the case where y is a positive constant. For y is a negative constant, we replace u by —u in (P), then we
conclude. Next, we observe that the problems of type (P) do not have a variational formulation due to
the presence of the p-gradient term. To overcome this difficulty, we perform the Kazdan-Kramer change

of variable, that is, v = (e% — 1)/ u. Thus, we obtain the following equivalent problem (P’)

7 {;i*’;’ =gl HHE/E)  inD
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where
(p—1)7pt -1 1 —1
g(s) = T(l + us)P | In(1 4 us)|7 " In(1 + pus), withs > 7, (3.1)
and ( v .
14 us)P~
£ =T (32)

Definition 3.1. We mean by bounded weak solutions of (P’), the functions v € Wg P(Q) N L®(Q) satisfying

/ |Vo|P~ ZVUVu—/ u—i—/

forany u € Wol’p(Q) NL®(Q).

Remark 3.2.1. Obviously, if v > = is a solution of (P'), then u = pyl In(1 + po) is a solution of (P). Hence,
the solutions obtained here are not necessarzly positive (compare with result in [62]).

One of the most fruitful ways to deal with (P’) is the variational method, which takes into account that
the weak solutions of (P’) are critical points in Wg 7(Q) of the C'-energy functional

_ ;/Q]Vv\p—/nc(x)G(v)—/Qh(x)F(v), (3.3)

with G(s) = [ g(t)dt and F(s) = [; f(

In th1s work to obtam the two crltlcal pomts for 7, we use the Mountain Pass Theorem to show one
critical point and the standard lower semicontinuity argument to show the other. For the first one, ac-
cording to the famous paper by Ambrosetti and Rabinowitz [8], the most important step is to show that
T satisfies the Palais-Smale condition at the level ¢ (see Definition 3.3). The fulfillment of this condition
relies on the well-known Ambrosetti-Rabinowitz condition ((A-R) for short), namely

there exist 6 > p and sp > 0 such that 0 < 6G(s) < sg(s), as [s| > so.

Unfortunately, this condition is somewhat restrictive and not being satisfied by many nonlinearities g.
However, many researches have been made to drop the (A-R). We refer, for instance, to [28,[101} 78} 150, 60].
Notice that, the nonlinearity g considered here does not satisfy (A-R). Moreover, since we do not assume
any sign condition on , the fulfillment of the Palais-Smale condition turns out more delicate (see e.g.
[51, 62]). To the best of our knowledge, only Jenajean and Quoirin ([62]), recently, proved the Palais-
Smale condition under the assumptions c changes sign, & is positive, and without assuming (A-R). In
their proof, for p = 2 and q = 1, the authors based one of the arguments on the positivity of & and the
explicit determination of a function H;

H(s) = g(s)s —2G(s).

In our situation, as / is allowed to change sign and the analog of their function H can not be computed
explicitly, due to our general consideration of p and g (1 < p < N and g > 0), hence, their arguments can
not be adapted.

The key point to show the Palais-Smale condition in this work is to prove that g, among other condi-
tions, satisfies the following condition (see Lemma ,

(NQ) H(s) =g(s)s — pG(s) — +oo, where s — +o0.

The condition (NQ) is a variant of the well known nonquadraticity condition at infinity, which was
introduced by Costa and Malgalhées [28], and is given as follows

H
(CM) there exista > 0and v > vy > 0 such that liminf (s) >a

BEEk
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Observe that, since v > 0, then (NQ) is weaker than (CM). Moreover, it should be noted that (NQ)
was considered by Furtado and Silva in their recent paper [50]. Our result follows by using similar
arguments.

Concerning the existence of the second critical point handled by the standard lower semicontinuity

argument, we look for a local minimum in W& 7(Q) for the functional Z. Indeed, we observe that Z takes
positive values in a large sphere, due to its geometrical structure (see Proposition (3.4.1), and Z(0) = 0.
Now we state the main result of this work

Theorem 3.2.2 (Main Theorem). Assume that (H) is satisfied. If ||c||y and ||h||x are suitably small, then the
problem (P) has at least two bounded weak solutions.

Notation

Through this paper, we use the following notations.

1) The Lebesgue norm ( [, |u|i’)% in LP(Q)) is denoted by ||.||, for p € [1, +oo[. The norm in L*(Q) is
denoted by ||u||.~(q) := esssup,, [u(x)|. The Holder conjugate of p is denoted by p'.

2) The spaces W&’p(Q) and W' (Q) are equipped with Poincaré norm ||u := (Ja |Vu|p)% and the
dual norm || - ||« := || - [|jy-1p () Tespectively.

3) We denote by B(0, R) the ball of radius R centered at 0 in Wé’p (Q) and 0B(0, R) its boundary.

4) We denote by C;,c; > 0 any positive constants that are not essential in the arguments and that may
vary from one line to another.

3.3. Preliminary results

In this section, we establish some preliminary results concerning the nonlinearity g. These results will
be used frequently later. We start by the following lemma without proof.

Lemma 3.3.1.

1. 8(s) _>Cass_>0/wherecz()ifq>p—1andC:1ifq:p_1'

‘slp—Zs

2. 86 (p—1)17Pass — 0, forall g > 0.

|s]7-1s

3. Sgp(%z 3 4oo and % — +ooass — +oo, forall g > 0.
Lemma 3.3.2.

1. Ifg > p — 1, then we have
8(5)] < cols|” +cls|P,

foralls > —1 and forallr € (p —1,p).

14

2. If0 < g < p—1, then we have
8(s)[ < cals]” +cals|?,

foralls > —. and forall v € (p — 1, p).
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Proof. By using Lemma there exists # > 0 such that for all |s| < 1 we have
8(s)] < cals|P~".
Leté € (0,1). If s > 7, then we have

HORSCIUAE (34)
Moreover, simple calculation yield

—1)4-pHl

¢ = P () (14 )1 (= ) 1 )+

-1

Now, if—% < s < —y, then we have |g(s)| < |g(T)|, where T = (e?T —1)/u. Hence,

18(5)| < es(r7, 1, 8)|s|P~ 12 (3.5)

By combining (3.4) and (3.5), the first item () holds. To prove the second item (2), we use Lemma 3.3.] -
2) and the same previous argument.

3.4. Proof of Main Theorem

Recall from introduction that the proof of our Main Theorem is divided into three steps as follows.
In the first step, we show the existence of the first critical point for the C!-energy functional Z by using
the Mountain Pass Theorem due to Ambrosetti-Rabinowitz [8]]. Precisely, we shall show that the energy
functional 7 has a geometrical structure and then it satisfies the Palais-Smale condition at the level ¢.
In the second step, we show the existence of the second critical point of Z on B(0, p) (which is a local
minimum) by using the lower semicontinuity argument. Moreover, we are going to see that these critical
points are not the same. Finally, we show that any solution of problem (P) is bounded.

3.4.1. First critical point: Mountain Pass Theorem
The following result shows that 7 has a geometrical structure.

Proposition 3.4.1. Assume that (H) holds. If ||c||x and ||h||x are suitably small, then the functional T has a
geometrical structure, that is, T satisfies the following properties

i) there exists p > 0 such that for all v in dB(0,p), Z(v) > B, where p > 0.
i) there exists vy € Wol’p(Q) such that ||vg|| > p and Z(vg) < 0.

Proof. i) To prove the first property we distinguish two cases on g . First case, if 0 < g < p — 1, then by
using Lemma [3.3.2@2) and Hoélder's inequality, we get

/QC(x)G(v) < cillellello™ e + c2llellello” -

We choose r > p — 1 with r close to p — 1 such that (r + 1)k’ < —Np which exists due to the assumption
k> ?. Obviously, (g + 1)k < m. Thus, by using Sobolev’s embedding we get

/Q c(x)G(v) < Cillcllkllol™* + Callcllk][o]| 7.
Moreover, from the definition of the function f in (3.2), we have

If(0)] < c(1+ |v|P~1), for some ¢ > 0. (3.6)
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Using Sobolev’s embedding, we get

| HxF(©) < Clinllc+Callklllo]”

By the definition of Z in (3.3), we deduce that

1
Z(v) > ;Hvllp = Cullellillol™" = Callellellol|7" — Csllllx — CallBllk]lo]|”-

Now, let v in 9B(0, p). Then, we have
1
Z(v) > ;P"’ — llelle(Crp"™ + Cap™ 1) — ||1]|x(C5 + Cap?).

We take p sufficiently large, and such that |[c[[ < p~"2"7 and ||k} < p~!
(which are sufficiently small by hypothesis), then

Z(v) > ;p” — CpP~t > pP! <;p — C) = B1.

Second case, that is, if ¢ > p — 1, we choose again r as above such that pk’ < (r + 1)k’
using Lemma and Sobolev’s embedding, we get

/QC(X)G(U) < c1llellillol™* + eallellkllo]|-

Now, as the first case, we get

Z(v) > ;pp —ClpP™t > pP! <;p - C’> = po.

Finally, we summarize the two cases then get

Z(v) > B, where B = min(p,pB2).

< A’;—ﬁjp. Then, by

ii) To prove the second property, we show that Z(tv) — —oco as t — +co. For this, let v € C5°(Q)) be a

positive function such that cv 2 0 a.e. on Q. By the definition of Z in (3.3), we have

_ f:/ |Vv\p—/ c(x)G(tv)—/Qh(x)P(tv)
:ﬂ( / IVolP — / x) té;i)vp_/nh(x)ir(]:;)vp).

From inequality (3.6), we get

oP
/[ tl’vl’ | <c, as t— 4oo.

Moreover, by Lemma @), we get

G(t
/Qc(x) tlg;;)vp — 400 as t— +oo.

Thus, we deduce the desired result.

O]

Now, we recall the standard definitions of Palais-Smale sequence at the level ¢ and Palais-Smale con-
dition at the level ¢ for Z, and we prove that the energy functional Z defined in (3.3 has a geometrical

structure.
Let us define the level at ¢ as follows

& = inf Z(y (1)),
¢ = inf max (v(1))

where I' = {y € C([0,1], Wé’p(ﬂ)) :7(0) =0, v(1) = vo} is the set of continuous paths joining 0 and vy,

where vy € Wg'p (Q) is defined in Proposition
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Definition 3.2. Let (u,) is a sequence in W& P(Q)). We say that (u,) is a Palais-Smale sequence at the level ¢ for
Tif

Z(uy) — ¢ and ||Z'(uy) . — 0.

g e
Definition 3.3. We say that T satisfies the Palais-Smale condition at the level ¢ if any Palais-Smale sequence at

the level € for I possesses a convergent subsequence.

Remark 3.4.2. We note that, since 7 has a geometrical structure, then the existence of a Palais-Smale sequence at
the level ¢ for our energy functional I is ensured. This can be observed directly from the proof given in [8].

Now, we prove that 7 satisfies the Palais-Smale condition at the level ¢. Precisely, we show that any

Palais-Smale sequence at the level ¢ for 7 is bounded in Wg (), and then, it has a strongly convergent
subsequence.

They key point to prove the boundedness of the Palais-Smale sequence at the level ¢ in W(}’p(ﬂ), is
to show that g verifies the nonquadraticity condition at infinity (NQ). Indeed, we have the following
lemma

Lemma 3.4.3. The function g defined in (3.1|) verifies the nonquadraticity condition at infinity (NQ);
(NQ) H(s) =g(s)s —pG(s) — +oo, where s — +oo.

Proof. To prove (NQ), we show that H is increasing and unbounded for s sufficiently large. We recall that
H(s) = g(s)s — pG(s). Then, by simple calculations, for s sufficiently large we get

In(1 + ps) n

H'(s) = Cps(1+ ps)"*(In(1 + ps))7[(1 — p) is

ql,

where C = (p — 1)7P*1/ui. Thus, H is increasing for s large enough. Moreover, H is unbounded.
Indeed, by contradiction, if H is bounded, then there exists a positive constant M such that

H(s) <M, for s large enough.

In addition, from the definition of H and using integration by parts on G, we get
S
He) = —C;(ln(l +ps))T(1+ ps)" 1 + qC/O (1+ )P (In(1 + pt))1dt.

By choosing § € (p —1,p), we obtain

H(s)

1
s° u sf

(In(L+ )1 ps)P ™t Jo(t )™ S(jn(l ) SM(S .

When s — +o0, we obtain @ — 400 and SMD — 0. Hence, we have a contradiction. As a conclusion, the
function g verifies (NQ). O

Lemma 3.4.4. Let (u,) be a Palais-Smale sequence at the level ¢ for T in Wg’p (Q)). Then, (uy) is bounded in
Lp
W, (Q).

Proof. Let (u,) be a Palais-Smale sequence at the level ¢ for Z in Wg 7(Q)). We prove by contradiction that

(uy) is bounded in Wg’p(ﬂ). We assume that (u,,) is unbounded in W&’p(Q), that s, ||u,| — +oo.
For all integer n > 0, we define

I(zy) := max Z(tu,), where z, =tyu, andt, € [0,1].

We are going to prove that Z(z,) — +c0, and also (Z(z,)) is bounded, which is the desired contradiction.
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a) Showing that Z(z,) — +o0: We set v, := HZ—:H, then (vy,) is bounded in W&’p (Q)). Hence, there exists

a subsequence denoted again (v,) such that v, converges weakly and strongly to v in Wé’p (Q) and in
L? (Q) for some 1 < s < p* respectively. Moreover, v, also converges to v almost everywhere in (). Recall

that p* is Sobolev conjugate.

P
Now, we clazm by contradiction that v = 0 a.e. in Q).
Since (uy) is Palais-Smale type sequence, then we have

Z(uy) — ¢ and  ||Z'(un)||« — O. (3.7)
Hence,
/Q |Vitn P2V u, Vo — /Q c(x)g(un)p — /Q h(x)f(un)p = €n, (3.8)
forall ¢ € Wg’p(Q) and for some €, — 0 as n — +oco. We divide both sides of 1@) by ||ux||P~1, to obtain
glun) ~ en / -2 / f(un)
/Qc(x)Huan_lqo Tanl7 + [ |Vou|P~*Vou, Ve + ‘uan TP (3.9

On the one hand, since v, converges weakly to v in Wé’p (Q) and by the inequality , then for n large
enough the second and the third terms of the right-hand side of are bounded.

On the other hand, if v # 0 in (), then cv # 0 in (). Now, we choose ¢ € Wé’p (Q) such that cvg > 0in Q,
and cvg = 0in Q\Q,, with [Q)y| > 0. Since v, ||u,|| = u, in O, then by using Lemma , we obtain

p—1 8 (on||unll)

g(“n)
(Oallunl)P17 =

[P

liminf c(x) ¢ = liminfc(x)(vy) +o00 in Q.
Hence, by using the Fatou’s lemma in we obtain the unbounded term in the left-hand side of (3.9)).
Hence, the claim, i.e. v = 0 a.e. in Q).

Since ||uy|| — +oco, then there exists M > 0 such that ||u,| > M, for n large enough. Moreover, we

have
T(z) > T ( HunH) I(Mvn)_A;Ip—/Qc(x)G(Mvn)—/Qh(x)F(Mvn).

In what follows, we treat only the case 0 < g < p — 1. The other case follows with similar arguments.
From Lemma-@ we have |G(s)| < c¢1]s|"*! + cas|7t!, where p — 1 < r < p. Since ¢ € L¥(Q), for
some k > = and v, converges strongly to v in L°(Q)) with 1 <'s < p*, then, we obtain

/ c(x)G(Mv,) — 0 asn — oo,
Ja
due to v = 0 a.e. in (). By Holder’s inequality, we get
/ h(x)F(Mv,) < C as n — +oo.
0

Hence, by choosing M > 0 large enough, we deduce that Z(z,) — +c0, as n — +o0.

b) Showing that Z(z,) is bounded: To prove that (Z(z,)) is bounded, we distinguish two cases: t, <

2 2
and ¢ .
Tuall n |Iun||

The case t, < —2—:
([ ]

Here, we only handle the proof for g € (0, p — 1). The other case follows as in the proof of Proposition
i). By the definition of (z,) and Z € Cl(Wé’p(Q),IR), we have (Z'(t,uy), tyuy,) = 0, which means
that

tZHunHP:/Qc(x)g(tnun)tnun+/Qh(x)f(tnun)tnun.
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By the definition of Z in (3.3]), we have

DT (baty) =t2[ 10 |? —p/ c(x)G (byity) —p/ h(x)F(tnity)
(@]

Q

where the function H is defined in (NQ) and K(s) := f(s)s — pF(s). Moreover, from Lemma D), we
have

(3.10)

[ e ) < [l g(tutn)tama] +p [ 1eGIG(Eas)]

<t [ e ltatnl ™ +ca [ fe)ltatnal*.
By choosing r and g as in the proof of Proposition i), we get
/Q c(x)H(tutn) < Cullellxl[tntenl"™*" + Collelilltuten |7+ (3.11)

By inequality and Sobolev’s embedding, we get

LK) < [ [Nttt +p [ [BCOIE (bt o]

< crllhllx + callAllil[tntenl] + calllil[£nten] 7.

Then, by (3.10)), (3.11)), and (3.12)), we obtain

Z(tyuy,) <C,

(3.12)

for all n > 0, where C is independent of n. Thus, (Z(z,)) is bounded, which contradicts the fact that
(Z(zy)) is unbounded (see a)).

2 .
Tuall”
Here, we are proceeding the technique inspired by [50]. To this end, we need the following technical

lemma

The case t, >

Lemma 3.4.5. Let @ : R — R the nonnegative function defined as

efe/sz, if s#0,
Pe(s) = {0 l’ji s—=0

with € > 0. Then, we have
i) lim @¢(s) = im P.(s) = 0.
s—0 s—0

ii) for any positive function z € L*(Q) for some k > X we have

. 1 — ®c(|Tuy) - . .
llg(l)/ / pzS] < TAE dtdx =0, uniformlyinn € IN.
Proof. Obviously we have i). To prove ii), we follow the same approach given in [50] for the case p
and z(x) = 1, which can be immediately generalized for any positive function z € L*(Q) for some k

=2

N

“

and p > 1. O
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Now, we resume the proof of Lemma From Lemma we have H(s) > o, for s large enough
and some ¢ > 0 (which will be chosen later). Moreover, if 0 < g < p — 1, then from Lemma 3.3.1] @), we

have for s sufficiently small,
H(s) > —C1|s|”’+1.

Then, by the continuity of H, we have forall s > —-.
H(s) > 0®(s) — Cy|s|T. (3.13)

Let 0 < s < t, then we have

I(tu,)  Z(sun) _/ e(x) [G(tun) G(sun)}
0

lu[P sPluall? [P sP[[unl]?
_/ () [ F(tup)  F(sun) ]
0 tp||MnH” sP ||un]|P
Ty,
/ / (TpHuan> drdx (3.14)

+/ [ tun) F(sun)]
P llunllP sPlunllP |

B

Let us handle the two terms A and B respectively.

4 p—1
TZ”H“an

H(tuy)
// IIunIIP .

By using ([3.13)), we get
|| 7H D (| T1tn|)
A<// HunH”< o — ot ) drdx (3.15)
<[ Ol odind Y
Huan p—q—1sr—it s Tl '

For the term B, we have

B<C(/ () Lt [En])? /y y Lt Isual)” ) (3.16)

PP P [Jun[?

< (1! (g * ) +/‘h (s * i) )
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By setting s : we obtain

.
= Tl
tIP(HtLL;H Z(on)+ | clx < o7 —a/j%) drdx
S YALEIE +wap+/ DI+ o))
<Z(@)+C| [ el + [0 +2 [ Il
L5 )+ b5 0 )
/ / fiil'ﬁﬁ”ﬂfpd ax
<Z()+ | [ el + [ )1 +2 [ Il

_U/Q C(:> <1 tpHuan) // TW( ‘u:’!ﬁun!))mx.

By the technical Lemma we have

t _
lim/ / c(x) (1 <I>€(|run|)> dtdx =0, uniformly inn € N.

o o ), Taal?
Then,

I(“"” ) 1 qg+1

<= [ @60 - [ HFe [ 0o

o Py

20 (1 + pC|Allx)
(27 =1) Je(x)

1+cHth—a/ C(x)<1—l>dx<0.
p o p 2F

Since v, converges to 0 almost everywhere in (), weakly in W&’p (Q)), and strongly in L°(Q)) for some
1 <s < p*, then, we have

We choose ¢ such that

which gives,

Z(tyuy) < 0, in Q) for n large enough.
Hence, (Z(z,)) is bounded. Therefore, this contradicts the fact that (Z(z,)) is unbounded (see a)).

Now, If g > p — 1, then from Lemma and the continuity of H(s), we have for all s > —1,

H(s) > o®(s) — Cys|P~ L. (3.17)

Following the computations as in (3.14), we find exactly the same terms A and B. The term B is handled
as in (8.16), whereas A is handled as follows

‘”n‘p_l D (|Tun|)
< —
A<, /1Hunw7< = T )
/ / |”n|p_1 _UcDe(’T”nD
Hunllp s ANV
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Moreover, since (p — 1)k’ < pk’ < N p , then by using Sobolev embedding, the rest of the proof is similar

to the case g € (0,p — 1). Hence, we have also the contradiction with the fact that Z is unbounded (see
a)). d

To finish the proof of the Palais-Smale condition for Z, we only need to show the following lemma
Lemma 3.4.6. Any Palais-Smale sequence at the level ¢ of W&’p (Q)) has a strongly convergent subsequence.
Proof. Let (u,) be a Palais-Smale sequence at the level ¢, then Z'(u,,) — 0in W—#'(Q), which means that

Ayt — c(x)g (1) — () f (uy) — 0 in WL (QQ).

By Lemma (uy) is bounded in Wg’p (Q). Hence, u, converges weakly to u in Wé’p (Q)) and strongly
in L*(Q)) for some 1 < s < p*. Therefore,

— Aptty — c(x)g (1) + h(x)f(u) in WL (Q). (3.18)

We know that the operator —A, : W1 P(Q)) — W' (Q) is a homeomorphism ( [35]). Hence, from 1)
we get
_ . 1,
tn = (=8p) T e(x)g(u) +h(x) () in Wy (Q).

Therefore, by the uniqueness of the limit we have

Uy — U, in Wé’p(()).

3.4.2. Second critical point: lower semicontinuity argument

In this part, we use the geometrical structure of Z (see Proposition [3.4.1) and the standard lower semi-
continuity argument, we show the existence of the second critical point. We state the result as follows

Theorem 3.4.7. Assume that ||c||x and ||h||; are suitably small to ensure Proposition Then, the energy
functional I possesses a critical point v € B(0, p) with Z(v) < 0.

Proof. Since Z(0) = 0, then inf,cp (o) Z(v) < 0. Moreover, if i # 0, then we obtain that inf,cp (g ) Z(v) <
0. Indeed, we choose v € C§° (Q)a positive function that satisfies cv > 0 and hv > 0. From the definition
of 7 in (3.3), we have for t > 0

_tp< / |Vo|P — / x) téiz)v’”—/ﬂh(x)mvg. (3.19)

If g > p —1, then from Lemma [3.3.1 (2), we have G(s)/s” — ¢ < +ooass — 0. If0 < g < p—1,

obviously, we have G(s)/sP — 400 as s — 07. In addition, in both cases, we have ( ) 5 tooass — 0.
Hence, by using these limits, we get from (3.19) that Z(tv) < 0 for ¢ > 0 small enough

Now, we set m := inf,cp(,) Z(v). Then, by Propos1t1on1) we have Z(v) > B > 0 for ||v|| = p.
Moreover, there exists a sequence (v,) C B(0, p) such that Z(v,) converges to m. Since (v,) is bounded

in Wg’p (Q)), then there exists a subsequence denoted again (v,) such that v, converges to v weakly in
W&’p (Q)) and strongly in L*(Q)) for some 1 < 's < p* respectively. Hence, we get

/Qh(x)l-”(vn)é/gh(x)l-”(v) and /Qc(x)G(vn)—>/Qc(x)G(v) as 1 — too.

In addition, since [|v||P < liminf, . [|o[|?, then Z(v) < m = inf,cp( ) Z(v). Hence, we conclude that v
is a local minimum of Z in B(0, p).
U

Remark 3.4.8. By the subsection 7 has a critical point at the level ¢, that is, there exists w in W& P (Q) such
that Z(w) = ¢and I'(w) = 0. Since Z(w) = ¢ > 0 > Z(v), where v € B(0, p) is the second critical point given
in Theorem [3.4.7) then w is different from v. Hence, we have two distinct weak solutions for the problem (P).
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3.4.3. Boundedness of solutions

Now, to finish the proof of our main result, it remains to show the boundedness of the solutions.
Therefore, we show the following result

Proposition 3.4.9. Any solution u of the problem (P") belongs to L®(Q}).
Proof. If |u| <1, itis over. Otherwise, we begin by writing the problem (P’) as follows
—Apu = a(x)(1+ [u"™),

where

a0 + )
14 |ulp—1 '

Then, by Theorem 2.4 in [87], we can deduce the boundedness of u if we show that a belongs to L~ e (Q),
for some € €]0,1]. Indeed, from and Lemma 3.3.2] we obtain

a(x)] < € [le()I(jul =1 +1) + [h(x)]] (3.20)

Let m > 1 and ' it’s conjugate. By using Holder’s inequality in ((3.20), we obtain

_r _r _ P _r
[ 1) |70 < € [Jle() ™ [T g 50T 4-1]
Q

(N=p)(r=p+1) p

N7 — N, We have

By choosing 0 < e <1 —

P
N(1—¢)

Hence, the terms ||c(x) N |, 1B (x) N1 ||m, and Hu(r*pH)N(f*@ || are finite (recall that ¢, 1 € L¥(Q) for

some k > %). O
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CHAPTER 4

QUASILINEAR ELLIPTIC PROBLEM
WITHOUT AMBROSETTI-RABINOWITZ
CONDITION INVOLVING A POTENTIAL
IN MUSIELAK-SOBOLEYV SPACES SETTING

In this chapter, we consider the following quasilinear elliptic problem with potential

—div(p(x, |Vu)Vu) + V(x)|u[1® 2y = f(x,u) inQ,
(P) u=0 on 0Q2

where Q) is a smooth bounded domain in RN (N > 2), V is a given function in a generalized

Lebesgue space L**)(Q), and f(x,u) is a Carathéodory function satisfying suitable growth
conditions. Using variational arguments, we study the existence of weak solutions for (P) in
the framework of Musielak-Sobolev spaces. The main difficulty here is that the nonlinearity
f(x,u) considered does not satisfy the well-known Ambrosetti-Rabinowitz condition.

4.1. Introduction

Let O ¢ RN(N > 2) be a bounded smooth domain. Assume that ¢ : Q) x [0, +00) — [0, +0c0) is a
Carathéodory function such that for all x € (), we have

¢) $(x,0) =0, ¢(x,t).t is strictly increasing,
p(x,t).t >0, Vt >0 and ¢(x,t).t = +o00ast — +oo.

In this chapter, we study the following quasilinear elliptic problem

P {—div(qb(x, IVu) Vi) + V(x)|u|T™2u = f(x,u) inQ,
u=~0 on 0(),

where V is a potential belonging to L) (Q0), g and s : Q) — (1, 0) are continuous functions and f : Q x
R — R is a Carathéodory function which satisfies some suitable growth conditions. Precise conditions
concerning the functions g, s, f and V will be given hereafter.

Problem (P) appears in many branches of mathematical physics and has been studied extensively in
recent years. From an application point of view, this problem has its backgrounds in such hot topics
as image processing, nonlinear electrorheological fluids and elastic mechanics. We refer the readers to
[25, O2] and the references therein for more background of applications. In particular, when ¢(x,t) =

45



4. QUASILINEAR ELLIPTIC PROBLEM WITHOUT AMBROSETTI-RABINOWITZ CONDITION
INVOLVING A POTENTIAL IN MUSIELAK-SOBOLEV SPACES SETTING

tP(*)=2 where p is a continuous function on Q with the condition min, . p(x) > 1, the operator involved
in (P) is the p(x)-Laplacian operator, i.e. A, u = div(|Vu|P®)=2Vu). This differential operator is
a natural generalization of the p-Laplacian operator Ayu := div(|Vu|[P~2Vu) where p > 1 is a real
constant. Note that the p(x)-Laplacian operator possesses more complicated nonlinearities than the p-
Laplacian operator (for example, it is nonhomogeneous), so more complicated analysis has to be carefully
carried out.

The interest in analyzing this kind of problems is also motivated by some recent advances in the study
of problems involving nonhomogeneous operators in divergence form. We refer for instance to the results
in [2, 24} 26}, 142,52, 91}, (70} 99]. The studies for p(x)-Laplacian problems have been extensively considered
by many researchers in various ways (see e.g. [2, 143, 64, 70]). It should be noted that our problem (P)
enables the presence of many other operators such as double-phase and variable exponent double-phase
operators.

Before moving forward, we give a review of some results related to our work. We start by the case
where the potential V = 0 on ). Fan and Zhang in [43]], proved the existence of a nontrivial solution
and obtained infinitely many solutions for a Dirichlet problem involving the p(x)-Laplacian operator.
Clément, Garcia-Huidobro and Schmitt in [27], established the existence of a nontrivial solution for more
general quasilinear equation in the framework of Orlicz-Sobolev spaces, in the case where the function
¢ considered in (P) is independent of x, i.e. ¢(x,t) = ¢(t). Liu and Zhao in [73]], obtained the existence
of a nontrivial solution and infinitely many solutions for a quasilinear equation related to problem (P) in
the framework of Musielak-Sobolev spaces (see also [42]).

In the above mentioned papers, the authors assumed, among other conditions, that the nonlinearity f
satisfy to the well-known Ambrosetti-Rabinowitz condition ((A-R) condition for short); which , for the
p-Laplacian operator, asserts that there exist two constants M > 0 and 6 > p, such that

0<0F(x,t) < f(x,)t, V|| > M,

where F(x,t) = fot f(x,s)ds. Clearly, this condition implies the existence of two positive constants cy, ¢
such that
F(x,t) > ci|t|® —ca, V(x,t) € QxR (4.1)

This means that f is p-superlinear at infinity in the sense that

F
li = +o0. 4.2
e T 42

This type of condition was introduced by Ambrosetti and Rabinowitz in their famous paper [8] and has
since become one of the main tools for finding solutions to elliptic problems of variational type; especially
in order to prove the boundedness of Palais-Smale sequence of the energy functional associated with such
a problem. Unfortunately, there are several nonlinearities which are p-superlinear but do not satisty the
(A-R) condition. For instance, if we take f(x,t) = [t|P~2tIn(1 + |t|), then we can check that for any 6 > p,
F(x,t)/|t|® — 0as |t| — +oco. However, many recent types of research have been made to drop the (A-R)
condition (see e.g. [24, 126,152} [70] and references therein).

In [24], the authors studied a similar problem as that in [27] and proved the existence of at least a
nontrivial solution under the following assumptions on the nonlinearity f: there exist an N-function I
(cf. [90]) and positive constants C, R such that

r <F|(t3|c;>;)> < CF(x,t), V(x,|t|) € Qx[R,+0), (4.3)
nd e o
x,t) . x,t)
et =P i e T 44

where F(x,t) := f(x,t)t — ¢°F(x,t), A some nonnegative constant and ¢y, ¢° are defined in relation
below (when ¢(x,t) = ¢(t) independent of x) with specific assumptions. It should be noted that the
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condition is a type of "nonquadraticity condition at infinity", which was first introduced by Costa
and Magalhdes in [28] for the Laplacian operator (with ¢y = 4)0 = 2) as follows:

F
lim inf (x,1) >a>0,
[t [t]7

holds for some ¢ > 0. We would also like to mention that this condition plays an important role in
proving the boundedness of Palais-Smale sequences.

In [26] also, the authors considered a similar problem as that in [27] and proved the existence of a
nontrivial solution under the following assumptions on the nonlinearity f: there exist y, yp > 0 such
that

F(x,t) . f(x,t)
~ too, 1 _0, 45
ot JHP o 1 )
F(x,t) < F(x,s) +pu1, ¥Y(x,t) € Qx(0,s)or V(x,t) € Qx(s,0), (4.6)
and
H(ts) < H(t)+uy, Vt>0 and s € [0,1], 4.7)

where H(t) := ¢°®(t) — ¢(t)t> with D(t) = f ¢(s)sds.

On the other hand, in the few last years, studies on double phase problems have attracted more and
more interest and many results have been obtained. Especially, in [52] the authors proved the existence
of a nontrivial solution and obtained infinitely many solutions for a double phase problem without (A-R)
condition. More precisely, they considered the problem (P) (with V = 0) with the function ¢(x,t) =

tP=2 4+ a(x)t1-2, where a : Q > [0, +o0) is Lipschitz continuous, 1 < p < g < N, % <1+ % and the

nonlinearity f satisfies the assumptions and above with ¢9 = p and ¢° = g. In [53] however,
the authors considered the same previous problem and proved the existence of infinitely many solutions;
but instead of hypotheses (4.5) and (4.6) the nonlinearity f is supposed to satisfy the assumption [@.3)
above where I'(t) = |t|” w1th o > max{1,Y}, and F(x,t) > 0 for any (x, |t|) € Q x [R,+o0) is such
that lim FG&4 —
|t|—+oo [H?
following assumption instead of (#.3): there exist # > g and 6 > 0 such that

+o00. In the same paper, the authors obtained also similar existence result under the

uF(x,t) <tf(x,t)+0|t]P, V(x,t) € QxR

Recently, in [70], the authors studied the existence of a nontrivial solution and obtained infinitely many
solutions for a Dirichlet problem involving p(x)-Laplacian operator under a new growth condition on the
nonlinearity f, more precisely, they considered the following assumptions: there exist positive constants
M and C such that

LD < s, p(e)F( 1), Vi, ) < B (M, +o0) s
and Py
X, . _
1P [K (8]0 — 400, uniformly as |t| — 400 for x € (), (4.9)

where 1 < K(+) € C'([0,4+c0),[1, +0)) is increasing and [In(e + t)]> > K(t) — +oo as |t| — +o0, which
satisfies tK'(t) /K(t) < 0y € (0,1), where 0y is a constant. In addition, F satisfies

F(x,t)

PO [Ine + £)]70) — +o0, uniformly as |f| — +oo for x € Q. (4.10)

Now, we give some review results concerning the case where the potential V' # 0 on Q. In [2], Ab-
dou and Marcos, proved the existence of multiple solutions for a Dirichlet problem involving the p(x)-
Laplacian operator with a changing sign potential V belonging to a generalized Lebesgue space L**)(Q)
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when the nonlinearity f satisfies some growth condition under (A-R) condition. In that work, the main
assumptions on the variable exponents g(-),s(-) and p(-) are such that: g,s,p € C+(Q) (see notation
below) and satisfy 1 < g(x) < p(x) < N < s(x) for any x € Q.

Recently, in [91] the authors proved the existence of nontrivial non-negative and non-positive solutions,
and obtained infinitely many solutions for the quasilinear equation —divA(x, Vu) + V (x)|u[*¥) 2y =
f(x,u) in RN, where the divergence type operator has behaviors like ||9)~2 for small |¢| and like
1Z|P™)=2 for large ||, where 1 < a(-) < p(-) < q(-) < N. In that paper, it is supposed that the po-
tential V € Li (RYN) verifies V(-) > Vp > 0, V(x) — o0 as |x| — oo and that the nonlinearity f
satisfies some growth condition with the following assumption instead of (A-R) condition: there exist

constants M, C1,C, > 0 and a function a such that

C1 |1 [In(e + |¢])]*¥) 1 < sz < f(x, )t —s(x)F(x,t), Y(x, |t]) € RN x [M, +o0),  (4.11)

where ess, g inf(a(x) — q(x)) > 0,4(-) < s(-) and ess, gy inf(p* (x) = s(x)) > 0 with p*(x) := gA75.
Note that, the assumption is stronger than the assumption ([@.8). Related to this subject, we refer the
readers to some important results concerning the study of the eigenvalue problems (see [18, 64, 65| [77]
and the references therein).

A main motivation of our current study is that, to the best of our knowledge, there is little research
considering both the potential V' # 0 and nonlinearity f without (A-R) condition for more general quasi-
linear equation in the framework of Musielak-Sobolev spaces. In this work, our main goal is to show the
existence of weak solutions to the problem (P). Firstly, by using standard lower semicontinuity argu-
ment, we prove the existence of weak solutions under the condition that V € L°(¥)(Q) has changing sign,
and the nonlinearity f satisfies the condition ( fy) below. Secondly, we establish the existence of at least a
nontrivial solution and the existence of infinitely many solutions by using Mountain Pass Theorem and
Fountain theorem respectively, where V € L*(*)(Q) has constant sign and the nonlinearity f does not
satisfy the (A-R) condition. For these purposes, we propose a set of growth conditions under which we
are able to check the Palais-Smale condition. More precisely, we prove the boundedness of Palais-Smale
sequences by using a similar condition to that in above instead of (A-R) condition.

4.2. Energy functional and some technical results

In this section, we start by define the energy functional associated with problem (P). Then, based on
Theorem we establish compactness embedding results on the Musielak-Sobolev spaces setting.
Finally, we give some results concerning the energy functional and some technical lemmas which will be
used later.

We note that, to deal with our quasilinear elliptic problem (P), the Musielak-Sobolev spaces introduced
in Chapter [2] are the adequate functional spaces corresponding to their solutions. Therefore, we need
some techniques and results concerning these spaces. To this end, throughout this chapter, we shall say
that the function @ satisfies the assumption (®) if: ¢ satisfies the assumption (¢), P satisfies and
(Hp)-(Hs), both ® and @ are locally integrable and satisfy (¢,) (for more details see Chapter . Hence,
under the assumption (®), and from Chapter @ the spaces L®(Q), W'®(Q), W, ®(Q) are separable
reflexive Banach spaces. Moreover, we can apply the embedding theorems for Musielak-Sobolev spaces
in Theorem and Theorem

Now, let us assuming the following assumption on the nonlinearity f(x, u):

(fo) There exists ¥ € N(Q) satisfying the assumption (2) of Theorem and two positive constants

o and ¢° such that
1< o < l@((’; tt))t <", forx € Qand t > 0. 4.12)
|f(x, )] < Cip(x,|t]) + h(x), for (x,t) € QX R, (4.13)
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where C; is a positive constant, 0 < h € L?(Q), and ¢ : QO x R" — R is a continuous function
and ¥ (x,t) = fot P(x,s)ds, forall x € Q).

We can define the weak solution of the problem (P) as follows

Definition 4.1. A function u € Wy'®(Q) is said to be a weak solution of problem (P) if it holds that

/(f)(x,\Vu])Vqudx—i—/ V(x)]u“i(x)*zuvdx:/f(x,u)vdx, Yo € Wy ®(Q).
0 0 o

We set F(x,t) = fot f(x,s)ds. The energy functional associated with problem (P) is given by
Definition 4.2. The functional 7 : Wol"b(Q) — R defined by the formula

Z(u) =Hu)+ J(u) — F(u), (4.14)
where,
H(u) = /Q O(x, [Vu)dx, T(u) = /Q Z((;))|u|‘7(x)dx, and  F(u) = /Q F(x, u)dx,

is called the energy functional associated with problem (P).

Lemma 4.2.1. Assuming that s(x) > %for every x € O and max{y®, g7} < (¢o)*. Then, we have the
following compact embeddings

W ®(Q) e LF0I) (), (4.15)
Wy ®(Q) = L™ (Q), (4.16)

with a(x) = Szg)j;g), and
Wy (Q) —— LY (Q). (4.17)

Proof. Since s(x) > % for every x € (), then it is clear that s € C(Q)) and s(x) > g(x) for every

x € Q. Furthermore, by a simple computation we have,

s(x)q(x) a
1<s(x)g(x) < (o) and 1< a(x):= —212"7_ < (¢g)*, Vxe Q. (4.18)
(¥)q(x) < (90) () = s < @
Thus,
maﬁxs’(x)q(x) :=5'(x0)q(x0) < (¢0)* and m%(ac(x) = a(x0) < (¢o)*.
xe xe
Using Lemma and (Hs), we obtain
i ‘kt‘S’(x)q(x) - ks’ (x0)a(xo) i 1 0 uniformly £ o 119
AR () S Ba(x1) T (g 0 UnHormiyfory € £ (.19
Using the same arguments above we show that
a(x)
[kt = 0 uniformly for x € Q. (4.20)

i D, (x,1)

Hence, d (4.2) imply that || ®)1(*) < @, and [t|*¥) <« ®, respectively. Thus, we conclude from

Theorem [2.3.12] that (4.15) and (4.16) hold. Finally, from the properties of ¥, ¥ (x, k) is bounded for any
positive constant k. Using Lemma[2.2.1{and the fact that ¢° < (¢o)* we obtain for any k > 0

. Y(x,kt) _ Y(xk)
<
tEToo D, (x,t) — Du(x,1) e 1(90) 9
Hence, ¥ < ®,, which implies by Theorem[2.3.12]that (#.17) holds. O

5 = 0 uniformly for x € Q. (4.21)
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Proposition 4.2.2. Assuming that s(x) > % for every x € Q and max{y°,q*} < (¢o)*. Then, the

functional T is well defined and T € C'(Wy®(Q), R) with the derivative given by

(Z'(u /4) |Vu\)Vqudx+/ x)|u|7) uvdx—/ fx,u)vdx, Yu,0€ Wy®(Q).
0

Proof. Firstly, it is clear that H is well defined on W&’GD(Q). Furthermore, by similar arguments used in
the proof of [76, Lemma 4.2], we have 7 € C'(W,®(Q), R) and its derivative is given by

(H'(u),0) = /Qcp(x, \Vu)VuVodx, Vu,ve Wy ®(Q).

Secondly, the functional 7 is well defined. Indeed, by using the Holder inequality, Proposition[1.3.8 and
Lemma 4 i , we have for all u in W1 ®(0)

1T ()] < coll Vs 1117 lo ) < €|V [l sy m@x{ [[ulld oy 18100 (4.22)
< e Vls) max{Hququu\%

where ¢;,i = 0,1,2 are positive constants. Hence, 7 is well defined. Moreover, since g* < (¢o)* then,
as in the proof of relation , the space W,'®(Q) is compactly embedded in L7*)(Q)). From this,
and using and following the same arguments as in the proof of [64, Proposition 2], we obtain
J € CY(Wy®(Q),R) and

(T (u),v) = /QV(x)]u]q(x)’zuvdx, Yu,v € W&"D(Q).

Finally, using Lemmal4.2.1 - 4.17) and (4.13), the functional F is well defined. Moreover, F € C'(W,"®(Q), R)
with its derivative given by

(F'(u), /fxuvdx Yu,v € Wy ®(Q).

The proof of this proposition is now complete. O

Remark 4.2.3. We observe that, in the proof of the previous proposition we need only the continuous embeddings
of the space Wy (Q) into L ¥)1)(Q), L*®)(Q) and LY (Q). The compact embeddings we will be used later.

Remark 4.2.4. We note that, by the previous proposition and Definition u is a weak solution of problem (P)
if and only if u is a critical point of the energy functional Z. Hence, we shall use critical point theory tools to show
our main results in this chapter.

Proposition 4.2.5.
i) The mapping H' : Wy®(Q) — (WyP(Q))* defined by

(H'(u),0) = /Qcp(x, \Vu|)VuVodx, Vu,v€ Wy®(Q), (4.23)

is bounded, coercive, strictly monotone homeomorphism, and is of type (S-.), namely,

Up — uin W(}’@(Q) and limsup(H' (uyn), uy — u) <0 imply that u, — u in Wé’(p(ﬂ),

n—oo
where — and — denote the weak and strong convergence in W&"D(Q), respectively.

ii) Assuming that $° < (¢o)*. Then, the functional F is sequentially weakly continuous, namely, u, — u in
Wy ®(Q) implies F(uy) — F(u). In addition, the mapping F' : Wy'®(Q) — (Wy'®(Q))* defined by

(F'(u) / fx,u)vdx, Yu,0€ Wy®(Q), (4.24)
is a completely continuous linear operator.
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iii) Assuming that s(x) > %for every x € Q and q* < (¢o)*. Then, the functional J is sequentially

weakly continuous. In addition, the mapping J' : Wy ®(Q) — (Wy'®(Q))* defined by
(J'(u),0) :/ V() |u|"™2yvdx,  Yu,v € Wy (Q), (4.25)
0

is a completely continuous linear operator.

Proof. We refer the reader to [42, Theorem 2.2] for the proof of the first item and to [73, Lemma 4.1] for
that of the second one. For the third item, let u, — u in WS"D(Q). From Lemma , W3’¢(Q)
is compactly embedded in L¥ )40 (Q), then u, — u in LY %) (Q)). This fact combined with relation
yields that J (u,) — J (u). Now, it remains to show that (J'(uy), u, —u) — 0, that is,

/Q V (x) |1 |1 20, (1 — 1)dxx — 0. (4.26)

From the assumptions, we have 1 < g(x) < (¢)* and 1 < a(x) < (¢o)* for every x € Q, where we

recall that a(x) := S?S)‘)_”’;g) Using Lemma4.2.1

space Wy*®(Q) is compactly embedded in L*™) (Q)) and in L1%)(Q), respectively. Since (u,) is bounded
in Wy ®(Q), then u, converges strongly to u in L*¥)(Q). Consequently, using Holder’s inequality and
Proposition then (.26) holds by using the following inequality

4.16I) and following the same proof of relation 4.16|>, the

I/ )|t |7 20t (1t — w)dlx| < Col|V [l |7~ g ot — 1t
< ClHVHS(x) HunH;(x)Hun - u”tx(x)/ (4.27)
where C; is a positive constant independentof nand 7 € {4~ — 1,47 —1}. O

We finish this section by the following lemma

Lemma 4.2.6. Assume that ¢° < q= < q* < (¢o)*, g+ — 3o < q~ and s(x) > (Z)E))ifor every x € Q.
Then, for any function V € L**) (Q)) we have
L, q 79 2@
J @l < vz, [+ me (1l + iy )], (428)

where o = 17 if |Vl|so) > Tand a = v~ if ||V]y) < 1, and 20:—,+ <2(q- —0) <2(gt —0) < ¢ for some
measurable function r and positive constants My, My, C and 6.

Proof. Since we have g© — 1¢ < g, then there exists § > 0 such that " — 1¢p < 6 < g~. This fact
implies that 2(g~ — 0) < 2(q" —0) < ¢ppand 1+ 6 — g* > 0. Let r be any measurable function satisfying,

max 5(x) (¢0)" r(x min s(x)(¢o)* 1
U o g ) <@ < mn o e @
f Ct * 1) <4, VxeQ (4.30)

Itis clear that r € L®(Q)) and 1 < r(x) < s(x). Now, by using Holder’s inequality, we get

/Q V() [ < CIV Il 117 ) (4.31)
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Without loss of generality, we may assume that ||V (x) ]u|9||,(x) > 1. Using again Holder’s inequality,

(1.3), and Proposition we obtain
1

VIl < | [ 1V x|

1 1
< GVl It
r(x r(x)

. ort
< Col[VIllgy (TNl s ) (4.32)
() or(x)(3)

where & = 1T if [|[V||5) > 1and a = 7 if ||V <
Using the same arguments as above, we obtain
. 9
”’u‘q(x) gH(r( <1+ H”Hq 0)(r(x))" (4-33)

Since r(x) is chosen such that (4.29) is fulfilled then

1< 6r(x) <ig;>, < (¢0)* and 1< (g(x)—0)(r(x)) < (¢o)*, Vx € Q.

s/ /
Since @, satisfies (Hs), then by using Lemma 2.3.14, we have |t|9r(x)(r<x>> < @, and |t10)-00) < @,

which imply that L®<(Q) is continuously embedded in L (’<">) (Q) and in LU®=OC@)' (). There-
s(x) !

fore, from Theorem2.3.12, W,"®(Q) is continuously embedded in L) € (Q) and in LG =00 (),
Consequently, the relations (4.32) and (4.33) become respectively

u 7+
V1l < VI, (1+ s (4.3
and
_ 4*4,0
a7y < € (1+ Nl ) (4.35)

Substituting (4.34) and ([@.35) into (#.31)), and using Young’s inequality we obtain

- —6) 20t
/rv Dllufdr < VI, [+ v (Il + 175 ) |, (436

where C, M;, and M are positive constants. O

4.3. Existence of weak solution when the potential V has changing sign

In this section, we prove the existence of weak solution to the problem (P) in the case where the
potential V is allowed to change sign. We have the following result

Theorem 4.3.1. Assume that the assumptions (®), (fo) and s(x) > % for every x € Q hold. Further-
more, assume one of the following assumptions:

1. max{y°, g™} < ¢o,
2.9 <0< 9" <q =g <(go)" and g — 390 <7,
then, the problem (P) has a weak solution.

To establish Theorem [4.3.Twe will prove that the functional Z has a global minimum.
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Proof of Theorem[#.3.1] Firstly, we show that T is coercive, namely, Z(u) — +oo as ||u||;,¢ — +oo. From

(4.13), we have
|F(x,t)] < Co¥(x,t)+h(x)|t|, V(xt)eQxR.

Then, by applying Lemma Poincaré and Holder’s inequalities, and Lemma [4.2.1}{.15), we obtain

T(u) = /Q O(x, |Vu)dx + /Q Z(<;))|u|q(x)dx— /Q F(x, u)dx

0
> ullf% = ctll Vsl — callull§ — cslitllgluly-
From Lemma .2.T}(4.17), the previous inequality becomes

0
Z(u) = [|ul{ — el Vil lullo — callulf o — callllgllulo-

If the assumption (1) holds, then it is clear that Z(u) — +o0 as |julj;,¢ — +00. Now, if we assume the
assumption (2), then following as above arguments and using Lemma [£.2.6] we obtain

V()
q(x)

C £ 2at—6 pLias 0

> [lulifio = =1Vl [M1+Mz (nunlfé’, Dl g )} — &llullf e — chlllglul0-

I(u):/QCD(x,]VuDdx—i—/Q ]u\q(")dx—/QF(x,u)dx

Since, 20:—,+ <2(g7—0) <2(g"—0) < gppand 1 < ¢¥° < ¢y, then Z(u) — +o0 as ||ul1,o — +oo. To
complete the proof we show that the functional Z is weakly lower semi-continuous, namely, u, — u
in Wy'®(Q) implies Z(u) < liminf, e Z(u,). Suppose that u, — u in Wy®(Q). Since the functional
H € CH(W,®(Q), R) is strictly convex (because H/ is strictly monotone), then we have H (u,) > H(u) +
(H'(u),u, — u); which implies that H is weakly lower semi-continuous on Wy®(Q). Concerning the
functional 7; from Proposition [.2.5-iii), J is sequentially weakly continuous, then .7 (u,) — J (). As
the last argument, using again Proposition [f.2.5}i), F is sequentially weakly continuous, which implies
that F(u,) — F(u). O

4.4. Existence of a unique weak solution when the potential V is positive
almost everywhere on ()

We have the following result

Theorem 4.4.1. Assume that the assumptions (®) and s(x) > % for every x € Q hold. If f(x,u) =

f(x) € L®)(Q) and V > 0 a.e. on Q, then the problem (P) has a unique weak solution.
Proof of Theorem Define the functional £ : W,"*(Q) — R by
E(u):=H(u)+ J(u), (4.37)

where we recall that % and 7 are defined as in relation (4.14). Let us denote by £ := &’ : W&"D(Q) —
(Wy®(Q))* with

(L(w),0) = (H'(u),0) + (T"(u),0). (4.38)

Then, the operator L is continuous, bounded and strictly monotone. Indeed, from the proof of Propo-

sition it is clear that £ is continuous. By Proposition[4.2.5}4) and iii), the operator £ is bounded. The
fact that V > 0 a.e. on (2 and using the inequalities

[(gl79720e] = gl 2 @ =) - (gl + Il = (- Dlg -l f1<q<2,  (439)
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(11797212] = |72y 1) (€ — ) > (%)"IC —nlf, ifq >2, (4.40)

then J is strictly monotone. Using again Proposition #.2.5}i), we deduce that £ is strictly monotone
operator.

Now, since ( = [of(x)u, Vu e W&’q)(ﬂ), defines a continuous linear functional on Wg’®(0) (i.e.
fe (W, ® )) ), then the problem (P) has a unique solution. O

4.5. Existence of a nontrivial weak solution when the potential V has a
constant sign

In this section, we prove the existence of a nontrivial weak solution to the problem (P) in the case
where the potential V has a constant sign almost everywhere on (), that means, V. > 0 a.e. on (), or
V < 0ae. on (). In order to obtain the third main result in this chapter, we shall add some suitable
growth conditions on f(x,u) and replacing the condition (fy) assumed in Section .2 by the following
one:

(f;) We assume that of (fo) holds and that
[f(x, )] < Ci(p(x,|t]) +1), for (x,t) € QA xR, (4.41)
where C; is a positive constant.
Let assuming the following conditions on f(x, u):

(f1) There exists T € N(Q) satisfying the assumptions of (Ha), and two positive constants 7o and "

such that
1<£]<70_’;((”))t<7 forx € Qand t > 0. (4.42)
T <x F’(;(P:)) < CuH(x, 1), for x € Qand |t > M, (4.43)

where C;, M are positive constants, H(x,t) = f(x,t)t — vF(x,t), for all (x,t) € Q x R with v = ¢°
ifV<0ae onQandv=g"if V>0ae onQ, and v: Q x RT — R" is a continuous function
and T'(x,t) fo (x,s)ds, for all x € Q).

(f2) | |lirn Fé'};é) = 400, uniformly for x € Q.
t|——+o0

(fs) f(x,t) =o(|t|p(x,t)) as t — 0, uniformly for x € Q.
We have the following existence result

Theorem 4.5.1. Assume that the assumptions (®) and (f})-(f3) hold. Furthermore, assume that ¢° < min{ipo, g~ },
max{y°, g} < (¢o)*, 97 — 3o < q~ and s(x) > %ﬁ)r every x € Q). If V has a constant sign a.e. on
Q), then the problem (P) has a nontrivial weak solution.

In order to prove Theorem we use the Mountain Pass Theorem (see [8]). Since the proof of this
theorem is quite long, we will divide it into several lemmas. Firstly, we show that the functional Z has
a geometrical structure. Secondly, we show that 7 satisfies the Palais-Smale condition at level ¢ (see the
Definition below). To this end, we show that any Palais-Smale sequence at the level ¢ for Z (see the

4.3)

Definition 4.3) is bounded in Wg’q> (Q2), and then has a strongly convergent subsequence.

Lemma 4.5.2. Assume that the assumptions (®), (), (f2) and (f3) hold. Furthermore, assume that ¢° <
min{to, g~ }, max{y®, "} < (¢o)*, 9" — 3o < q~, and s(x) > Wf}%for every x € Q. Then, the
functional T has a geometrical structure, that is, I satisfies the following properties
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(i) there exist p > 0 and B > 0 such that T(u) > B for any u € Wy®(Q) with ||u e = p.
(ii) there exists ug € Wy (Q) such that ||uo||,e > p and (1) < 0.
Proof. (i) Firstly, from (f}) and (f3) it follows that, for all given € > 0 there exists C(e) > 0, such that
|F(x,1)| < e®(x,t) +C(e)¥(x,1), Y(x,t) € QxR. (4.44)

Using Lemma the Poincaré inequality, and the fact that Wy'®(Q) is compactly embedded in LY (Q)),
we obtain

0 0

[ IFGe )l < emaxd |l g, 16} + C'(e) max el ] (@45)

Using the same arguments as in the proof of relation (4.22)), we obtain

V)| a6
b <C|v max{||u| T, lull7% ). (4.46)
Lty 1) < CIV oy max e el
Now, by using the definition of Z in (4.14), Lemma[2.2.1} and the relations (4.45))-(#.46), we get
I(u):/ D(x, |Vu|) dx+/ ] |9 dx—/ F(x,u)dx
0 0

> min{ ||ul|{%, ||ull] }—CHVIIS( max{[|u|{ o, 14|77
0 0
— emax{||ul|{%, [[1u]|] o} — C'(€) max{ [[u]|{%, lull{ s},
which implies that, for all u € W,"®(Q) with [|ull1e < 1,
0
Z(u) > [[ull{ g = CIV sl fe — ellullf — () el {%

1 0 _
> S lullfe = ClIVIlseo lull] o — C'(e) ]
0 1 Vg0 _ 40
= [lulfo (2 = ClIV s lullfs’™" = C(e)lullf ) (4.47)

Since (q-) —¢° > 0 and ¢ — ¢° > 0, then from (4.47) we can choose B > 0 and p > 0 such that
Z(u) > B > 0forany u € Wy ®(Q) with ||ull e = p.
(ii) From (f>), it follows that for any L > 0 there exists a constant C;, := C(L) > 0 depending on L,
such that
F(x,t) > LI{|" = C., V(xt) € QxR (4.48)

Letw € Wy ®(Q) with w > 0. We take t > 1 large enough to ensure that ||tw||; ¢ > 1. Then, from (4.48)
and Lemmas and we have

T(tw) = /Q D (x, |[tVew|)dx + / ‘;((;C))|tw|‘7(x)dx— /Q F(x, fw)dx

0 e +_90 ot 2":%
< iy + CIVI [+ Ma (R0 g+ 25 ol )]
—Lt¢“/ w|?dx + C,|Q)]
JQ

0 0 0
=t (Jfollfy — L [l

s +_p L 9;+
+ IV Mo+ m (200l =0+ 27 iy )] +culol.

By choosing L > 0 such that HwH‘qu> —LJ, lw|?"dx < 0 and the fact that 207 < 2(g* —0) < ¢y, then we
obtain Z(tw) — —co as t — +oo. The proof of this lemma is complete. O
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Remark 4.5.3. Note that in the proof of the geometrical structure lemma we do not need any sign condition on the
potential V.

Now, we define the level at ¢ as follows

¢ = inf max Z(y(t)),
Y€l te[0,1] (7( ))
where T’ = {7 € C([0,1], Wy (Q)) : 7(0) = 0, ¥(1) = up} is the set of continuous paths joining 0 and uy,
where 1 € W&’q)(Q) is defined in the previous lemma. Let us recall the standard definitions of Palais-
Smale sequence at the level ¢ and Palais-Smale condition at the level ¢ for a functional Z € C!(E,R),
where E is a Banach space.

Definition 4.3. Let E be a Banach space with dual space E* and (u,) a sequence in E. We say that (u,) is a
Palais-Smale sequence at the level ¢ for a functional Z € C*(E,R) if

Z(uy) — ¢ and ||Z'(uy)

E* — 0.

Definition 4.4. We say that a functional Z satisfies the Palais-Smale condition at the level ¢ if any Palais-Smale
sequence at the level € for I possesses a convergent subsequence.

Remark 4.5.4. We note that, by Lemma the existence of a Palais-Smale sequence at the level ¢ for our energy
functional T is ensured. This can be observed directly from the proof given in [8].

Now, in order to prove that the functional 7 satisfies the Palais-Smale condition, we shall first show
that any Palais-Smale sequence for Z is bounded. To this end, we have the following lemma:

Lemma 4.5.5. Assume that the assumptions (®) and (£})-(f3) hold. Furthermore, assume that ¢° < min{yo,q~},
max{y°, g} < (¢0)*, " — 1o < g, and s(x) > %]‘or every x € Q. If V has a constant sign a.e. on
Q), then any Palais-Samle sequence at the level ¢ for T is bounded in WS’CD(Q).

Proof. Let (uy) be a Palais-Smale sequence at the level ¢ for Z in W,"®(Q2). We prove by contradiction that
(uy) is bounded in Wy’ (). Assuming that (u,) is unbounded in W&’q’(Q), that s, ||u,|1,0 — +oo.

Letv, : = Tl ”
again (v,) such that v, converges weakly to v in W,"*(Q). From Lemma Wy ®(Q) is compactly
embedded in LY (Q)); thus v, converges strongly to v in L* (Q), and then a.e. in Q

Define ) := {x € Q: [v(x)| # 0}. We consider two possible cases: ()| = 0 or |Q)..| > 0. Firstly, we
assume that ]Q#| = 0, thatis, v = 0 a.e. in (). From the definition of Z in , Lemma and the
fact that ||u,||1,0 — +oco, we get

174
1t | 2 SI(un)—/ (x>|um<x)dx+/01:<x,un)dx

. Ttis clear that (v,) is bounded in Wy*®(Q)). Hence, there exists a subsequence denoted

a q(x)
< T(ua)+ = [ VOl o+ [ Fxuna (4.49)
q Jo Q
which implies that
Z(uy, n)
< (“¢) - /, )| 14 |15 dx+/ (x, u X. (4.50)
[unllTe 9 llu nH 10 119%

Now, we shall show that all terms of the right-hand side of tend to zero when # is large enough,
which is the desired contradiction. Since (u,) is a Palais-Smale sequence type, then (Z(u,)) is bounded.
Hence, the first term of the right-hand side of tends to zero as 7 is large enough. For the second
one, from Lemma [f.2.6) we get

(a0 20
My + M H”nHl +||”ﬂH1,q>

= n||¢° /y ) ua79dx < CIVII7, (4.51)

g~ lunl|
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Since, 29:—,+ <2(q~ —6) < 2(q" — ) < ¢y, then passing to the limit in (4.51), we obtain

P H‘PO /| )| |18 dx — 0, as n — +oo. (4.52)
q- [|Un

Hence, the second term tends to zero as # is large enough. For the third term, on the one hand it follows

from the definition of F that . c
/ IFx, )l o CM) (4.53)
{lun| <M}

luallf% " Nuall{%

where C(M) is a positive constant depending on M defined in (4.43). On the other hand, by using
Holder’s inequality, we get

/{ F(x, un)dx _ /{ F(x, Mn) |vn\¢°dx

Jn| >0} |11 % g >M} |t |P0

X, U
<2| "2 uoan| Moo

Without loss of generality, we may suppose that H % X { || >M} Hr > 1. Then, from Lemma [2.2.1, we

get
1
< [/ r <x, F(x,un)> dx] b
r {[un]>M} |1 |90

F(x,uy)
n‘% X{\un|>M}

Hence, it follows from (#.43) that,

1
X, Uy 70
H |u |4;0 X{”n>M}H < C I:/Q H(x,un)dx} ‘|‘CI, (454:)

where C and C’ are positive constants independent of .
In the case where V < 0 a.e. on (), then from the definition of the functional Z we get

P T(00) = (') ) = [ [0 [Ftal) = 9L, Vi Fo0a 2] (4.55)
0
—I—/QV(x) <q‘f ) 1|75 dx+/ (%, )t — °F (x, 1) ).

From (2.2)) and the fact that ¢° < g~ < g(x), the first and the second terms of the right-hand side of
(4.55]) are nonnegative. Hence, the relation (4.55) becomes

¢°Z(10r) = (T (), ) > [ Hx, ). (4.56)

It follows from (4.56) that, [ H(x, u,)dx < C, for n large enough.
Now, in the case where V' > 0 a.e. on (), then from the definition of the functional Z we get

fl+1(un)—<1’(un)run>—/[ D(x, |Vin]) = ¢(x, |Viun|) [ Viiu|?] dx (4.57)

+/ <—1> |un| dx+/ (x, up)dx.

Since q(x) < g7, then following the same arguments as for .56, we have also [, H(x, u,)dx < C, for n
large enough. This fact combined with relation (4.54) yields

H |x |Zl>: X{un|>M}H < C, for n large enough, (4.58)
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where C is a positive constant independent of n. Now, it remains to show that [|[v,|?x (s, /> I — 0 as
n — +oo. Let K(x,t) := ['(x, |t|?). Since ¢p > 1and ' € N(Q), then it is clear that K € N(Q). Moreover,
since I satisfies (Hy) then K verifies the assumption (2) of Theorem2.3.12]and by Remark[2.3.7, K(x, k) is
bounded for each k > 0. Using Lemmas[2.2.T|and 2.3.74) we get

. K(x,kt) K(x, k) .. 1
< -
A, (1) = (1) e il

where (79)’ = 70721 is defined as in 1i Since % < 70, then ¢o(70)" < (¢o)*. From this, we get

K(x, kt)
im
t—+o0 Oy (x, 1)

= 0, uniformly for x € Q).

Thus, form Theorem W&’q)(ﬂ) is compactly embedded in LX(Q)), which implies that

/ T(x,|vq|?)dx — 0, as n — +oo.
)

Consequently,
H ‘vn|¢0X{|un|>M}Hf — 0, asn — +o0. (4.59)
Hence, passing to the limit in (4.50) and using (4.52),(4.58) and (4.59), we obtain a contradiction.
Secondly, we assume that |[(Q)..| > 0. Then obviously, |u,| = |v4|||us|l1,0 — -+ooin Q.. Hence, for
some positive real M we have (). C {x € Q: |u,| > M} for n large enough. Using Lemma we get
A
(u;;zbz 4)0 / ’V Hun|q / (X un)dx
||”nH1,q> ‘7 ||”nH o H”nH
F(x,
=1+ / V()11 1) / W‘;:g”dx
q- IIunH Hnl <MYl [[7 g

— /{ Fx, un) |Un|¢ dx.

[un|>M} |un|¢°

Now, using relations (4.52), (4.53), assumption (f,) and Fatou’s Lemma, we obtain a contradiction.
Hence, (u,) is bounded in Wg’ (Q)). The proof of this lemma is complete. O

Remark 4.5.6. The preceding lemma holds true under a slightly weaker assumption than V has a constant sign.
Indeed, assume that there exists a constant p such that ¢° < p < g and V(x ! > 0a.e. on Q). Then, by
4

taking H(x,t) = f(x,t)t — pF(x, t) and following the same arguments as in
lemma.

4.56), we obtain the previous

To finish the proof of the Palais-Smale condition for Z, we only need to show the following lemma:

Lemma 4.5.7. Assume that the assumptions of Lemma[£.5.5 hold. Then, the Palais-Smale sequence at the level ¢
for T possesses a convergent subsequence.

Proof. Let (u,) be a Palais-Smale sequence at the level & for Z in W,"® (Q). Then, Z'(u,) — 0in (W, ®(Q))*
and from Lemma (uy) is bounded in Wy ®(Q). As Wy (Q) is reflexive, then there exists a subse-

quence denoted again (i, such that u, converges weakly to u in Wy*®(Q). From Proposition i), the
mapping H' is of type (S; ). Thus, to conclude the result of this lemma it suffices to show that

lim sup(H' (), un — u) < 0. (4.60)

n— 00

Indeed, using the definition of Z’ in Proposition we have
(H (), uy —u) = (T (), g — u) + (F (), gy — u) — (T (uy), un — u). (4.61)
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It is clear that,
(T'(uy), thy — u) — 0. (4.62)
From Proposition [4.2.5}ii), 7' is a completely continuous linear operator. Hence,
(F'(uy), uy —u) — 0. (4.63)
Using again Proposition [4.2.5}iii), 7' is a completely continuous linear operator, which implies that

(T (un), thy — u) — 0. (4.64)

Finally, it follows from (4.62), (4.63) and (4.64) that holds. Hence, since H’ is of type (S ), then u,
converges strongly to u in W&’( (Q). The proof of Theoremis complete. O

4.6. Existence of infinitely many weak solutions when the potential V has a
constant sign

In this section, by using Fountain theorem (see [100] for details), we prove the existence of infinitely
many solutions when the potential V has a constant sign almost everywhere on (). Let us to state the
Fountain theorem.

Let (X, | - ||) be a real reflexive Banach space such that X = ©;en-X; with dim(X;) < +oco for any

i € IN*. For each k € N*, we set Yy = ®&*_. X; and Z; = EB°° X;.
] i=14%

Proposition 4.6.1 (Fountain theorem). Let (X, || - ||) be a real reflexive Banach space and T € C*(X,R) an even
functional. If for each sufficiently large k € IN*, there exist py > ry > 0 such that the following conditions hold:

1. inf{uEZk,HuH:Vk} I(I/l) — +ooask — o0,

2. maX{ucy, Jul=p} L(#) <0,

3. 1 satisfies the Palais-Smale condition for every ¢ > 0,
then Z has a sequence of critical values tending to +oo.

In order to our energy functional Z be even, we need to assume that the nonlinearity f(x, #) be odd. In
other words, besides the assumptions (f})-(f3), we assume

(fa) f(x,—t) = —f(x,t)forall (x,t) € QO xR.
Now, we can state the existence result

Theorem 4.6.2. Assume that the assumptions of Theorem [£.5.1 hold If the function f satisfies (fy), then the
problem (P) has a sequence of weak solutions (£u,)nen € Wy~ (Q) such that T(tu,) — +00asn — +oo.

Since Wé’qD(Q) is a reflexive and separable Banach space, then there exist (¢j)jen+ C Wg'q’(Q) and
(7)jen: € (Wy'®(Q))* such that

Wy ®(Q) = span{e; : j € N*}, Wy (Q))* = span{e; : j € N*}

(ei,e7) = {1' =

and

0, i#j.
For k € IN* denote by
Xj =span{e;}, Yi = 69 1Xj, and  Zp = @2, X;.
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Proof of Theorem We denote by

By := sup {/Q‘I’(x, ul)dx : |ule = 1,u € zk}.
Since ¥ <« &, then klim Br = 0 (see [73, Lemma 4.3]). Now, we verify the conditions of Fountain
— oo

theorem. It follows from assumption (fs) that F is even, hence the functional Z is even. From Lemmas
and 7 satisfies the Palais-Smale condition; hence the condition (3) of Fountain theorem holds.
It remains to prove that conditions (1) and (2) in Fountain theorem hold.

(1) By (f}), it follows that

|F(x,t)| < C(¥(x,t) +[t]), V(x,t) € QxTR. (4.65)

Let u E Zk with [[u||1,6 > 1. From the definition of Z in (4.14), Poincaré’s inequality and Lemmas
and [ we obtain
(%)

% 70 (JrJr
>l — VI, [+ a2 (IS0 4 ulfs )| = [ Yoo lubdx = Calule, (a6

|u|‘7(x)dx—/ F(x,u)dx
0

where we recall that & = 7™ if ||V||;,) > 1and a = r~ if ||V][;,) < 1. Furthermore, from Lemma

we have
[ ¥eoluas = [ (xlulor il ) ax < ity [ % (i) ax
0 0 ulle " Ja [l
Using the definition of By, the relation becomes

ort

£ —9 29— 0
Z(0) 2 [l — CIVIL M+ M (138 + Il )| - Callulfobi— Calelne.

1
Now, let uy € Zi with ||ulj10 = 1 = (2C18x)%+°. Since ¢y < ¥ and klim Bx = 0, then ry — +o0 as
—400

k — 4o0. Thus, we have

26rt ort

) e
I(u) > 2Cip) 0 * — VI, [Ml—kMz <r 24°-0) | 2% )]
‘/}O

— C1(2C1Bk) #0¥° By — Cory,

1 a = 2qt—0) 4 20
Z(u) = 5"k * = ClIVI, [Mi+ M2 (7 + e — Cory.

Since 227 < 2(q~ —0) < 2(g" — ) < ¢p and 1 < ¢o, then

inf Z(u) — +ooask — +oo.
{ueZy||ul|=r¢}

(2) Letw € Yy withw > 0,||w|[1,o = 1 and t > 1. Then, from relation ({4.48) and Lemmas and
we obtain

0 0 0
Z(tw) <t (Il Yy~ L [ ol
s _ 9,,7 9r+
+Cl VI [M1+M2 <t2( e A T )} + Q.

0
It is clear that we can choose L > 0 so that HwH‘f@ — L, lw|?"dx < 0. With this fact and since Zf’r’—f <
2(q" —0) < ¢ thenwe have Z(tw) — —oo as t — +o0. Thus, there exists f > r; > 1 such that Z(fw) < 0.
By setting px = f, then we obtain

max  Z(u) <0.
{ueYp llull=pc}

The proof of this theorem is complete. O
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4.7. Application

In this section, we give an example of a nonlinearity f satisfying the assumptions (f})-(f3), and for
which our main Theorems d.5.T]and &.6.2lhold.

Let us fix ®(x,t) = ﬁ\ﬂp(") with p € C179(Q). Then, the operator div(¢(x, |Vu|)Vu) involved in
(P) is the p(x)-Laplacian operator, i.e. Ay u := div(|Vu|P®)=2Vu). In this case, we have ¢g = p~ and
¢ = p* with the assumption 1 < p~ < p(x) < p™ < N.

In the case where V > 0 a.e. on (): We take F(x,t) = |t|7 In(1+ |t]), with g7 +1 < I\I}\I_jpp:' The
derivative with respect to t of F(x, t) is given by
tl7 !

1+ |t

F'(x,t) := f(x, ) = g [t]7 2tIn(1 + |#]) +

7

and we have

Hx,t) = f(x, )t — g E(x £) = ﬂq't'.

It is clear that f satisfies the assumptions (f}), (f2)-(f4). Moreover, since F‘(t"";) — 0 forall @ > g" then
from , f does not satisfy the (A-R) condition. Now, it remains to show that the assumption (f;)

holds. To this end, let us consider the function T'(x,t) = [t|f, where 1 < X < < -1 . Then,
p qr—p
.o
r (x, Fé;f)) = |t|P@ =P ) InP(1 + |t]). Since B(gt — p~) < g7, then L plt;;i?ﬁ(lﬂt‘) — 0as |t| — +oo.

Hence, the assumption ( f;) holds.

In the case where V < 0a.e. on Q: We can take F(x,t) = [t|?" In(1+ |¢|). By the same arguments above,
the choice of T'(x,t) = |t|?, where 1 < pﬁ, < B < " ensures easily that f verifies the assumptions

) prop
(fo)-(fa)-
Consequently, in the both cases, the main Theorems and hold.

Remark 4.7.1.

1. In the case where V. < 0 a.e. on (), we can not take the same function F considered in the first case, i.e.
F(x,t) = |t|7" In(1 + |t|). Indeed, in this case, the nonlinearity f satisfies the (A-R) condition.

2. As in the first remark, we can not consider the function F(x,t) = |t|P" In(1 + |t|) when V > 0 a.e. on Q.
Indeed, in this case we have

| |p++1

+ t
fle )t =q FGnt) = (7" =g ) I+ 1) +

< 0, for |t| large enough.

Hence, the nonlinearity f do not satisfy the assumption (f1).
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Asymptotic behavior for some nonlinear
parabolic problems
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CHAPTER 5

GLOBAL ATTRACTOR FOR A DOUBLY
NONLINEAR PARABOLIC PROBLEM
WITH A NONLINEAR BOUNDARY
CONDITION

The purpose of this chapter is to prove the existence and uniqueness of bounded weak solu-
tions for a doubly nonlinear parabolic problem of p-Laplacian type with a nonlinear boundary
condition. We formulate our problem as a dynamical system; then by using Holder continu-
ity of solutions and assuming appropriate hypotheses, we prove also the existence of a global
attractor in L®(Q)).

5.1. Introduction
In this chapter, we consider the following doubly nonlinear parabolic problem
or(B(u)) —Apu+h(x,t,u) =0, inQx (0,00),
(P) —|Vu|”_2% =gq(u), on 0Q) x (0,00),
B(u(0)) = B(uo), in Q,

in a bounded domain QO ¢ RN, N > 1, with smooth boundary d(). Here, A, denotes the p-Laplacian
operator defined by A,u = div(|VulP~2Vu) (1 < p < ), a% denotes the outer unit normal to 9Q) at x.
Precise conditions concerning B, h, 1o and g will be given hereafter.

Partial differential equations of the form (P), or some special cases of it, are studied by several authors
because of their mathematical interest and because they describe many phenomena in mechanics, biology
and physics. To be more specific we give some important models. For f(u) = u, g =0and p = 2, the
problem reduces the reaction-diffusion equation, while for p # 2 the problem represents the equation
of non-Newtonian elastic filtration, glaciology phenomena (see [74,85]). For B(u) = |u|nsign(u), with
m > 1and p = 2, (P) is the so-called porous medium equation and describes the non-stationary flow
through a porous medium. For p # 2, this problem models the non-stationary polytropic flow of a
fluid in a porous medium whose tangential stress has a power dependence of the velocity. We refer the
reader to the review paper [63]. Furthermore, problem (P) includes also mathematical models from the
evolution of a biological population (see [56} 55]).

Here, we shall focus on a Neumann type nonlinear boundary condition, since the Dirichlet boundary
condition have been widely treated in the literature (see [19,132, 362 ]). This nonlinear condition occur in
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many applications in physics and can be for example physically interpreted as a nonlinear radiation law
prescribed on the boundary of the material body (see [9,169] and references therein).

In this work, we are concerned with existence and uniqueness of bounded solutions and existence of
a global attractor for the problem (P). Our aim is to give sufficient conditions under which our problem
(P) is globally well-posed in a suitable functional space setting and state conditions under which the
dynamical system associated to (P) has a compact global attractor in L®((2), by using the general setting
of attractors (see R. Temam [96]).

Our work is inspired by the results of El Hachimi and El Ouardi [39] and Andreu et al. [10]. In fact, in
[39]], the authors extend some of the results obtained in [36] for problem (P) with Dirichlet boundary con-
dition and initial datum in L?(Q)). Here, assuming that the initial datum in L*(Q) and the assumptions
on h are quite weaker than in [39], we shall extend the results in [39] concerning only the existence and
the uniqueness of the solutions to the problem (P). Moreover, following the line ideas in [10] combined
with some results in [98], we prove the existence of a global attractor in L®(Q)) for (P) with1 < p < +oo,
when the initial datum 1y € L®(Q)). We point out that, the conditions on nonlinearities & and g used
here differ from those imposed in [10]. We also note that the choice of the space L*(Q}), as indicated in
that paper, is motivated by the fact that the solutions obtained are bounded for bounded initial data and
that the compactness of the trajectories is straightforward by the results of [33]; the Holder continuity
of solutions obtained for a more general problem in [98]] being an essential key to prove the uniform
compactness of trajectories of the dynamical system associated with our problem (P).

The paper is organized as follows. Section 5.2} is devoted to the existence and uniqueness of bounded
weak solutions of problem (P); while Section deals with the existence of the global attractor in L®((})
to the dynamic system associated to the problem (P).

5.2. Hypotheses and First Main Theorem

In this section, we start by introducing our hypotheses on the data and making precise the meaning of
solutions of problem (P). Then, we state the existence result.

(Hp) The initial datum up € L®(Q) and B : R — R is an increasing locally Lipschitz function with

B(0) = 0.
(Hz) h:QxR" xR — Ris a Carathéodory function satisfying
i) there exist rp > 0 and ¢y > 0 such that

h(x,t,s)sign(s) > —co, forall |[s| > r, (5.1)

with sign is the function defined by

1 ifs >0,
sign(s) =¢ 0  ifs=0,
-1 ifs <0.

ii) there exists an increasing function a : Rt — R™ such that

|h(x,t,s)| <a(]s]), foralmosteverywherein Q x R™. (5.2)
iif) %(x, t,s) exists and for all A > 0, there exists C4 > 0 such that
oh
lg(x,t,s)\ < Cy, for |s| <A (5.3)
iv) there exists K > 0 such that the map
s+ h(x,t,s)+ KpB(s) isincreasing. (54)
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(H3) gis an increasing Lipschitz continuous function and such that
g(s)sign(s) >0 forall |s| >, (5.5)
where rj is defined in (5.1)).
Let us denote by Q := Q) x (0, T) and X := 9Q x (0, T'), for any positive number T fixed.

Definition 5.1. By a bounded weak solution of problem (P) we mean a function u such that u € L*(Q) N
LP(0, T, W'P(Q)) N L*(t, T; WY (Q)), for all T > 0, satisfying the identity

/OT<at(5( +/ VulP- Zwv(p+/ (p+/ x,t,10) (5.6)

forall ¢ € L®(Q) NLF(0, T; WP(Q).
Moreover, if € LP(0, T; WP (Q)) N W(0, T; LY (Q)) with ¢(-, T) = 0 then

[ @)= - [ [ 660 - poane,

1. Obviously, since u € L*(Q) and B is increasing , then we have B(u) € L*(Q).

Remark 5.2.1.

2. By hypotheses (Hy ) to (Hz), we have
3 (B(u)) € L'(Q) + LV (0, T; W17 (Q)).

3. Thanks to previous points (1) and (2), we have (1) € C([0, T]; H*(Q)) for s large enough. Hence, the
third condition of problem (P) makes sense.

Definition 5.2. Let 8 be a continuous increasing function with B(0) = 0. We define for t € R

t
= d
| B
Then the Legendre transform ¥* of Y is defined by
Y*(7) = sup{ts — ¥(s)}. (5.7)
seR
In particular, we have
¥ (B(1)) = tp(7) = ¥(7). (5.8)

Remark 5.2.2. From the equality and Remark[5.2.1}(1), if u is bounded then ¥* (B(u)) is also bounded.
The following lemmas will be useful hereafter (see [7, Lemma 1.5])

Lemma 5.2.3. Let u € LP(0, T, WP (Q)) such that 3;(B(u)) € LV (0, T, W= (Q)). Then, we have

(0:(Bu) u) dt/

where (-, -) denotes the duality product between W'? (Q) and W17 (Q).

The following lemmas are central for the estimates we drive in what follows (see [96, Lemma 1.1 and
Lemma 5.1 of Chapter 3])
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Lemma 5.2.4 (The Uniform Gronwall Lemma). Let g, h,y be three positive locally integrable functions on
|to, +0o[ such that y' is locally integrable on |ty, +oo[, and which satisfy

v <gy+h for t>t,

t+r t+r ttr
/ g(s)ds < m, / h(s)ds < ap, / y(s)ds <as, for t >t,
t t t

where 1, a1, az, a3, are positive constants. Then,
y(t+r) < <a73 —|—a2) exp(ai), forall t>t.
Lemma 5.2.5 (Ghidaglia Lemma). Let y be a positive absolutely continuous function on (0, 4+o00) which satisfies
y +ayh <9,
withp > 1,7 > 0,0 > 0. Then, forall t > 0,

/
¥t < @ "y -,

We finish this recall by the usual Gronwall’s lemma

Lemma 5.2.6 (Usual Gronwall Lemma). Let y be a nonnegative, absolutely continuous function on [0, T], which
satisfies for a.e. t the differential inequality
y <gy+h,

where g and h are nonnegative integrable functions on [0, T|. Then, for all t € [0, T|

y(t) < exp (/Otg(s)ds> {y(O) + /Oth(s)ds] .

We can now state our first main result of this chapter.

Theorem 5.2.7 (First Main Theorem ). Under hypotheses (Hy) to (Hs), there exists a unique bounded weak
solution of problem (P) such that B(u) € C([0, T]; L}(QY)).

5.3. Proof of the First Main Theorem

The proof of our first main theorem will be divided into three steps. Firstly, we obtain the existence
of classical solutions for a regularized problem associated with problem (P) which can be solved in
a classical sense by well-known results of [68]. Secondly, in order to study the convergence of these
solutions, we show some a priori estimates in suitable functional spaces. Finally, inspired by the papers
[7,32], we prove the uniqueness of solutions.

5.3.1. Existence of bounded weak solutions

Classical solutions

Let € > 0, we consider the following regularized problem

0t (Be(ue)) — Apue + he(x, t,ue) =0, inQ,
(Pe) § —(|Vue|> + 6)%2% = ge(ute), onx,
Be(ue(0)) = Be(uoe), in ),
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where Afue = div((|Vue|* + e)pTQVue) and

(#) Be is of class C1(R) such that 0 < e < B,
Be(0) =0, Be = B in Cioc(R) and [Be| < |B].
he is of class C®(Q x R),

() < he(x,t,8) = h(x,t,5) in L}(Q) for any fixed s and in C,.(R) for a.e. (x,t) in Q,
he satisfies uniformly (Hy).

(@ ge isofclass C*(R), ge = g in Cjoc(R),
ge satisfies uniformly (Hs).
Finally, we regularize the initial condition by the same way as in the proof of [47, Proposition 3, p. 761]:
Upe € Cg(ﬁ) is such that Uge — Up In Ll(Q), HuoleHLm(Q) < HM()HLoo(Q) +1,
(%) and satisfies the compatibility condition :
-2
—(|Vuoel +€)"7 % = ge(uoe).

We point out that since B is increasing, |Be| < |B| and (1) is bounded, then (Be(uo,)) is also bounded.
Now, by using the classical results of Ladyzenskaya et al. [68, Chapter V], there exists a unique classical
solution 1, of problem (P;), for any fixed T > 0.

A priori estimates

In this part, we shall show some essential estimate concerning the solutions of problem (P.). The sign
condition on the nonlinearities f and g plays a crucial role for proving the boundedness of solutions of
problem (P.). We have the following

Lemma 5.3.1. Forall € > 0, we have
[uell =) < C, (5.9)

where, C := C(T, |[uo|~(qr)) > O is independent on e.
Proof. By using the sign conditions (|5.1) and (5.5)), we obtain for all k > 0
he(x, 1, ue) [(Be(tte) — Be(r0)) T1H > —col(Be(ue) — Be(r0)) 71,

and

ge(“e)[(ﬁe(ue) - ﬁe(ro))+]k+1 > 0.

By multiplying the first equation of (Pe) by [(Be(ie) — Be(ro)) T]¥™! and using the above inequalities we
get
Ld +kt2 / +1k+1
- _ < B ‘ .
i aar Jol(Belie) = Be(ro)) T < co | [(Be(ue) = Pe(ro))”] (5.10)

We set ye x(t) = [|(Be(ute) — Be(r0)) | 1k+2()- By using Holder inequality, we get

[ 1(Belte) = Belro)) 1 < exlyen(1))1,

which yields from (5.10) that,
;t(ye,k(t)) <c¢ forallt>0, (5.11)
which in turn gives, after integrating between 0 and ¢,

Ver(t) <c(T) +yex(0) forall0 <t <T, (5.12)
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Let k — +oo0. Since (1) is bounded, then we get

1(Be(ue(t)) = Be(ro)) " lle(ay < C(T, [luollr~(q)), forall0 <t <T. (5.13)

Now, let ve := —1u,. Clearly, v. is a solution of the following problem
9t(Be(ve)) —Aev€—|—fl (x,t,ve) =0, inQ,
(Pe) § —(IVoe]? +€)'7 % = ge(ve), ony,
.Be(ve(o)) = ,Be(vo,e), in O,

where B¢(s) = —Be(—s), h (x t,s) = —he(x,t,—s) and §c(s) = —ge(—s). Moreover, f. satisfies the same
properties (%) of B. while he and §. satisfy also the sign condition (5.1)) and (5.5) respectively (with
respect to B¢). Therefore, we follow the same previous argument to obtain the following estimate

1(Be(ve(t)) = Be(r0)) " lliw(ay < C'(T, lluoll (), forall0 <t < T
which is equivalent to
[(—=Be(ue(t)) + Be(=70)) " Nl 1oy < C'(T, |luoll o)), forall0 < ¢ < T. (5.14)

Consequently, from (5.13) and (5.14) we conclude that
[ue ()|l L) < C(T, [Juo||1=~(r)), forall0 <t < T.
U

Remark 5.3.2. Note that since B is increasing and |Be| < |B|, then using previous lemma, (Be(ue)) is also
bounded.

Lemma 5.3.3. Forall € > 0, we have
[uellLr o mwreay) < 6 (5.15)

where, ¢ > 0 is independent on €.

Proof. Mutiplying the first equation of (P) by u. and integrating over (), we get

p=2 d .
_/Q(|Vu€|2+€)”2 \Vu€|2: E/Q‘Pe(ﬁe(ue))+/Bﬂge(ue)ue+/Qh€(x,t,ue)u€,

where Y7 is the Legendre transform of ¥, associated to B defined in Definition Since ge is an in-
creasing function and () is bounded, then we get

e (ue)| < max(ge(c), [ge(—c)|) == 7e. (5.16)

Due to the fact that g¢ — ¢ in C,(R), (7¢) is a bounded sequence as € — 0. Then, we integrate over [0, T]
and by using the boundedness of (), Remark and condition ([5.2)), we obtain

T T 2 p2 2
/0 /Q|Vu€|p§/0 /Q(|we| )T Va2 < ¢,

which shows[5.15 O

Remark 5.3.4. By using the estimate and Young’s inequality, we can easily see that ((|Vue|? + €)= Vue)
is bounded in L' (0, T; W=7 (Q)).
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Lemma 5.3.5. Forall € > 0and all T > 0, we have

[ue(B)lwiry < c(T), forall t>7, (5.17)
[ [ B @) < ¢ 1), 619)
/ ' [ @iBeue)? < (7, T). (5.19)
Proof. By multiplying the first equation of (P.) by 0¢(u) and integrating over (), we get
[ B @+ 5 (5 [ (Va4 )+ [ getuaniue) (520)

+/Qh€(x,t,ue)at(ue) ~0.
We set
¢ ¢
Ge(€) :/0 ge(s)ds and He(x, ) :/0 he(x, £, 5)ds.

In order to simplify the proof, we can assume g.(0) = 0. By using the boundedness of (i), properties
(¢) and (#7) on ge and h respectively, there exist two positive constants A1 and A, such that

\/ u€]<A1and|/thue)\<Az (5.21)

Hence
/a Ge(ite) + Ay > 0 and / He(x, £, 1) + Az > 0.
[@) @)

Therefore, by using (5.3), relation (5.20) becomes
d /1
/Q,B’E(ue)(at(ue))z—l—bﬁ(r)/(\Vue|2—|—e Vit | Gelue +A1+/ He(x, b 1) + Ao )
< \/ / (x,,5)ds| < Ca, (5.22)

which implies

d (1

o (p/(\Vu€|2+e z+/ (e +A1+/ He(xt, u€)+A2> < Cp, (5.23)
where A = C(T, [|uo||1~(q)) is defined in .
Let us fix r > 0. As in the proof of (5.15), we get

t+r
/ /1(|w€|2+e)5 <o (r).
¢ Jap

By using again the boundedness of (i) and properties (¢) and (%) on g. and k. respectively, we get

/tt+”< , Ge(ue) +/QH€(x,t,ue)> < co(r).

Hence, by the uniform Gronwall Lemma5.2.4} holds true.
By using the first estimate (5.17), the boundedness of () and the properties on g. and /., we deduce
easily the second one. Indeed, by integrating (5.22) over (7, T) we obtain

/ / ﬁ/g(ue)(at(ue)) < */ ((’ : Me([)| 6) (| : ue(l)’ €>2>
T (@) p (@)
(S (“€<z>) GG(HG(I))) (5'21)

+/ (£, 1 (1)) — He(x,t, ue(T))) + Ca(T — 7).
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Hence, (5.18) holds.
Finally, to show (5.19) we use the estimate (5.18). Indeed, since  is locally Lipschitz, we can choose B¢

such that B. < L, for some constant L > 0. Then, we get

/T-T /(;(at,Be(ue))z < L/TT/Qﬂ'e(ue)(at(”e))2 < '(1,T).
This shows (5.19). .

Remark 5.3.6. The absence of an estimate on (0sue) exclude the application of Aubin’s lemma to (ue) (see [94,
Corollary 4]); but we can apply that lemma to (Be(ue)) (see below).

Passing to the limit

In order to pass to the limit, we use the previous lemmas. Indeed, by estimates (5.9), (5.15) and (5.17),
there exists a subsequence of (u.) (called again (u)) and a function u such that

ue — u weakly” in L*(Q),

ue — uweakly in L¥(0, T, W (Q))),
ue — u weakly* in L®(t, T, W'"P(Q)), forall T > 0.

Now, we pass to the limit on the nonlinear term g, at the boundary . For this, we have
Qe(ue) — g(u) strongly in LF (0, T; LP (9Q2)). (5.25)

Indeed, from estimate (5.15), uc — u weakly in L¥ (0, T; Wl'V(Q)). By using Theorem 3.4.5 of Morrey [80,
p. 76], we get that ue — u strongly in L?(0, T; LP(0Q))). Moreover, since g. is a Lipschitz function, then
we get

T T
| lgetwe) =gl < er(p) [ [ (eue) = gelw)l? +Ige(m) = g(w)l?)
T
<clp) [ [ (e =ul? +|ge(w) = g(w)?).

Using the fact that g. converges uniformly to g in any compact subset of IR, (5.25) holds true.

By using the growth condition on e and Vitali’s theorem, ke (x, t, ue ) converges strongly to h(x, t,u)
in L'(Q).

On the other hand, there exists & € L' (0, T; W—#'(Q)) such that

ASue — & weakly in L' (0, T, W~ 7 (Q)).

Indeed, let v € L? (0, T; W' (Q))). We have

ACuc)o §/ Vuez—keprzVue VU+/ e(Ue v+/ he(x, t,ue)l|lol.
\/Q(p)l Q(I “+€) 7 [Vue|| Vol Z!g()lll Q\( N[l

The first, second and third terms on the right-hand side of this inequality are bounded due to Remark
and (5.2). Furthermore, by using the Minty argument, we get § = A,u (see e.g. [72] and [19]).

By using and applying the same argument as in the proof of the estimate (5.19), we obtain that
(Be(ue)) is bounded in L®(t, T; WP(Q)), for all T > 0. Moreover, from we get that (0¢Be(ue))
is bounded in L?(t, T; L2(Q))), for all T > 0. Hence, by using Aubin’s lemma (see [94, Corollary 4]),
we deduce that (Bc(u¢)) is relatively compact in C(]0, T]; L}(Q))). Therefore, Bc(ue) — { strongly in
C(]0, T); LY(QY)). Thus, by using the same arguments of [[19, p. 1048], we obtain { = B(u).

In order to prove the continuity at t = 0, we shall use Lemma below, which gives the uniform
Lipschitz continuity of solutions in L'(Q)). In a first step, we deal with initial data uy € C!(Q)); then,
we take a sequence (1) bounded in W?(Q) and satisfying to conditions (% ). We have the following
result which is a consequence of Lemma[5.3.5]
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Corollary 5.3.7. For all € > 0 we have

[ue(E)lwrr(y < ¢, forall t>0. (5.26)

[ [ Betue)@rtue))? < ). 527)
/ ! / (3iBe(ue))? < ¢ (T). (5.28)
0 Q

Now, we continue our proof of continuity at t = 0. We proceed as in [10]. From the previous corollary
we deduce that B¢ (u.) — B(u) strongly in C([0, T]; L}(Q)) for initial data ug € C*(Q).

Let us now assume that 1y € L®(Q) and take a smooth sequence (1) satisfying to (% ). According to
the first case, the corresponding solution B(u.) are continuous at t = 0. Since (1) is bounded and con-
verges to ug in L!(Q)), then by the dominate convergence theorem B(ug¢) — B(ug) in L'(Q). Moreover,
we have

[1B(u(t)) — B(u(0)llrriay < [1B(u(t)) = Blue(t)) L) + lIB(ue(t)) — B(uoe) 1)
+ [|B(uoe) = B(uo)llr1()-

By using Lemma 5.3.T1} we get

1B(u()) — B(u(0) 110y < e [1B(1t0) — Bluoe) 11y + IB(1e(£)) — Blutoe) | i
+ [1B(uoe) = Buo)llr1(0)-

Hence, all terms of the right-hand side tend to 0 as € — 0. Consequently, B(u) € C([0, T]; L1(Q)).
Finally, by passing to the limit in (P.) when € — 0, we obtain that u is a bounded weak solution of
problem (P) in the sense of Definition 5.1}

Remark 5.3.8. If we assume that h does not depend on t and verifies the condition (see Section[p.4|page[75)),
then we can show that 3;B(u) € L%(0,+o00,L*(Q))). This can be done directly from Lemma (below) by

integrating We point out that, in the paper [32], the authors obtained the same estimate on 9;(u) under
the condition ug € WP (Q) N L*(Q) in the case of Dirichlet boundary condition and for a general operator than
p-Laplacian. However, the growth conditions considered in that paper are different from ours.

5.3.2. Uniqueness of bounded weak solutions

The proof of the uniqueness of solutions is inspired by [7, Theorem 2.2] and [32, Theorem 3]. This
result is formulated as a comparison principle and is important for the study of global attractors. Here,
the main difference between the equation studied in these papers and the one we consider here lies in the
fact that the boundary condition is nonlinear. Therefore, we can not use their arguments directly since
the usual Gronwall Lemma b.2.6]is failed.

Now, we state the comparison principle result as follows

Lemma 5.3.9. Let u and u be two solutions of problem (P) corresponding to different initial data Uy and u
respectively, such that uy < up. Then, we have u < u in Q.

Remark 5.3.10. The arquments used in both papers [7] and [32] for proving the comparison principle result are
based, among other conditions, on the hypothesis that 9;(B(w)) and 9;(B(u)) belong to L*(Q). In this work, we
show that if u is a solution of problem (P) then 9;(B(u)) belongs to L*(t, T; L*(Q)) for all T > 0. Therefore, since
B(u) € C([0, T]; LY(QY)) then 9;(B(u)) belongs to L(Q).

Proof. For small § > 0, let us set

P5(z) := min (1,max <§,0)> , forall ze R.
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By taking ¢ := i;(u — %) as a test function in the problem (P) corresponding to # and u, then we obtain
t t
| [apw — pangsw—m + [ [ (9ul-2Vu Va2V v (u — 1)gh(u — )
0

[ ] st —g@stu =)+ [ [ ()~ bt )l — ) = .

By using the monotonicity of the operator —A,, the second term is nonnegative. Now, let tends 6 — 0.
By using the fact that 9;(8(u)),d:(8(%)) € L'(Q), hypothesis and the fact that g is increasing, then

we obtain
//3t (1)) s (u —u) —>//3t B(#)) X {u—w>0
=/Q ((1)) ~ (1)),
[0t = o)t =) = [ [, t0) = 1)y
K [ [ (b - pa,
and

/ /BQ 1’05 u—u —>/ /BQ X{u u>0} >0, (5.29)

where x and vt := max (v, 0) denote the characteristic function and positive part of v respectively. Hence,
we get

(B - paen)® <k [ [ (pla) —pla*. (5:30)

Thus, from usual Gronwall Lemmal5.2.6|we deduce that f(u) < B(i). Since f is increasing, then we have
in particular (1) = B(#%) in the set {u — u > 0}. Using this last conclusion and the following well-known
inequalities
L 72 la — b|*, ifp>2,
(la]"a — [b|P77b).(a = b) = c(p) { ja—sp .
T+ ifl<p<2,

for any real vectors a and b, where c(p) = 2277 when p > 2 and ¢(p) = p — 1 when 1 < p < 2, then we
get
V(u—u)=0 intheset {0 <u—7u <4},

hence, max (0, min(u — #,6)) = const; which implies u < 7, since it is true on X. O

We end this section with the following lemma which affirms the uniform Lipschitz continuity of solu-
tions in L!(Q)). This result, will be useful in the next section.

Lemma 5.3.11. Let u and u be two solutions of problem (P) corresponding to different initial data 1y and u
respectively. Then, the following L'-Lipschitz continuity holds:

1B(a(t)) — B(u(t))llr ey < €118 (iH0) — Blrto) 1) (5.31)
Proof. by using (5.29)) and following the same arguments as in [32], the lemma holds. O

5.4. Existence of global attractor in L*(Q))

In this section, by using the general setting of attractors, we shall show that the problem (P) has a
global attractor in L ().
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5.4.1. Preliminary results

In this part, we recall some basic backgrounds related to the theory of dynamical systems. Precisely,
we recall some concepts in the sense of R. Temam [96]. Let E be a Banach space.

Definition 5.3 (Semigroup operator). A family of (nonlinear) operators (S(t))¢>o acting on E into itself is called
a continuous semigroup if satisfying the following properties:

1. S(t) is continuous from E into itself for all t > 0.
2. S(t+s)=S5(t)oS(s) forallt,s > 0.
3. S(0) = I (identity in E).
Definition 5.4 (Invariant set). A set A C E is an invariant set for the semigroup (S(t))¢=o if
S(t)of = forall t>0.

Definition 5.5 (Global attractor). The set o7 C E is called a global attractor of the dynamical system ((S(t))s>o, E)
if the following conditions are satisfied:

1. The set <f is a nonempty compact subset of E.
2. The set </ is invariant.

3. The set < attracts each bounded subset % of E, that is the following holds:
dist(S(t) B, /) — 0 as t — +oo,
where dist(A, B) = sup, 4 infycp ||a — b|[E.

In order to establish the existence of attractors, a useful concept is the related concept of absorbing sets.

Definition 5.6 (Absorbing set). Let % be a subset of E and % an open set containing 9. We say that % is
absorbing in 7 if the orbit of any bounded set of % enters into A after a certain time (which may depend on the
set):

VB C %, PBo bounded, 3t (HBy) suchthat S(t)By C B, Vt>t (%).

Definition 5.7 (Uniformly compact operator). We say that a family of operators (S(t))s>o are uniformly com-
pact fort t large if, for every bounded set 2 there exists to which may depend on % such that

U st»

>t

is relatively compact in E.

5.4.2. Hypotheses and Second Main Theorem

In this part, based on the first main result and by adding some supplementary assumptions on our
data B, h and g, we shall show the existence of a global attractor in L*(()). More precisely, let us define
the family of nonlinear maps (5(f)):>0 by

S(t) : L*(Q) — L*Q)
wo = pu(t)),

where u is the unique bounded weak solution of problem (P) corresponding to initial datum uy. By
Theorem this map is well defined. It is worth pointing out that, from Lemma the nonlinear
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map (S(t))s>o is continuous in L!-norm, but is not continuous in L*(Q)-norm. Therefore, as our dynam-
ical system follows the approach of R. Temam [96], then even if we prove the uniform compactness of
(S(t))t>0 and the existence of an absorbing set, the conclusion of the existence of the global attractor does
not follow directly. To overcome this difficulty, we shall use Lemma[5.3.17]in spirit to [10].

Now, in order to prove the existence of a global attractor, we need to show that the solutions of problem
(P) are Holder continuous. This result will be used in the proof of the compactness of the trajectories,
that is, to obtain that the nonlinear operator (S(t));>o is uniformly compact for ¢ large enough; which
in turn is an important step to obtain the existence of a global attractor. The basic idea to show the
Holder continuity of solutions, is to apply Theorem 1.1 of [98]. Henceforth, the crucial fact is to adapt
the hypotheses of this theorem to our problem (P). For this end, we need some additional appropriate
hypotheses on the function  and on the boundary datum g.

Before to state the main result of this section, we perform the following formal computations in order
to justify our considered assumptions.

We set f(u) = v, and replace this change of variable in the first and second equations of (P). We get

3 (v) — div(|(B~(0)) "B~} (0))'[ V0| 72V0) + h(x,t, B (v) = 0. (5.32)
- |(,3_1(U)),|p_2(ﬁ_l(U))/|Vv|p_2§:j =8(B7(v)). (5.33)

Identifying the equation (5.32) with equation (1) of [98] leads to consider the following supplementary
hypotheses on p

(Hy)' B is strictly increasing and ! belongs to C!(R).

(Hy)" i) (B~!) is degenerate near the origin in the sense that there exists an interval [—&y, Jo] around the
origin such that for all s € [—dy, do]

wfs|7 < (B7H(s))" < als|, (5.34)

for some constants a1, > 0 and 1, v2 > 0.

ii) (1) is bounded from above and from below; that is, for all s € R\ [—&y, dp] we have
A1 < (B71(s)) < A, (5.35)
for some positive constants A; < Ap.

Concerning the nonlinear term g, according to the remark d) of [98], we assume the following supple-
mentary hypothesis

(H3), gc Cl(]R)

In order that our nonlinear operator (S(t));>o satisfies the properties of semigroup, that is, S(t +5s) =
S(t) 0 S(s), we need to assume

(Hy)" h(x,t,u) = h(x,u).

Finally, to show the existence of absorbing sets in the space L (Q}) for the dynamical system (S(t)):>o,
we need to replace the condition of (Hz) by the following one : there exist c1, ¢, > 0 such that

h(x,t,s)sign(s) > c1|B(s)|7 ! —ca, forall |s| > rg, 2.1)

with g > sup(2, p).
Note that this condition is stronger than (5.1). Consequently, Theorem[5.2.7/holds under @2.T)).

Remark 5.4.1.
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o Observe that the assumption (Hy)'-i) is equivalent to lim p/(s) = +oo, that is, p’ blows-up at s = 0. As a

|s|—0
simple example for this type of functions, we have

B(s) = \s\%sign(s), with m > 1. (5.36)
Consequently, the class of doubly nonlinear porous media-type equations includes in our study.

e We point out that, if y1 = o = 0in (5.34)), in other words, if the assumption (5.35|) is satisfied for all
s € R, then functions like (5.36|) are preclude.

Remark 5.4.2. We note that since the solutions of our problem (P) are bounded, then we can apply Theorem 1.1
of I98|]. Hence, this result is given as follows

Theorem 5.4.3 ([98]). Assume that Theorem5.2.7 holds. Then, under hypotheses (Hy)' to (Hz)', the solutions of
problem (P) are Holder continuous in Q) x [e, T], for all € > 0.

The next result is the second main theorem of this chapter which assures the existence of the global
attractor for the semigroup (S(t)):>o related to the problem (P).

Theorem 5.4.4 (Second Main Theorem). Assume that Theorem holds and that hypotheses 2.1, (Hy)'
to (Hy)' are satisfied. Then, the semigroup (S(t))¢>o related to the problem (P) possesses a global attractor < in
L*(Q).

5.5. Proof of the Second Main Theorem

In this section, we give a proof of Theorem To this end, firstly, we show that the operators
(S())¢>0 are uniformly compact for t large. Secondly, we show the existence of absorbing sets in L*(Q).
Finally, we construct a set .7, then we prove that this set is a global attractor.

Lemma 5.5.1. Let % be a bounded set of L (Q)) and to > 0. Then,

U s,

t>tg
is relatively compact in L®(Q}).

Proof. Atfirst, the set (J;~oS(t)# isbounded in L*(Q)) by Lemma5.3.1} In other words, the approximate
solutions are uniformly bounded. Moreover, from Theorem [5.4.3] they are Holder continuous for any
t > to > 0. Consequently, by the Ascoli-Arzela theorem, the lemma holds. O

Lemma 5.5.2. Under hypotheses (Hy) to (Hz), with instead of (5.1), there exists a positive constant p such
that for any uy € L®(Q), we have
[u(t) |1y < o, forall t>0.

Proof. Firstly, let k > 0. Multiply the first equation of (P.) by [(Be(ue) — Be(r0))T]**, see Lemma
then we get

e [0 ~ B T2 4 ex [ [(Belue) = Belro) I 57

< [ [(Be(ue) = Belro)) "1,

Set Ye i (t) := || (Be(ue) — ﬁe(ro>)+“Lk+2(Q)- Using Holder inequality, gives
(Yek(£)1* < ey /Q[(,Be(ue) — Be(r0)) F1o7%,
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and

[ 1(Bewe) = Be(r)) 17 < eslyen(0)*.
Consequently, from ([5.37)) we get the following inequality

i(ye,k<t)) +0(yex(t)T <A, (5.38)

where § and A are two positive constants depending only on g. By applying Ghidaglia’s Lemma on

(5-38), we get

1
[e7(lluo,ell ) + es(q) ] 72

Yer(t) < ce(q) + , forall t >0, (5.39)

with ¢y (||uoell1x() > 0.
Letk — 400 in (5.39). Since ||[uoe|l1~(q) < [[toll=() + 1, then we get

|(Be(ue(t)) — Be(ro))™ 1) < cg, forall t>0. (5.40)

Hence,
[te ()| =) < €10, forall ¢ >0, (5.41)

where c19 > 0 depends only on |[|ugl| 1~ ()

Secondly, let ve := —u.. Then ve is a solution of problem (P:) (see Lemma5.3.1). By proceeding as in
the proof of Lemma we obtain

| (—Be(ue(t)) + Be(—r0)) " o) < c11, forall t>0. (5.42)
Hence,
[ue(t) || o) < €12, forall >0, (5.43)
where, c1 > 0 depends only on [|uol| 1~ ()
Therefore, the ball B(0,p) centered at 0 and with radius p := max(c1, c12,70) is an absorbing set in
L= (Q)). O

Remark 5.5.3. There exists also absorbing sets in WP (Q) for the dynamical system (S(t))s>o. Indeed, arquing
as for (6.17) of Lemma5.3.5] we get

e (B)[lwrry < e(T), forall t > 7 >0.

Furthermore, by using the weak convergences of ue to u in LP(0, T; WP (Q)) and the lower semi-continuity of the
norm, we get
[u®)llwirq) < c(t) =p, forall t>7>0.

Hence, the ball B(0, p) centered at 0 and with radius p is an absorbing set in WP (Q).
Proof of Theorem We set

o =w(H)={ueL®Q): I, - +ooand Ju, € # such that S(t,)u, — u
in L*(Q)},

where 7 := S(1)#"(?) for some T > 0. At first, from Lemma and Lemma the set 7" is
well defined and is a compact absorbing subset of L*(€)). Now, we shall show that 7 satisfies the all
conditions of Definition By construction of .27, the first one is satisfied. Let us show the second one.
Let v = S(t)u with u € /. Since u € </, there exist u, € % and t, — +oo such that S(t,)u, —
uin L'(Q). Then, Lemmaimplies that S(t + t,)un = S()(S(ty)un) — S(t)u = vin L}(Q). By
using the proprieties of the semigroup and the fact that .7 is an absorbing set, then we get S(t + t,)u, €
 for n large enough. Consequently, by construction of %, we also have S(t + t,)u, — v in L®(Q)),
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hence v € /. By the same argument, the inverse implication follows because for v € 7, there exist
t, — +ooand v, € # suchthatS(t,)v, — vin L'(Q), we have S(t, —t)v, € # and therefore S(t)u = v;
so that v € S(t)/. A simple argument by contradiction gives condition 3) of Definition[5.5 Indeed, let B
be a bounded subset in L®(Q)). There exists 6 > 0 and t, — +00, v, € B such that

dist(S(bn)on, /) > g >0, (5.44)

for each n. Now, as % is a compact absorbent subset, there exists t(B) := ty > 0 such that S(¢,)v, belongs
to # for t, > tpand S(t,)v, — vin L*(Q)). Whence, v € w(#") = & and this contradicts . O
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CHAPTER 6

EXISTENCE OF PERIODIC SOLUTIONS
FOR SOME QUASILINEAR PARABOLIC
PROBLEMS WITH VARIABLE EXPONENTS

In this chapter, we prove the existence of at least one periodic solution for some nonlinear
parabolic boundary value problems associated with Leray-Lions’s operators with variable ex-
ponents under the hypothesis of existence of well-ordered sub and supersolutions.

6.1. Introduction

Let () be a bounded open set of RN (N > 1) with a smooth boundary d(), and fixed T > 0.
Our aim here, is to prove existence of periodic solutions for the following nonlinear parabolic problem

o+ Au = f(x,t,u,Vu) inQx(0,T),

(P)qu=0 ondQ) x (0,T),
u(0) = u(T) inQ),
where Au = —div(A(:,-,u, Vu)) is a Leray-Lions’s type operator with variable exponents acting from

some functional space V; (see below) into its topological dual V] and where f is a nonlinear Carathéodory
function, whose growth with respect to |Vu| is at most of order p(x) in the sense defined below (hypoth-
esis A4).)

The suitable functional spaces to deal with in this type of problems are generalized Lebesgue and
Sobolev spaces LP*)(Q)) and WP(¥) (), respectively (for more details see Chapter . As we have seen
in Chapter (1} there are many differences between Lebesgue and Sobolev spaces with constant exponents
and those with variable exponents. Recalling, for instance, that p(x) need to satisfy the log-Hoder con-
dition (see Definition [I.8) in order that the Poincaré’s inequality and the density of smooth functions in
WP (Q) hold true. Many difficulties arise when we study problems like (P) in the case of variable
exponents. One typical difficulty when dealing with these type of problems is to define adequate func-
tional spaces for solutions. In the case p(x) = p is a constant, it is well known that L?(0, T; Wé’p(ﬂ))
can be taken as a space of solutions. However, when p(x) is nonconstant, then nor L?*)(0, T; W;’p () (Q))
neither LP- (0, T; Wg’p (x) (Q))), where p_ = ming p(x), constitute a suitable space of solutions (see [17].)
Henceforth, in order to overcome this difficulty, we shall define below our functional space of solutions
Vp as it was done by Bendahmane in [17].

Nonlinear problems defined by (P) arises in many applications. For instance, in electrorheological
fluids, whose essential part of the energy is given by [ [Du(x)|? (*)dx (see [88] and Motivation . This
type of fluids has the ability to change it's mechanical properties (for example becoming a solid gel) when
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an electric field is applied. Another important application is that when f depends only on (x,t) and by
taking A(x,t,s,&) = |&|P¥)72&; then the problem (P) can be seen as a sort of nonlinear diffusion equation
whose coefficient of diffusion takes the form |Vu|P(*)=2 (see [6]). For more applications, we refer the
reader to [[104), 25].

There is by now an extensive literature on the existence of solutions like problem (P). Let us start by
recalling some known results concerning the case p(x) := p is a real constant. In [31], by applying a
penalty method to an appropriately associated auxiliary parabolic variational inequality, J. Deuel and P.
Hess proved the existence of at least one periodic solution for problem (P) in the case where the natural
growth of f with respect to |Vu| is of order less than p; that means, |f(x,t,u, Vu)| < k(x,t) + c|Vu|P~°
for some 6 > 0, k(x,t) € L'*°(Q x (0,T)), and c being a positive constant. In [54], N. Grenon extends
the result of [31] to the case where the natural growth of f with respect to |Vu| is at most of order p;
but instead of a periodicity condition the author considered an initial one. The proof therein is based on
some regularization techniques used in [20, [79].

Let us point out that in the two previous works, the hypothesis of existence of well-ordered sub and
supersolutions is assumed. Following [31], the results in [54] were extended by A. El Hachimi, A. A. Lam-
rani in [40], where the authors obtained the existence of periodic solutions, under the same hypotheses
as in [54]. For variable exponents, some particular cases of problems has been studied by many authors
[6,149,17,[102]], by means of different methods such as: subdifferential operators, Galerkin scheme, semi-
group theory, etc.

The main goal of this paper is to extend the results in [40] to the variable exponents case by using
the sub and supersolutions method. It is well known that this method, when it is applicable, has more
advantages compared to other methods . For example: we can give some information on the behavior
of the solution (blow-up or extinction) and the sign of the solution (positive or negative). Nevertheless,
this method is quite complicated because it requires well-ordered sub and supersolutions, which is not
usually easy to get. Indeed, in many application cases, sub and supersolutions are obtained from eigen-
function associated to the first eigenvalue of some operators (say the p-Laplacian.) But, when dealing
some with variable exponents, it is well known that the p(x)-Laplacian does not have in general a first
eigenvalue (see [44]) and therefore, we have to find sub and supersolution by means of other ideas (see
our application example in section 5).

6.2. Hypotheses and main result

Let p : O ~— [1,400) be a continuous, real-valued function. Denote by p_ = min g p(x) and p4 =
max, . p(x). Throughout this chapter, we shall assume that the variable exponents p(x) satisfies the
log-Holder condition (see Definition and that 1 < p_ < p; < oco. For more detail concerning the
Lebesgue and Sobolev spaces with variable exponent we refer the readers to Chapter|[T]

Let Q) be a bounded open set of RN (N > 1) with a smooth boundary 90}, Q = Q x (0, T) where T > 0
is fixed and £ = 9Q) x (0, T).

We set

Vo = {f € L (0, T, Wy "™ (Q)); [V f| € L' (Q)},

endowed with the norm
1Fllve = 19 1l

or, the equivalent norm
HfHVO = HfHLp, (O,T;Wg'p(x)(ﬂ)) + vaHLV(Y)(Q)

27

Remark 6.2.1. The equivalence of the two norms above is obtained by using Poincaré’s inequality and the contin-
uous embedding LP™)(Q) < LP- (0, T; LP¥)(QQ)).

We set
V ={f € LF- (0, T;W"™(Q)); |Vf| € L"™(Q)}.

Following lemma gives some properties of Vj
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Lemma 6.2.2 ([17]). We denote by V{ the dual space of Vy. Then
o we have the following continuous dense embeddings:
Lp(x) d 4 orp- Lp(x)
LP+(0, T; Wy (Q)) — Vo — LP=(0, T; W, (Q))).

In particular, since 2(Q) is dense in LF+(0, T; W&’p (x) (Q))), it is also dense in Vi and for the corresponding
dual spaces we have

L#-) (0, T; (WIS (Q))') > Vi s LE' (0, T; (WP ().

e one can represent the elements of V{j as follows: let G € V|, then there exists F = (f1, f2, -+, fN) €
(LY (Q))N such that G = -div(F) and

T
(G, u)yry, = / / F-Vu dxdt,
0o Jo
forany u € Vj.
Now, let us give the hypotheses concerning the functions A and f introduced in problem (P).

A1) Aisa Carathéodory function defined on Q x R x RN, with values in RN such that there exist A > 0,
and I € LP')(Q), I > 0, so that for all s € R and for all & € RN: (say growth condition of A)

|A(x,t,5,8)] < A(L(x,t) + |s|PP) =1 4¢P, aeinQ.
A2) Foralls € R and for all &, &' € RN, with & # &: (say monotonicity condition of A )
(A(x,t,5,8) —A(x,t,58E)) - (E—¢&) >0, aeinQ.
A3) There exists & > 0, so that for all s € R and for all ¢ € RN: (say coercivity condition of A)
A(x,t,5,8) &> (X\é\p("), a.ein Q.

A4) fis a Carathéodory function on Q x R x RV, and there exist a function b : R* — R* increasing,
and i € L1(Q),h > 0, such that: (say natural growth condition on f respect to |&| of order p(x))

£ (x5, )] < b(|s]) (h(x, 8) + [EPX)), for (x,8,5,6) € Q x R x RN

Remark 6.2.3. If u € Vo N L®(Q). Then, Under the assumptions Al), A2) and A3) we have Au € V.
Moreover, under the assumption A4) we have f(x,t,u, Vu) € L}(Q).

Definition 6.1. A periodic solution for problem (P) is a measurable function u : Q — R satisfying the following
conditions

ueVpnL®(Q), o e Vi+LY(Q), (6.1)
(Ot @) vy +1(Q) vorL=(0) + /Q Ax, t,u,Vu) -V = /Qf(x/ tu,Vu)p forall ¢ € VonL®(Q), (6.2)
u(x,0) =u(x,T) forall x € Q. (6.3)

Remark 6.2.4. Thanks to the previous remark and (6.2)), we have d;u € V§ + L*(Q). Moreover, the periodicity
condition (|6.3)) makes sense according to the following lemma.

Lemma 6.2.5 ([17]). We set W := {u € Vy; o € V§ + L1(Q)}. Then, we have the following embedding
WNL®(Q) — C([0,T); L*(Q))).
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Definition 6.2. A subsolution (in the distributional sense) of problem (P) is a function ¢ € V N L®(Q) such
that 9;¢ € V{+ L1(Q) and

o+ Ap < f(x,t,9, Vo) inQ,
» <0 ony,
¢(0) < o(T) in Q,

A supersolution of problem (P) is obtained by reversing the inequalities.
We can now state the main result of this chapter

Theorem 6.2.6. Suppose that A verifies the hypotheses A1), A2), A3), and that f satisfies A4). Moreover, assume
the existence of a subsolution ¢, and a supersolution , such that ¢ <  a.e in Q. Then, there exists at least one
periodic solution u of problem (P), such that ¢ < u < ¢ a.ein Q.

6.3. Proof of Theorem [6.2.6

Before we start the proof of the main theorem, we need the following technical lemmas which will be
used later.

Lemma 6.3.1 ([71]). Let 7 : R — R be a C! piecewise function with 7t(0) = 0 and 7w’ = 0 outside a compact set.
Let T1(s) = [y m(0)do. Ifu € Vo N L®(Q) with dyu € V§ + L'(Q), then

T
|| @ () = @un, () @) = [ (T)dx = [ TL(w(0))dx.
Lemma 6.3.2 ([5]). Assume that A1), A2) and A3) are satisfied and let (u,) be a sequence in Vi which converges

weakly to u in Vy, and

limsup [ (A(x,t,uy, Vuy) — A(x, t,uy, Vu)) - (Vu, — Vu) <O0.

n—o0 Q
Then,
u, — u strongly in V.
6.3.1. Truncation of problem (P)

Definition 6.3. Let ¢ be a subsolution and 1 a supersolution of problem (P), such that ¢ < @ a.e in Q. For
u € V, the truncation function T (u) is defined by

Tu)=u—(u—9)" +(@—u)"

We shall denote by
A(u, Vu)(x, t) = A(x, t,u(x,t), Vu(x,t))

and
F(u,Vu)(x,t) = f(x,t,u(x,t), Vu(x,t)),

the Nemyskii operators associated respectively to the functions A and f.
For almost everywhere (x,t) in Q, we define

A*(u,Vu)(x,t) = A(Tu, Vu)(x,t)

and
F*(u,Vu)(x,t) = F(Tu, VTu)(x,t).
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Remark 6.3.3. Note that, F* is not a Carathéodory function since it is not continuous with respect to Vu. This
constraint will be overcome thanks to the following lemma.

Lemma 6.3.4. The operator F* : u — F*(u, Vu) is defined and continuous from V into L'(Q). Moreover, there
exists a constant C > 0 such that

\F*(u, V) (x, )] < C(h*(x,t) + |[VulPY)), aeinQ, (6.4)
where h* is a nonnegative function in L'(Q).

Proof. The proof of this lemma is similar to the case when p(x) is a constant (see [54].) O

Denote by A*u = —div(A*(1, Vu)). Then A* is a Leray-Lions’s type operator from Vj into its dual V,
that means, A* satisfies the assumptions A1), A2) and A3) above.

6.3.2. Penalization and regularization of problem (P)

Let k > 0 be a constant such that
—k<p—-1<yp+1<k, aeinQ.

We set
K={veVy, —k<v<k aeinQ}.

Then, K is a closed convex set of Vj.

Definition 6.4. Let > 0. Then, the penalization operator related to K is defined by % B(u), where

B(u) = [(u—k)T]P)=1 —[(u+k)"]P)71, foru e V.
Obviously, we have
B(u)u >0 aein Q, and K= {v € Vp,B(v) = 0a.ein Q}.

Lete > 0. For u € V, and for almost everywhere (x,t) in Q we set

. _ P (u, Vu)(x, 1))
Few V) (%) = 1P (V) (v, 1]

It is clear that Ff(u, Vu) € L*(Q) for all u € V. Moreover, the mapping u — F*(u, Vu) is continuous
from V into L!(Q), and from (j6.4) we can easily verify that

|EX(u, Vu) (x, )| < C(h*(x,t) + |Vul[P¥)), aein Q. (6.5)
where C is a constant which is independent of e.
We will now consider the following penalized-regularized problem

uye € Vo, Otliye €V,

Optty,e + A*uy e — Fr(uye, Viye) + %ﬁ(ume) =0 inQ,
upe =0 in X,
uye(0) = uye(T) in Q.

(Pye)

By application of theorem 1.2, p.319 in [72] we can ensure the existence of a solution of problem (P ).
Indeed, we have:
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Proposition 6.3.5. Let D = {u € Vy, suchthat d;u € Vjand u(0) = u(T)}. Then, the operator Nu =
A*u — Fr(u, Vu) + % B(u) defined from D into V is bounded, coercive and pseudo-monotone. Moreover, there

exists at least one solution (uy,) of problem (Py ).

Proof. The boundedness of N: From the assumption A1) and the definition of \/, we have
|(Nu,0)| S/\(/ Z(x,t)|wy+/ |Tu\”(x)’1|Vv]+/ |W\P(x>1|w|> (6.6)
Q Q Q
1
+/F*u,Vu v+—/ u)l|o].
o Fe (e Vullo| v o POl

We treat each integral in the right-side member of (6.6).
By remark (recall that ¢, ip are in the L*(Q)), we have

[ 1)Vl + [ Tulr Vel < Cllolly,
Q Q
By using Holder’s inequality, we get

S 177 190] < all [Tl i g ol

Then, if |||Vu|? (x)*luu,/(x)( ) < 1,it’s over. Otherwise, from inequality {) we have

Q
X)— - x)— ! ¥)— P (x)
I AN (LT A N (2T

and

/

-1\ 7 ) ~ ~
S (19 < max 1 Full o [Vl ) ) = mac e )

Hence,
r

_ A 1
/Q|w<x> 10| < cmax{|lully, llull " Hiolv:
Since |FZ| < 1 and Vy < L(Q), then we get
 Fe e vl < (e1/€) el
Moreover, we have

i [ 1Bl < ; ( =y ol [ \<u+k>—|<*’>—1\v\). 67)

Now, since u € Vy < LP~(Q), we get ((u —k)T)P-)=1 € L-)(Q). Then, by using Holder’s inequality
in (6.7)), we obtain

-1
|

/Q (= k) F| P ol < sl — k)T ol < callull ) lollv-

Similarly, we obtain
/Q [+ 8717 < callull 27 o] v,

Whence,
P—
2)-1 ’ -1
[NVullyg <7 (1 i+ max{ful }) .
where 7 is a positive constant.
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Coercivity of A: From the definition of A/, we have

Nu,u) = (Au,u) = (F (u, V), u) + <;l3(u),u>-

Furthermore, we have

(A*u,u) = /QA*(M,VM)-Vu > oc/Q|Vu|p(") > amin{|Jullf, |[ull};},

<Fg(u,W),u>:/ F*(u, Vu) ug/ |F* (1, V)|

1 c
<= <=
o1+ e€|F*(u,Vu)| o1+ e€|F*(u,Vu)| uf < eHuHLl(Q) - e”u”VO’

and . 1
—B(u),u) = —/ u)u > 0.
<,7/3( ), ) v Qﬁ( )
Hence, (N >
u,u : (p-)-1 (p+)-1 ¢
———— > aming ||u ,lu - —.
Tl {ully, ™ lully,™
Whence,
(Nu,u)
— 400, when ||u||y, — +oo.
[l vg

Pseudo-monotonicity of NV: Let (u,) € D and u € D, such that u, converges weakly to u in Vy and
o1, converges weakly to d;u in V. By Lemma u, converges weakly to u in L~ (0, T; W&’p (x) (Q))
and 9;u, converges weakly to d;u in L(P+)' (0, T; W—17' () (QQ)).

Moreover, we assume that

nlgr.}o sup(Nuy, u, —uy <0, (6.8)
and we shall prove that
lim inf(Nu,, u, —v) > (Nu,u—v) forallv € V. (6.9)

n—oo

Choose s > & + 1 such that WP @) (Q) < H=3(Q); then d;u,, converges weakly to d;u in L(P+) (0, T; H=*(Q)
We set By = W&’p(x) (Q), B= L™ (Q) and B; = H~5(Q). Then, we have the following embeddings

By <> B < By, (6.10)

where By < B means that By is compactly embedded in B. By theorem of Aubin-Lions’s, p. 57-58 in [72],
we deduce that u, converges strongly to u in LP- (0, T; LP®*) (Q))), which embedded into LP- (Q).
Furthermore, we have

1 o1 ()1, Sp)1 _]
WLWMMW ”SWM#W )+, M+LKW+HI” e —ul|. (611

By using Holder’s inequality and the embedding of Vj into LP~(Q) in (6.11]), we get

L ¢ (p)-1
5 1B s =l < 5 (a1 s — s )

Since (u,) is bounded in V) and u, converges strongly to u in LP-(Q), we obtain

;17/Q|,B(un)|\un—u] — 0 whenn — +oo0. (6.12)
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On the other hand, since |F?| < 1 and LP-(Q) is embedded in L'(Q), we get

c
/Q |FX (thn, Vidy) ||ty — u| < EHu” — u| - (@) — O whenn — co. (6.13)

We develop each term of (Nuy, u, — u) and use (6.8), (6.12)) and ([6.13)), to obtain

li_r>n sup(Nuy, uy — u) = li_r>n sup/ A(Tu,, Vuy) - V(u, —u) <0. (6.14)
n—o00 n—o00 Q
Applying Vitali’s theorem and weak convergence of A (Tu,, Vu) in (L¥'®)(Q))N, we obtain

lim [ A(Tu,, Vu)-V(u, —u) =0. (6.15)

n—oo Q

By using and (6.15), then we obtain

lim [ [A(Tun, Vu,) — A(Tu,, Vu)] - (Vu, —Vu) <0.

n—00 Q
Now, thanks to Lemma we get
u, — u strongly in Vy that means Vu, — Vu strongly in (L’”(")(Q))N.

Hence, the inequality holds.

Finally, by using theorem 1.2, p. 319 in [72], we deduce the existence of at least one solution (u,¢) of
problem (P, ). O
6.3.3. A priori estimates

In this section, we are going to obtain some estimations on the sequence solutions (i) of problem
(P; ) independently of 7 and e.

Estimates on (1, ), in Vy and L*(Q)

Let us fix €, and denote by (u,) =: (u,c). Then, we have the following lemma

Lemma 6.3.6. The sequences (% B(uy))y and (uy), are bounded in L\P-)'(Q) and Vy, respectively.

Proof. From the definition of % B(uy), we deduce that
(p-)-1 (p-)-1
(”77 - k)+
A A

n (p—)-1

(”17 +k)”

n (p—)-1

<
L(iL)’(Q)

H;ﬁ(“n)

L~ (Q) LP=(Q)

Then, we only need to show that:

— )t k)~
<u’771) and (1"’7;1) are bounded in L7~ (Q).
e n-

]7 17

Since (u, — k)™ € Vp, then by multiplying (P;.) by (uy —k)*, we get

(Opuy, (uy —k)™) +/QA*(”'7/VM'1) V(uy — k)t — /Qlfe*(u,?,Vuﬂ)(u,7 —k)"+ ; /Q((u,7 —k)T)P- =0.
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Since 1, (0) = u,(T), then from Lemma we deduce that (01, (1, —k)*) = 0. Hence

1
- / (g — k)*)P- = / E* (11, Vity ) (1ty — k) — / A*(ty, Vity) - V (1y — k). (6.16)
nJQ Q Q

Under the assumption A3), the second integral in the right-hand side of equality (6.16) is nonnegative.
On the other hand, we have |F#| < 1/e. Let us divide both sides of equality (6.16) by #/(P-1)~1. By using
Holder’s inequality, we obtian

/QWSC[/QW]W,

where C is independent on 7. Hence, M is bounded in LP-(Q).
P 7 (p-)-1
MrmE

Using (—(u, +k) ™) as a test function, we prove in the same way that (W isbounded in L?- (Q).
n (p—)-1

Now we prove that (uy), is bounded in Vy. Multiplying (P;.) by u; and using the assumption A3),
Lemma and the fact that B(u;,)u, > 0, we obtain

oc/ |Vu,7\p(") < / A*(uy, Vuy) - Vu, < / FZ (uy, Vuy)u, < EHu,7||VO.
Q Q Q €
By using the inequality (1.3)), then we get
. -1 -1
min{ |y |7 [y 157 < e(e, ).

Since (p—) —1and (p) — 1 are strictly greater than 0, we deduce that (1), is bounded in V;. O

Lemma 6.3.7. The sequence (01, ), is bounded in V.

Proof. Letv € Vp, from the first equation of problem (Py. ), we get
* * 1
(9ruy,v) = —(A*uy,v) + (F (uy, Vuy),0) — <ﬁﬁ<uﬂ)/v>'
Thus,
* * 1
@y o) < 1A (g, Ty 1901+ [ 1Bz ay, Tug)l el + [ 1B o] (6.17)

We treat each integral in the right-hand side of (6.17). We claim first that A*(u,, Vu,) is bounded in
(LF'®)(Q))N. Indeed, if | A* (1, Vuy) HU,/(X)(Q) < 1, the claim is obvious. Otherwise, we have

* (r')- / * p'(x)
A~ (u,,Vu m < A*(u,,Vu .

Since p'(x) < (p')+, and (a +b)P < 2P~1(aP + bP) for all a,b > 0 and p > 1, then according to the
assumption Al), we get

1A g, Ty O < e, (9')) [ J 1ty [T+ [ |w,7|“x>]. (6.18)

By using the inequality (1.3) for the third integral in the right-hand side of (6.18)), and the fact that (1) is

bounded in V; (by Lemma ), we can deduce the boundedness of A*(u,, V) in (LP' ) (Q))N .
Since |F}| < ¢, ;B(uy) is bounded in L) (Q) (by Lemma 6.3.6|) and v € Vy — LP-(Q) — LY(Q),

then we use Holder’s inequality in (6.17)), to obtain the desired result. O
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As in (6.10)), by Aubin-Lions’s theorem, we can extract a subsequence, still denoted by (u,) which is
relatively compact in LP- (0, T; LP*)(Q)) < LP-(Q). Furthermore, there exists u. € V such that: for all
€ > 0 fixed, we haveasy — 0

uy — ue strongly in LP~(Q) and a.ein Q, (6.19)
uy — ue weakly in Vp, (6.20)
duy — diile  weakly in Vi (6.21)

Now, as F}(uy, Vu,) and % B(uy) are bounded in LP-)'(Q), independently of 7, then there exist B and
F.in L(P*)I(Q), such that

;5(%)4& in L¢)(Q), (6.22)

and
F*(uy, Vuy) — F in LP(Q). (6.23)

In addition, as A*(u,, Vu,) is bounded in (LY (Q))V, then there exists xc in (L¥' ) (Q))N such that

!

A*(uty, Vity) = xe in (LP(Q)N = (L (Q)N. (6.24)

The estimations in Vp and L®(Q) obtained above do not allow us to take directly the limit in the prob-
lem (Py.), due to the fact that the term F} (u,, Vu,) is bounded only in LY(Q). To overcome this difficulty
we need the strong convergence of (u;) in Vp. To this end, we shall prove the following lemma

Lemma 6.3.8. (u;,) converges strongly to (ue) in Vo, when 1 tends to zero.

Proof. The proof is almost the same as in the case when the exponents p(x) = p is a constant (see [54]).
Thus, we give here only a sketch. Since A* satisfies the hypothesis A1), A2), A3), and the sequence (u,)
converges weakly to u, in Vj, then we shall apply Lemma For this, it suffices to show that

limsup | (A*(uy, Vuy) — A*(uy, Vue)) - (Vuy, — Vue) = 0. (6.25)
7—0 JQ

We consider p > 0 and we subtract (Py.) from (P} .), we get

1 1
We multiply this equation by u,, — u,,, and use Lemma[6.3.} to obtain
/Q (A*(uy, Vuy) — A (uy, Vuy)) - (Vuy, — Vuy,) — /Q (Fr(uy, Vuy) — Ff (uy, Vuy)) (uy —uy)  (6.26)

+ [ (ZB0m) - ;ﬁ(w)) (tty — 1) = 0.

Firstly, we take the lim sup when 7 tends to 0 and secondly the lim sup when yu tends to 0 in (§6.26]). By

using (6.19)), (6-20)), (6.21)), (6.22)) and (6.23)), we obtain

n—0 Q Q Q u—0 Q

So, for u =1, we get

limsup [ A*(u,, Vuy) - Vu, = / XeVie. (6.27)
n—0 Q Q
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On the other hand, since u, converges to u¢ a.e in Q, by using assumption Al), we get
A*(uy, Vue) = A*(ue, Vue), strongly in (LP" M) (Q))N.
Moreover, from (/6.19)) and (6.20]), we obtain

/ A*(uy, Vue) - V(uy —ue) =0, when 7 — 0. (6.28)
Q

Finally, we use (§6.27)) and ((6.28) to obtain ({6.25)). O

Now, since the mapping u — F*(u, Vu) is continuous from V into L!(Q), the previous lemma allows
to pass to the limit in the term F}(u,, Vu,) which converges to F (ue, Vi) in L' (Q). Moreover, we can
also deduce the strong convergence of A*u, to A*ue in V.

Furthermore, since % B(uy) is bounded in L)' (Q), and u, converges strongly to i in Vo, then B(ue) =
0 a.e in Q, which implies that u. is in K. Thus, 1, is in L*(Q), which is a fundamental difference with Uy
(the role of the penalty operator % B(uy).)

Finally, we pass to the limit in (P, ), when 7 tends to zero, to obtain the following problem

ue € VoNL®(Q), osue € Vy+ LY(Q),
(Pg) atue + A*ue - Pg(ue, vu€> + ‘Be - O il’l Q,
ue(0) = ue(T) inQ,

and one can easily deduce that

Vo € K, (dtute, v — Ue) —1—/ A*(ue, Vue) - V(v —ue) — / FX(ue, Vue)(v —ue) > 0. (6.29)
Q Q

Estimates on (i) in V)

At this stage, we got a nonlinear problem (P}) which only depends on the parameter €. So, in order to
pass to the limit when € tends to zero, we need some a priori estimates in Vj.

Lemma 6.3.9. The sequence (i) is bounded in Vj.

Proof. We prove this result by using the test function z;(u.) = exp(su?)ue, where s is such that

azg(ue) — Clzs(ue)| > 5, (6.30)

N| R

where a is defined in A3) and C in (6.5)). As u¢ isin Vo N L®(Q
By multiplying (P}) by zs(u¢), we obtain

~—

, then zg(u.) is in Vo N L= (Q).

(Ortie, z5(ue)) +/QA*(uer Viue) - Vzs(ue) +/Q;Bezs(ue) = /QFg(”e/ Viue)zs(ue). (6.31)

From the periodicity condition of u, the first term in the left hand-side of (6.31)) equals zero. We use
1) 1} and the sign condition of B, we get |, 0 Bezs (1e) > 0. Moreover, by using () the coercivity

assumption A3), and the fact that i, is in K, we obtain
‘X/ Zg(u€)|v”e|p(x) < C (1 +/ |Zs(ue)||vue|p(x)) .
Q Q

Now, by using the (6.30) and the inequality (1.3), we get

. _ 2C
mind e, el < =,

where C is independent of €. Hence, (1) is bounded in V. O
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Lemma 6.3.10. The sequence (9su) is bounded in V§ + LY(Q).

To prove this lemma, it suffices to show from the problem (P*) that B, is bounded in L}(Q). In other
words, we need the following estimate, whose proof is similar to that in [54], p. 296

1 * x
Hﬁ:g(uﬂ,e)HLl(Q) <G +/QC(h (x/ t) + ’vuﬂ,elp( ))/ (6.32)

where C; is independent of 77 and €, and where C is defined in (/6.5).

Proof. Letv € Vp N L®(Q), then from the equation of problem (P), we have
[(Brae, )| < [ 1A* (e, Vue) |Vl + [ |E: e, Vi) ol + | [Bellol (639)
In a similar way as in the proof of Lemma and since (u¢) is bounded in V), we obtain
1A% (e, Vo) ¥0] < Clol
We use , inequality and the boundedness of (i) in V), to obtain
B (e, Vo)l el < ol
Now, by using and since v € L*(Q), we obtain

/Q!ﬁeHv! < C"[oll (0.

Finally, we have
[9¢tie|lvy11(0) < C, where C is independent of e.

O

Passage to the limit in e: We fix s > § + 1, so that Hj(Q)) < L*(Q)), and then L' (Q)) < H5(Q)). We
have also, H§(Q) — W?(*)(Q), and consequently, W~ 7' ()(Q) < H*(Q). From Lemmawe have
Vj = L+ (0, T; (W&’p(x) (Q))"). Thus, from the previous Lemma (9;1) is bounded in L'(0, T; H=*(Q))).
Moreover, from the compactness theorem of [94](p. 85, Corollary 4) and (6.10), the sequence (i) is

relatively compact in LV~ (Q). So, we can extract a subsequence still denoted by (1), such that, when e
tends to zero we have

ue — u strongly in LP-(Q), and a.ein Q, (6.34)
ue — u weak™ in L*(Q), (6.35)
dsue — du weakly in Vj + L1(Q). (6.36)

Now, as A*(ie, Vi) is bounded in (L' (¥) (Q))N, there exists y in (L”'¥)(Q))N such that
A*(ue, Vite) = x in (P (Q)N = (L )(Q))N. (6.37)
In addition, by using (6.34)), it is clear that # isin K .

Lemma 6.3.11. The sequence (u) converges strongly to some u in V.
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Proof. The idea of proof is to apply the Lemma since 1, converges weakly to 1 in Vp and A* satisfies
Al), A2) and A3).
We consider €’ > 0 and we subtract (Py) from (P%), we obtain

9 (tte —uer) + Aue — A*uer — FX(tte, Vie) + F(uer, Viter) + Be — Ber = 0. (6.38)

Now, we multiply (6.38) by the same type of test function z,(1e — 1e/) used in the proof of Lemmal6.3.9)
we get

(9¢(ue — uer), zs (e — Uer)) + / (A*(ue, Vue) — A (uter, Viter)) - V(e — ter)z( (tte — Uher) (6.39)

+/ Y (Uer, Ve ) — FX (tte, Vte) )zs(Ue — ter) + / — Ber)zs(Ue — tter) = 0.
Thanks to the periodicity condition of u, the first term of (6.39) equals zero. By (/6.19)), and the
sign condition of B, the last term of (6.39) is nonnegative. By (6.5)), the equation -) then 1mp11es that

/Q(A*(ue,Vue) — A (e, Ve)) - V(e — e )zy (e — ter) < C/Q(h*(x,t) + | Ve ")) |26 (1te — )|
(6.40)
€ [ (1 (1) + [ Vta POzt = 1)
Q

Using the coercivity condition A3), we get
/ (A*(ite, Vite) — A (g, Vi) - V (e — 1)z (1te — tter) < 2C / W (x,8) |25 (e — ue)| (6441
Q Q
C C
+to /QA*(ue,Vue) - Vite|zs(Ue — uer)| + = /Q A*(uer, Vg ) - Ve |zs(tte — uer)|
C
< ZC/Qh*(x,if)|zs(u€ —Uer)| + o /Q A*(ue, Vue) - V(e — e )|zs(Ue — uer)|
C C
+a/QA*(u€,w€) Ve |25 (e — t1er)| — a/QA*(ue/,Vue/) V(e — ) |25 (tte — )|
C [ A
—I——/ A*(ue, Ve ) - Vie|zs (e — uer)|.
& JQ
By condition ([6.30)), we deduce that
1
5 /Q (A*(t1e, Vite) — A* (g, Vi) - V{1t — 1er) < 2C /Q 1|2 (e — 10| (6.42)
C [ A C [ A
—1——/ A*(ue, Vue) - Ve |zs (e — uer)| + —/ A*(uer, Ve ) - Vue|zs (e — uer)|.
& JQ & JQ
Following the same steps of Lemma we obtain the desired result, namely
limsup [ (A*(ue, Vue) — A% (e, Vi) - (Ve — Vu) <0

e—0 Q

O]

Now, we prove that u is between ¢ and 1 almost everywhere in Q, where ¢ and 1 are respectively sub
and supersolution of problem (P) with ¢ < ¢ a.ein Q.

Lemma 6.3.12. We have ¢ < u < pa.ein Q.

90



6. EXISTENCE OF PERIODIC SOLUTIONS FOR SOME QUASILINEAR PARABOLIC PROBLEMS
WITH VARIABLE EXPONENTS

Proof. We shall prove that ¢ < u a.e in Q. One can verify easily that: v = uc + (¢ — ue)™ is in K. Then,
we can take it as a function test in ({6.29)). Hence, we obtain

(Osute, (@ —ue) ") + /Q A* (e, Vue) V(g —ue)™ — /QFe*(ue,Vue)(qo —ue)t > 0. (6.43)
Since ¢ is a subsolution, and (¢ — u¢)™ in V) N L®(Q), we obtain
o (9 —ue) )+ [ A9, V9) Vip—ue)' — [ Fp Vg)p—u)" <0 (644)
By subtracting from (6.44), and by using Lemmal6.3.1 we get
(A9, Vg) = A* (e, V) - V(g =) + [ (F: (e, Viue) = Flg, Vo)) (p ~ ) " <0 (6.4
Thanks to Lemma we pass to the limit when € tends to zero in and get
| (Ap Vo)~ A", V) - Vg~ )" + [ (F(w Vi) ~Flp,Vg))p—w)" <0 (646)
Furthermore, from the definition of A* and F*, we have

(F*(u, Vu) — F(¢,Ve))(¢p—u)" =0 aein Q and A*(u,Vu)-V(p—u)" =A(e,Vu) -V(p—u)*.

Therefore, we obtain
/Q (A(p, Vo) — Alp, Vi) - V(p—u)t <0,

that is
| (Alg,Vg) = Alg,Vu)) - V(g —u) <O0.
{o=u}

According to A2), this implies that V(¢ —u) = O aein {(x,t) € Q,¢ > u}. Then, ¢ —u = 0 a.ein
{(x,t) € Q, ¢ > u} which means that ¢ < u a.e in Q. By a similar proof, we can obtain u < ¢ a.e in

Q. O
To complete the proof of theorem we need the following lemma
Lemma 6.3.13. B tends to zero in L'(Q).

Proof. By taking (ue —k+1)* € VyNL®(Q) as a test function in (P}), and using the periodicity condition
of ue and assumption A3), we obtain

/Q,Be(ue—k+1)+ < E(tte, Vue) (e — k + 1) (6.47)
On the other hand, we have

= [ Ve[ B [ Il (648)

The definition of B gives B(u¢ ) = 0if |ue,| < k, hence, % B(ite,;) tends to 0, when 7 tends to 0 that is

1 .
5/3(Me,r;)7({|ue|<k} — 0 aein Q. (6.49)

From (/6.49)), the boundedness of % Bt ) X {juc|<ky in L(-)(Q) (see Lemma 6'3'6I) and by using Lemma
4.2 of [13], we get

;:B(”erﬂ)x{luekk} — 0 wheny — 0 in LP-)(Q) weakly . (6.50)
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By (6.22), we deduce that
Be =0 aein {|ue| < k}. (6.51)

Since |ue| < k a.e in Q, then from (6.51f), we obtain

Be(ue —k+1 ——/ Bel-
/() ( ) {ue=k} | ’
So, (6.47]) becomes

/{u o 1Bel < F e V) (e k4 1) (6.52)

Since —k+1< ¢ <u < ¢ <k—1, (e —k+1)" tends to 0 almost everywhere in Q and in L®(Q)
weak*, and F*(ue, Vi) converges strongly to F(u, Vu) in L'(Q). Then, we can deduce from (6.52)) that

lim }],Be| = 0.

e—0 {u&.:k

In the same way, we show that lirré /, (o=t} |Be| = 0. Whence, the desired result. ]
€— €

Conclusion.

Now, we can pass to the limit in each term of problem (P}). In other words, we have

A* (e, Vue) — A*(u, Vu) in Vj strongly,
FX(ue, Vue) — F*(u, Vu) in L1(Q) strongly,
Be — 0 in L'(Q) strongly,

Attt — du in VJ+ L(Q) strongly.

Therefore, u satisfies
o + A*(u, Vu) — F*(u, Vu) = 0.

From Lemmal6.3.12lwe have ¢ < u < ¢. Then, we get A*(u, Vu) = A(u, Vu) and F*(u, Vi) = F(u, Vu).

Concerning the periodicity condition, since (u¢) is bounded in VN L*(Q) and (9¢ue) is bounded
in Vj + L}(Q), then (dsu.) is bounded in L'(0, T; H*(Q)). So, (u.) is relatively compact in L~ (Q).
Hence, u:(0) — u(0) in LP-(Q) and u(T) — u(T) in LP-(Q). As uc(0) = uc(T), then we deduce that
u(0) = u(T). Finally, u is a periodic solution of problem (P).

6.4. Application

In this section we construct a subsolution and a supersolution for the following nonlinear parabolic
problem associated with p(x)-Laplacian (concerning their physical interpretation see our introduction or
[6]] for more details):

o — Apyu = f(x,t) in Q,

(P)Su=0 onx,

u(0) = u(T) in O,
where Q = B(0,R) = {x € R¥| |x| < R} is the unit ball, with R > 0 large enough. Moreover, assmue
that p(x) € C'(RY) is radial, that means p(x) = p(|x|) = p(r), with |x] = r < R, and satisfies the

assumptions of our Section 2.
Let M = || f|1~() < 0. We set
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() :/rR {Aﬁt]p(sldt, and ¢(r) = —p(r).

It is clear that ¢(r) < 0 < ¢(r). Moreover, ¢ and ¢ are supersolution and subsolution, respectively of
problem (P). Indeed, we have

1
By () = — x (N (PO ()

Since

then M
WPy () = o

Now, since 9(r) is independent of ¢, then we obtain

P(r) — Ay (1) = =Dy p(r) = M = || fll1=) > f(x,1).

Moreover, if ¥ € Q) (ie. r = R), then 1(r) = 0. Hence, ¢ is a supersolution of problem (P) in the sense of
definition 6.2}
We repeat the same previous calculations, to obtain

0t (r) — Dy @(r) = —=Dpyp(r) = =M = —||fll =) < f(x,1),

as far as ¢(r) = 0if r € 9Q). Hence, ¢ is a subsolution of problem (P) in the sense of definition[6.2]
Hence, applying our main result, theorem we deduce the existence of at least one periodic solu-
tion u(x, t) of problem (P) such thatp < u < pa.ein Q.
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Abstract

The aim of this work is specifically the study of some kinds of nonlinear elliptic and parabolic partial

differential equations. More precisely, this work is organized in two parts. In the first part we investigate the

existence and multiplicity of solutions for some class of elliptic equations. Firstly, we deal with a problem
related to the p-Laplacian operator with a p-gradient term and a Dirichlet boundary condition type.
Secondly, we deal with a problem involving a more general operator with a potential, and a source term that
does not satisfy the well known Ambrosetti-Rabinowitz condition. In the second part, we study the
asymptotic behavior of some parabolic equations. The first subject, concerns mainly the study of some doubly
nonlinear parabolic problems associated with a nonlinear boundary condition. In the second subject, we
deal also with parabolic equations, we show the existence of periodic solutions for a fairly general problem

associated with an operator in divergence form of Leary-Lions type with variable exponent.

Keywords: p-Laplacian; Ambrosetti-Rabinowitz condition; variable exponent; doubly nonlinear equation;

periodic solutions.

Résumé

L'objectif de ce travail est d'apporter une certaine contribution a I'étude de quelques problémes non
linéaires de type elliptique ou parabolique. Plus précisément, ce travail est organisé en deux parties. La
premiére partie est consacrée a I'étude de I'existence et de la multiplicité des solutions pour certaines classes
d'équations elliptiques. Dans un premier temps, nous étudions un probléme lié a I'opérateur de type p-
Laplacien avec croissance d'ordre p dans le gradient et une condition aux limites de type Dirichlet. Nous
étudions ensuite un probléme faisant intervenir un opérateur assez général avec un potentiel et un terme
source qui ne vérifie pas la condition d'Ambrosetti-Rabinowitz. Dans la seconde partie, nous étudions le
comportement asymptotique de quelques équations de type parabolique. Le premier sujet, concerne
principalement I'étude de problémes paraboliques doublement non linéaires avec une condition aux limites
de type non linéaire. Restant dans le cadre des équations paraboliques, nous montrons dans le deuxiéme
sujet, l'existence de solutions périodiques pour un probléme assez général associé a un opérateur sous forme

divergentielle de type Leary-Lions a exposant variable.

Mots-clés: p-Laplacien; condition d'Ambrosetti-Rabinowitz; exposant variable; doublement non linéaire;

solutions périodiques;
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